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 ) الملخص (

الحلول الموجبة للمعادلات التفاضللةة العادةلة الرةلر الة ةلة ملت الرتبلة المانةلة مل  في هذا البحث  سندرس       

التلي  (  ) الذاتةلة ةقةملالحقةقةة الموجبة مل  الفلفر و تحدةلد ال الأعدادوالمعرفة على مجموعة حدودةة شرو  

 الأقلعلى  لك المسألة والتي عندها تمت (  ) ذاتةةال ةقةمهذه الدةد تحقد توفلنا إلى و . حلا تمتلك تجعل المسألة

 .حلا واحدا موجبا 

Keywords : Positive Solutions , Boundary Value Problems , Eigenvalue .   

 
ABSTRACT . In this research we shall study the positive solutions for nonlinear ordinary 

differential equations from second order with boundary conditions defined at positive real numbers 

with zero and determining the values of the eigenvalue (  ) which the problems has obtained the 

solution . We get to determine the eigenvalue which this problem has at least one positive solution . 

. 
1. INTERODUCTION 

    Many of researches studies the positive solution for a boundary value problems which has the 

nonlinear ordinary differential equations , see  [1] , [3] , [4] , and in this research we will study the 

boundary value problems which has the differential equations from nonlinear ordinary differential 

equations from second order with boundary conditions and defined at positive real numbers with 

zero{ R
 +

   {0} } .  

The present paper will search for a solution for the following boundary problem :-  

1.1).........(     

0(b)y δ y(b) γ

0(a)y β y(a) α 

       bta     ,         0 g(y) h(t) λy















 

Let the following conditions are satisfied :-   

1-  h : [a , b]  [0 , ) is continuous and does not vanish identically on any   subinterval , 

2 -  g : [0 , )  [0 , )  is continuous ,  
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3 -   
x
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0x
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  and   
x

g(x)
Limg
x 

  exist , 

4 -   ,  ,  ,  such that  and  are not both zero ,  and  are not both zero and                                      

       R=   +    +   >  0 ,  and 

    b   5 -    0 ≤ a  

                                                                                                                                                             

      Many researcher have focused on this problem a many which [2] , [7] , [8] , with in the period in 

which 0  t  1 . In this research , we shall study this problem in the period  0 ≤ a  t  b   . 

The first we shall found the Green’s function of the boundary problem then we define the cone in 

Banach space then we application the fixed point theorem to determine the eigenvalue (  ) which  

the boundary value problem will have at least  one positive solution. .  

. 

 

2- BACKGROUND SECTION  

The Green’s function   , whose kernel, G (t , s ) ,  for  

 

 

Is 

           ………..(2.1)
















btsa        )γt -δ γ(  ) βαs (
R

1

bsta        ) γs-δ γ(  β)αt  (
R

1

s)G(t, 

from which G(t , s) > 0    on ( a , b )  ( a , b ) ,     ……….(2.2) 

G(t , s)  G(s , s) =         ) s γ-δ γ(  β) s α (
R

1
  ,    a  t  b , a  s  b ,    ……(2.3)     

Let 

















β)4(α

4βα
,

δ)4(γ

4δγ
minD  

We have from [6]  :      

G(t , s(  DG(s , s) = D         ) s γ-δ γ(  ) s  (
R

1


4

12b
t

4

12a 



, a  s  b , …(2.4)      

Now we state the Krasnosel’skii fixed point  theorem to obtain solutions of (1.1) , for eigen value   

,  that   Let B a Banach space , and let  P be a cone in B . Assume .]5[ THEOREM 1     
PN)\K(P:T  and let KNN0    are open subsets of  B with    N , K 

be a completely continuous operator such that , either  

1-  Tu    u  , u  P  N , and   Tu    u  , u  P  K , or 

2-  Tu    u  , u  P  N , and   Tu    u  , u  P  K 

0(b)y δ y(b) γ

0(a)y βy(a) α 

            0 y  -
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. N)\K(PThen  T  has a fixed point in  

3. DETERMINING THE SOLUTIONS  

From [8] we note that y(t) is a solution of (1.1 )  if and only if ,  

y(t)   =    ds g(y(s)) h(s) s) ,(t G

b

a

    ,       a  t  b 

 let B = C[a , b] , with norm , x(t)Supx
bt  a 

  

We define a cone  J  by  : 




















xDx(t)min,  b][a,on  0 x(t): BxJ

4

12b
t

4

12a
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4βα
,

δ)4(γ

4δγ
minDWhere   

 

 

And  , let the number  k[a,b 

 

...(3.1)..........          ds h(s) s)G(t,maxds h(s) s)G(k,
4

12b

4

12a

4

12b

4

12a










 

   satisfying ch are satisfied .Then , for ea )5 -(1  sAssume that condition THEOREM 2 .  

... (3.2)……         .










b

a

0

4
1)(2b

4
1)(2a

ds)g h(s) s)G(s,(

1
    λ    

g ds) h(s) s)G(k,(D

1
 

there exists at least one solution of (1.1) in J .  

Proof. Let  be given as in (3.2) . Now , let  > 0 be chosen such that      

.(3.3)..........                

ε)ds)(g h(s) s)G(s,(

1
    λ    

ε)ds)(g h(s) s)G(k,(D

1
b

a

0

4
1)(2b

4
1)(2a
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Define an integral operator T : P  B  by  

Ty(t) =   ds g(y(s)) h(s) s) ,(t G

b

a

   ,    y   J       ………(3.4) 

We seek a fixed point of  T in the cone J. 

,  Notice from (2.2) that , for y   J, Ty(t)  0 on [a,b] . Also , for  y  J, we have from (2.3) that 

Ty(t)   =  ds g(y(s)) h(s) s) ,(t G

b

a

  

                ds g(y(s)) h(s) s) , (sG

b

a

  

 

Hence :       Ty   ds g(y(s)) h(s) s) , (sG

b

a

       ………(3.5) 

And next , if  y  J , we have by (2.4) and (3.5) ,  

 

 

 

 

 

 p .  is  completely continuous. Hence , T : p 

Now, turning to g0 , there exist an R1> 0 such that g(x)  (g0 + ) x   , for  0 < x  R1. 

 y  J with  y  = R1, we have from (2.3) and (3.3) So , choosing 

y         

 y y(s) ε)(g ds h(s) s)G(s,λ         

ds y(s) ε)(g h(s) s)G(s,λ         

ds g(y(s)) h(s) s)G(s,λTy(t)

b

a

0

b

a

0

b

a















 

 So that ,  yTy  . So , if we set  1 = {x  B x < R1} 

TyD                 

ds g(y(s)) h(s) s) , (sGλ D                  

ds g(y(s)) h(s) s) ,(t GλminTy(t)min

b

a

b

a
4

12b
t

4

12a

4

12b
t

4

12a
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then  

Ty  y  , for  y J  1 .        ……….(3.6) 

 Next , considering g  , there exist an R2 > 0 such that g(x)  (g - ) x ,for all x > R2 .  

Let R3 = max {2R1 , }
D

R 2   and let  2 = { x  B  x < R3} . 

 

 

 

 

If  y  J with  y = R3 , then  23

4

12b
t

4

12a
RDRyDy(t)min 





, and we have from  (3.1) and (3.3)  

that : 

 

 

 

 

 

 

 

 

 

 

Thus , yTy   . Hence ,  

Ty  y  ,        for y    2           ……….(3.7) 

Applying (1) of theorem 1 to (3.6) and (3.7) yields that T has a fixed point                 y(t) 

 )\(J 12    . As such , y(t) is a desired solution of 1.1 for the given  . Further , since G (t , s) > 

0 , it follows that y(t) > 0 for a < t < b . This  completes the  proof  of the theorem .  

 

satisfying each  n , forare satisfied . The 5 ) –e that condition ( 1 Assum THEOREM 3 . 

y        

y ε)(g ds h(s) s)G(k,
D

λ
        

 ds y(s) ε)(g h(s) s)G(k,λ        

ds g(y(s)) h(s) s)G(k,λ        

ds g(y(s)) h(s) s)G(k,λTy(h)

4
1)(2b

4
1)(2a

4
1)(2b

4
1)(2a

4
1)(2b

4
1)(2a

b

a
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b

a

4
1)(2b

4
1)(2a

0

ds)g h(s) s)G(s,(

1
    λ    

ds)g h(s) s)G(k,(D

1
         ……….(3.8) 

there exists at least one solution of  (1.1) in J . 

 

 

 

Proof. Let  be given as in (3.8) . Now , let  > 0 be chosen such that  

3.9).........(        

ε)ds)(g s)h(s)G(s,(

1
    λ    

ε)ds)(g h(s) s)G(k,(D

1
b

a

4
1)(2b

4
1)(2a

0






 





 

Let T be the cone preserving , completely continuous operator that was define by (3.4) . Beginning 

with  g0 , there exist an R 4 > 0 such that g(x)  (g0 - ) x   , for  0 < x  R4. 

 y  J with  y  = R4 , we have from (3.1) and (3.9) so , for                              So , for 

 

 

 

 

 

 

 

 

 

 

 

Thus , yTy   . So , if we let  

3 = {x  B x < R4} 

then  

y        

y ε)(g ds h(s) s),G(k λ D        

 ds y(s) ε)g h(s) s),G(k λ        

ds g(y(s)) h(s) s),G(k λ        

ds g(y(s)) h(s) s)G(k,λTy(k)

4
1)(2b

4
1)(2a

0

4
1)(2b

4
1)(2a

0

4
1)(2b

4
1)(2a

b

a
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Ty    y  for  y  J3      ……. (3.10) 

It remains to consider g ,there exist an R5 > 0 such that g(x)  (g+ ) x, for all x> R5 

 There are the two cases :- 

1- g is bounded  

2- g is unbounded . 

 

For case (1) , suppose R6 > 0 is such that g(x)  R6 , for all 0 < x <  .  

Let R7 = max {2R4 , R6 
b

a

ds} g(y(s)) h(s) s)G(s,λ . Then , for y  J with y = R7 we have from (2.3) 

and (3.2) 

 

 

 

So that yTy  . So if  4 = {x  B x < R7} 

then  

Ty  y  , for  y  J 4    ……….(3.11) 

For case (2) , let R8 > max {2R4 , R5 } be such that  g(x)   g(R8) , for  0 < x  R8 . 

Choosing  y  J  with  y = R8 and we have from (2.3),( 3.2 ) and (3.9 ) 

 

 



















b

a

8

b

a

8

b

a

b

a

ε)R(g ds h(s) s)G(s, λ          

ds )g(R h(s) s)G(s, λ         

ds g(y(s)) h(s) s)G(s, λ          

ds} g(y(s)) h(s) s)G(t,λ   Ty(t)

y           

ds h(s) s)G(s,R λ          

ds} g(y(s)) h(s) s)G(t,λ   Ty(t)

b

a

6

b

a
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But 

  

b

a

b

a

8 yε)(g ds h(s) s)G(s, λε)R(g ds h(s) s)G(s, λ  

 

 

Therefore 

  

b

a

yε)(g ds h(s) s)G(s, λ Ty(t)  

and so yTy   . For this case , if we let  

4 = {x  B x < R8} 

then 

Ty  y   ,       for  y  J 4       ……….(3.12) 

Thus , in either of the case , an applying of part (2) of theorem 1 to (3.10),(3.11) and (3.12) yields 

that T has a fixed  point  y(t)  )\(J 34   . As such , y(t) is a desired solution of (1.1) for the 

given   . Further , since G (t , s) > 0 , it follows that y(t) > 0 for a < t < b . This  completes the  

proof  of the theorem .  

         

REFERENCES 
 

[1] G. H. Meyer, Initial Value Methods for Boundary Value Problems  , Academic 

Press , New York , (1973) . 

[2] . J. Henderson and H Wang , Positive Solutions for nonlinear Eigenvalue 

Problems , J.Math. Anal. A P PL.208 , (1997), 252 – 259 . 

[3] J. Henderson and W. Yin , Positive Solutions and Nonlinear Eigenvalue Problems 

for Functional Differential Equatios, J.Applied Mathematics Letters.12 , (1999), 63 

– 68 .  

 

 

[4] J. Santanilla , Nonnegative  Solutions to Boundary Value Problems for   

Nonlinear First and Second Order Ordinary Differential Equations , 

J.Mathematics Analysis and Applications , .126 , (1987), 397 – 408 .  



 

11 
 

[5] Krasnoseelskii, M. A. Positive Solutions of Operator Equations, Noordhoff, Groning, 

1964. 

[6] L. H. Erbe and H. Wang , On The Existence of Positive Solution of Ordinary 

Differential Equations , Proc. Amer. Math. Soc. 120, (1994), 743 – 748 . 

[7] M.Hussein  ,Saleh  Positive Solutions of Boundary Value Problems   , J. Sharjah 

University for pure and Applied science,VOL:4,NO:3,(2007),1 – 12 .  

[8] M.Hussein  ,Saleh  Positive Solutions for  Eigenvalue Problems , J. AL-Anbar 

University for pure science,VOL:4,NO:2,(2010),108 – 111 .  

 

. 


