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AMS Mathematics Subject Classification: 
30C45. 
1. Introduction and Definitions 
Assume 𝒥 = {𝑡 ∈ ℂ ∶ |𝑡| < 1} be an open unit 
disc in ℂ. And assume 𝒦(𝒥) be the class of 

analytic functions in 𝒥 such that 𝒥[𝑢, 𝑗] be the 
subclass of 𝒦(𝒥) of  
 
 
 
 

𝒢(𝑡)  =  𝑢 +  𝑢𝑗𝑡𝑗 +  𝑢𝑗+1 𝑡𝑗+1  + · · ·  , 

 
where 𝑢 ∈ ℂ and 𝑗 ∈ ℕ.  Assume 𝛴 be the class of all analytic functions of  

𝒢(𝑡) = 𝑡−1 + ∑ 𝑢𝑗 𝑡
𝑗 ,

∞

𝑗=0

                                                                     (1) 

in the punctured unit disk  
𝒥∗ = {𝑡 ∶ 𝑡 ∈ ℂ and 0 < |𝑡| < 1} = 𝒥\{0}. 

 
𝒮 alludes to the all functions is univalent in 𝒥. Assume 

𝒮∗ = {𝒢 is univalent, ℜ𝑒
𝑡𝒢′(𝑡)

𝒢(𝑡)
> 0}, 

 
alludes to the class of starlike functions in 𝒥 and 
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𝐾 = {𝒢 is univalent, ℜ𝑒
𝑡𝒢′′(𝑡)

𝒢′(𝑡)
+ 1 > 0}, 

 
alludes to the class of convex functions in 𝒥. 
Assume that and 𝒫 are members of 𝒦(𝒥). If there exists a Schwarz function 𝒱 analytic in 𝒥, with 𝒱(0) =
0 and |𝒱(𝑡)| < 1, such that 𝒢(𝑡) = 𝒫(𝒱(𝑡)), the function is said to be subordinate to 𝒫 or 𝒫 is said to be 
superordinate to The term subordination is used to describe this relationship 

𝒢(𝑡) ≺ 𝒫(𝑡) or 𝒢 ≺ 𝒫. 
 
In addition, if 𝒫 is univalent in 𝒥, we get the following equivalence [7, 14] 
 
𝒢(𝑡) ≺ 𝒫(𝑡) if and only if 𝒢(0) = 𝒫(0), where  𝒢(𝒥) ⊂ 𝒫(𝒥). 

 

Bulboca [6] considered various kinds of first-order differential superordinations, as well as 
superordination preserving integral operators, based on Millir and Mocanu's [16] conclusions. Using 
the results of Bulboca [7], Ali [1] has found adequate requirements for certain normalized analytic 
functions 𝒢 to satisfy: 

ℒ1(𝑡) ≺
𝑡𝒢′(𝑡)

𝒢(𝑡)
≺ ℒ2(𝑡), 

where ℒ1, ℒ2 are univalent functions, such that ℒ1(0) = ℒ2(0) = 1. Tuniski [27] obtained sandwich 
results for particular classes of analytic functions in order to satisfy the following conditions: 

ℒ1(𝑡) ≺
𝒢(𝑡)

𝑡𝒢′(𝑡)
≺ ℒ2(𝑡), 

Shanmogam et al. [24] recently published sandwich results for analytic functions [2, 3, 4, 5, 8, 12, 15, 
19, 20, 23, 26]. 
We'll look at some differential subordination and superordination results involving the operator 
 𝒩𝛼,𝜏

𝑚 (𝑢, 𝑒; 𝑡) in this paper. 

Now we'll go over the definitions and lemmas we'll require in this work. 
 
Definition 1.1.([21]) For functions𝒢 ∈ 𝛴, such that 𝛼 ≥ 𝜏 ≥ 0 𝑎𝑛𝑑 𝑚 ∈ ℕ = {1, 2, 3, … }, consider the 
following operator: 

                                        𝔒𝛼,𝜏
𝑚 𝒢(𝑡) = 𝑡−1 + ∑ ℋ(𝛼, 𝜏, 𝑛)𝑚 𝑢𝑗 𝑡

𝑗

∞

𝑗=0

,   (𝑡 ∈ 𝒥∗),                                             (2) 

where  
 ℋ(𝛼, 𝜏, 𝑗) = [(𝑗 + 2)𝛼𝜏 + 𝛼 − 𝜏](𝑗 + 1) + 1 

and  
𝔒𝛼,𝜏

0 𝒢(𝑡) = 𝒢(𝑡) 

 
𝔒𝛼,𝜏

1 𝒢(𝑡) = 𝒩𝛼,𝜏𝒢(𝑡) 

 

𝔒𝛼,𝜏
𝑚 𝒢(𝑡) = 𝔒𝛼,𝜏 (𝔒𝛼,𝜏

𝑚−1 𝒢(𝑡)),      (𝑡 ∈ 𝒥∗).  

 
We get the differential operator given in [11] for 𝛼 = 1, 𝜏 = 0. Using the operator 𝔒𝛼,𝜏

𝑚 𝒢(𝑡) to its full 
potential. 
The linear operator 𝒩𝛼,𝜏

𝑚 (𝑢, 𝑒; 𝑡) on 𝛴  is now defined as follows: 
 

𝒩𝛼,𝜏
𝑚 (𝑢, 𝑒; 𝑡) = 𝐷𝛼,𝜏

𝑚 𝒢(𝑡) ∗ 𝜔(𝑢, 𝑒; 𝑡),   (𝑡 ∈ 𝒥∗), 
where 
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𝜔(𝑢, 𝑒; 𝑡) = 𝑡−1 + ∑  
(𝑢)𝑗+1

(𝑒)𝑗+1
𝑢𝑗 𝑡

𝑗

∞

𝑗=0

  , 𝑢 ∈ 𝐶∗, 𝑒 ∈ 𝐶\{0, −1, −2, … }, 

then 

𝒩𝛼,𝜏
𝑚 (𝑢, 𝑒; 𝑡) = 𝑡−1 + ∑ ℋ(𝛼, 𝜏, 𝑛)𝑚 

∞

𝑗=0

 
(𝑢)𝑗+1

(𝑒)𝑗+1
𝑢𝑗 𝑡

𝑗 .                                               (3) 

The fact that (3) is easily verifiable is obvious 
 

𝑡(𝒩𝛼,𝜏
𝑚 (𝑢, 𝑒; 𝑡)𝒢(𝑡))

′
= 𝑢𝒩𝛼,𝜏

𝑚 (𝑢 + 1, 𝑒; 𝑡)𝒢(𝑡) − (𝑢 + 1)𝒩𝛼,𝜏
𝑚 (𝑢, 𝑒; 𝑡)𝒢(𝑡),                     (4) 

and 

 𝑡(𝒩𝛼,𝜏
𝑚+1(𝑢, 𝑒; 𝑡)𝒢(𝑡))

′
= 𝛼𝒩𝛼,𝜏

𝑚 (𝑢, 𝑒; 𝑡)𝒢(𝑡) − (𝛼 + 1)𝒩𝛼,𝜏
𝑚+1(𝑢, 𝑒; 𝑡)𝒢(𝑡).                     (5) 

 
Lemma 1.2. ([25]) Assume 𝜇, 𝛽 ∈ ℂ such that 𝛽 ≠ 0 and assume 𝑤 be a convex function in 𝒥 with 
 

  ℜ𝑒 {1 +
𝑡𝑤′′(𝑧)

𝑤′(𝑧)
}  > 𝑚𝑎𝑥 {0; −ℜ𝑒 (

𝜇

𝛽
)} , (𝑧 ∈ 𝒥).                                   (6) 

 
If 𝑝 is analytic in 𝒥 and  
                                             𝜇𝑝(𝑡) + 𝛽𝑡𝑝′(𝑡) ≺ 𝜇𝑤(𝑡) + 𝛽𝑡𝑤′(𝑡),                                                    (7)                                                   
 
then  𝑝(t) ≺ 𝑤(𝑡), 𝑤 is the best dominant of the subordination (7). 
 
Lemma 1.3. ([17]) Assume 𝑤 be univalent in 𝒥 
 

 𝑤(𝑡) =
1 + 𝑙𝑡

1 − 𝑙𝑡
, with 𝑙 ∈ (−1,0) ∪ (0,1),                                                            (8) 

such that 
2𝜇

𝜎

1 + 𝑙

1 − 𝑙
+

𝛽

𝜎

1 + 𝑙

1 − 𝑙
> 0,   (𝜎 ∈ (0,1], 𝜇, 𝛽 > 0).  

 
If 𝑝 univalent in 𝒥 and 𝑝(0) = 𝑤(0) = 1, 

 𝜇𝑝2(𝑡) + 𝛽𝑝(𝑡) + 𝜎𝑡𝑝′(𝑡) ≺ 𝜇 (
1 + 𝑙𝑡

1 − 𝑙𝑡
)

2

+ 𝛽 (
1 + 𝑙𝑡

1 − 𝑙𝑡
) + 𝜎

2𝑙𝑡

(1 − 𝑙𝑡)2
 ,                              (9) 

 
then 

𝑝(𝑡) ≺ 𝑤(𝑡). 
 
Lemma 1.4. ([22]) If 

𝑤(𝑡) =
1

(1 − 𝑡)2𝑏𝑐
 

is univalent in 𝒥 if and only if  |2𝑏𝑐 − 1| ≤ 1 𝑜𝑟 |2𝑏𝑐 + 1| ≤ 1. 
 

2. Main results 
 
Theorem 2.1. If 𝑝 be univalent and 𝑝(0) = 1 such that  

 ℜ𝑒 {1 +
𝑡𝑝′′(𝑡)

𝑝′(𝑡)
}  > 𝑚𝑎𝑥 {0; −𝛼𝜈ℜ𝑒 (

1

𝜇
)} , 0 < 𝜈 < 1, 𝛼 ≥ 1 , 𝜇 ∈ ℂ\{0},                     (10) 

and 𝒢 ∈ 𝛴, 𝑡𝒩𝛼,𝜏
𝑚+1(𝑢, 𝑒; 𝑡)𝒢(𝑡) ≠ 0, if the following differential subordination 
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(
𝛼 + 𝜇

𝛼
) (𝑡𝒩𝛼,𝜏

𝑚+1(𝑢, 𝑒; 𝑡)𝒢(𝑡))
𝜈−1

+
𝑡𝜇

𝛼
(𝒩𝛼,𝜏

𝑚 (𝑢, 𝑒; 𝑡)𝒢(𝑡)) (𝑡𝒩𝛼,𝜏
𝑚+1(𝑢, 𝑒; 𝑡)𝒢(𝑡))

𝜈

≺ 𝑝(𝑡) −
𝑡𝜇𝑝′(𝑡)

𝜈
, (11) 

 
then 

(𝑡𝒩𝛼,𝜏
𝑚+1(𝑢, 𝑒; 𝑡)𝒢(𝑡))

𝜈

≺ 𝑝(𝑡). 

 
Proof. Assume 

(𝑡𝒩𝛼,𝜏
𝑚+1(𝑢, 𝑒; 𝑡)𝒢(𝑡))

𝜈

= 𝑔(𝑡), 

we obtain 
 

(
𝛼 + 𝜇

𝛼
) (𝑡𝒩𝛼,𝜏

𝑚+1(𝑢, 𝑒; 𝑡)𝒢(𝑡))
𝜈−1

+
𝑡𝜇

𝛼
(𝒩𝛼,𝜏

𝑚 (𝑢, 𝑒; 𝑡)𝒢(𝑡)) (𝑡𝒩𝛼,𝜏
𝑚+1(𝑢, 𝑒; 𝑡)𝒢(𝑡))

𝜈

= 𝑔(𝑡) −
𝑡𝜇𝑔′(𝑡)

𝜈
, 

 
Hence, by (11) gives 

𝑔(𝑡) −
𝑡𝜇𝑔′(𝑡)

𝜈
≺ 𝑝(𝑡) −

𝑡𝜇𝑝′(𝑡)

𝜈
. 

Then  

(𝑡𝒩𝛼,𝜏
𝑚+1(𝑢, 𝑒; 𝑡)𝒢(𝑡))

𝜈

≺ 𝑝(𝑡). 

 
Corollary 2.2. If 𝒢 ∈ 𝛴 and 
 

(
𝛼 + 𝜇

𝛼
) (𝑡𝒩𝛼,𝜏

𝑚+1(𝑢, 𝑒; 𝑡)𝒢(𝑡))
𝜈−1

+
𝑡𝜇

𝛼
(𝒩𝛼,𝜏

𝑚 (𝑢, 𝑒; 𝑡)𝒢(𝑡)) (𝑡𝒩𝛼,𝜏
𝑚+1(𝑢, 𝑒; 𝑡)𝒢(𝑡))

𝜈

≺
2𝑡(𝑡𝜇 + 𝑡2𝜇)

(𝜈 − 𝑡𝜈)(1 − 𝑡)2
. (12) 

 
Then 

(𝑡𝒩𝛼,𝜏
𝑚+1(𝑢, 𝑒; 𝑡)𝒢(𝑡))

𝜈

≺
1 + 𝑡

1 − 𝑡
 . 

 
Theorem 2.3. If 𝒢 ∈ 𝛴 and 𝑝 is univalent such that 𝑝(0) = 1, 𝑝(𝑡) ≠ 0, 𝜋, 𝜌 ∈ ℂ, 𝜏, 𝛼 ∈ ℂ\{0}, 𝜋 + 𝜌 ≠ 0. 
Suppose that 𝒢 and 𝑝 satisfy the following conditions: 

{
𝑡{𝜋𝒩𝛼,𝜏

𝑚+1(𝑢, 𝑒; 𝑡)𝒢(𝑡) + 𝜌𝒩𝛼,𝜏
𝑚 (𝑢, 𝑒; 𝑡)𝒢(𝑡)}

𝜌 − 𝜋
} ≠ 0,                                         (13) 

with  

      ℜ𝑒 {1 +
𝑡𝑝′′(𝑡)

𝑝′(𝑡)
−

𝑡𝑝′(𝑡)

𝑝(𝑡)
}  > 0.                                                      (14) 

If 

[𝛼 −
𝜋𝑡 (𝒩𝛼,𝜏

𝑚+1(𝑢, 𝑒; 𝑡)𝒢(𝑡))
′

− 𝜌𝑡 (𝒩𝛼,𝜏
𝑚 (𝑢, 𝑒; 𝑡)𝒢(𝑡))

′

𝜋 (𝒩𝛼,𝜏
𝑚+1(𝑢, 𝑒; 𝑡)𝒢(𝑡)) − 𝜌 (𝒩𝛼,𝜏

𝑚 (𝑢, 𝑒; 𝑡)𝒢(𝑡))
] ≺

𝑡𝑝′(𝑡)

𝑝(𝑡)
,                        (15) 

then 

(
𝑡𝜋𝒩𝛼,𝜏

𝑚+1(𝑢, 𝑒; 𝑡)𝒢(𝑡) − 𝜌𝑡𝒩𝛼,𝜏
𝑚 (𝑢, 𝑒; 𝑡)𝒢(𝑡)

𝜌 − 𝜋
)

𝜈

≺ 𝑝(𝑡). 
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Proof. Assume 

(
𝑡𝜋𝒩𝛼,𝜏

𝑚+1(𝑢, 𝑒; 𝑡)𝒢(𝑡) − 𝜌𝑡𝒩𝛼,𝜏
𝑚 (𝑢, 𝑒; 𝑡)𝒢(𝑡)

𝜌 − 𝜋
)

𝜈

= 𝑔(𝑡),                                 (16) 

By (16), we obtain 

[𝛼 −
𝜋𝑡 (𝒩𝛼,𝜏

𝑚+1(𝑢, 𝑒; 𝑡)𝒢(𝑡))
′

− 𝜌𝑡 (𝒩𝛼,𝜏
𝑚 (𝑢, 𝑒; 𝑡)𝒢(𝑡))

′

𝜋 (𝒩𝛼,𝜏
𝑚+1(𝑢, 𝑒; 𝑡)𝒢(𝑡)) − 𝜌 (𝒩𝛼,𝜏

𝑚 (𝑢, 𝑒; 𝑡)𝒢(𝑡))
] =

𝑡𝑔′(𝑡)

𝑔(𝑡)
. 

 

If 𝑤 is analytic in ℂ with  𝜂(𝑢) ≠ 0, 𝜂(𝑢) =
𝜏

𝑢
 is analytic in ℂ∗. Suppose that 

𝑊(𝑡) = 𝑡𝑝′(𝑡)𝜂(𝑝(𝑡)) =
𝑡𝑝′(𝑡)

𝑝(𝑡)
, 

since 𝑊(0) = 0 and 𝑊′(0) ≠ 0,then (14) would yield that 𝑊 is a starlike function in 𝒥. From (14), we 
have 

ℜ𝑒
𝑡ℎ′(𝑡)

𝑊(𝑡)
= ℜ𝑒 {1 +

𝑡𝑝′′(𝑡)

𝑝′(𝑡)
−

𝑡𝑝′(𝑡)

𝑝(𝑡)
} > 0, 

we get, 
𝑔(𝑡) ≺ 𝑝(𝑡). 

 

Corollary 2.4. If 𝒢 ∈ 𝛴, and assume 𝜋 = 0, 𝜌 = 𝜏 = 1, −1 ≤ 𝒜 < ℬ ≤ 1, 𝑝(𝑡) =  
1+𝒜𝑡

1+ℬ𝑡
, −1 ≤ 𝒜 < ℬ ≤

1,  such that 

[𝜈 −
𝑡 (𝒩𝛼,𝜏

𝑚 (𝑢, 𝑒; 𝑡)𝒢(𝑡))
′

(𝒩𝛼,𝜏
𝑚 (𝑢, 𝑒; 𝑡)𝒢(𝑡))

] ≺
(𝒜 + ℬ)𝑡

(1 − 𝒜𝑡)(1 − ℬ𝑡)
 ,                                  (17) 

then 

(𝑡𝒩𝛼,𝜏
𝑚 (𝑢, 𝑒; 𝑡)𝒢(𝑡))

𝜈

≺
1 + 𝒜𝑡

1 + 𝒜𝑡
. 

 
Theorem 2.5. If 𝒢 ∈ 𝛴 and 𝑝 is univalent such that 𝑝(0) = 1, 𝑝(𝑡) ≠ 0, 𝜋, 𝜌 ∈ ℂ, 𝜏, 𝛼 ∈ ℂ\{0}, 𝜋 + 𝜌 ≠ 0. 
Suppose that 𝒢 and 𝑝 satisfy the following conditions: 

(𝑡𝒩𝛼,𝜏
𝑚 (𝑢, 𝑒; 𝑡)𝒢(𝑡))

𝜈

∈ 𝐺[𝑝(0), 1] ∩ 𝑊. 

(
𝛼 + 𝜇

𝛼
) (𝑡𝒩𝛼,𝜏

𝑚+1(𝑢, 𝑒; 𝑡)𝒢(𝑡))
𝜈−1

+
𝑡𝜇

𝛼
(𝒩𝛼,𝜏

𝑚 (𝑢, 𝑒; 𝑡)𝒢(𝑡)) (𝑡𝒩𝛼,𝜏
𝑚+1(𝑢, 𝑒; 𝑡)𝒢(𝑡))

𝜈

 

is univalent in 𝒥, and 

𝑝(𝑡) −
𝑡𝜇𝑝′(𝑡)

𝜈

≺ (
𝛼 + 𝜇

𝛼
) (𝑡𝒩𝛼,𝜏

𝑚+1(𝑢, 𝑒; 𝑡)𝒢(𝑡))
𝜈−1

+
𝑡𝜇

𝛼
(𝒩𝛼,𝜏

𝑚 (𝑢, 𝑒; 𝑡)𝒢(𝑡)) (𝑡𝒩𝛼,𝜏
𝑚+1(𝑢, 𝑒; 𝑡)𝒢(𝑡))

𝜈

, (18) 

then 

𝑝(𝑡) ≺ (𝑡𝒩𝛼,𝜏
𝑚 (𝑢, 𝑒; 𝑡)𝒢(𝑡))

𝜈

. 

 
Proof. Let 

(𝑡𝒩𝛼,𝜏
𝑚 (𝑢, 𝑒; 𝑡)𝒢(𝑡))

𝜈

= 𝑔(𝑡), 

we obtain 

𝑔(𝑡) −
𝑡𝜇𝑔′(𝑡)

𝜈
= (

𝛼 + 𝜇

𝛼
) (𝑡𝒩𝛼,𝜏

𝑚+1(𝑢, 𝑒; 𝑡)𝒢(𝑡))
𝜈−1

+
𝑡𝜇

𝛼
(𝒩𝛼,𝜏

𝑚 (𝑢, 𝑒; 𝑡)𝒢(𝑡)) (𝑡𝒩𝛼,𝜏
𝑚+1(𝑢, 𝑒; 𝑡)𝒢(𝑡))

𝜈

. 
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Theorem 2.6. If 𝑝 is convex in 𝒥 such that 𝑝(0) = 1, 𝒢 ∈ 𝛴, 𝜈, 𝜏 ∈ ℂ\{0}, suppose 𝛿, 𝜋, 𝜌 ∈ ℂ,  𝜋 + 𝜌 ≠

0, ℜ𝑒 (
𝛿

𝜏
) > 0. Assume 𝒢 satisfy the following conditions: 

 {
𝑡{𝜋𝒩𝛼,𝜏

𝑚+1(𝑢, 𝑒; 𝑡)𝒢(𝑡) + 𝜌𝒩𝛼,𝜏
𝑚 (𝑢, 𝑒; 𝑡)𝒢(𝑡)}

𝜌 − 𝜋
} ≠ 0,  

and  

{
𝑡{𝜋𝒩𝛼,𝜏

𝑚+1(𝑢, 𝑒; 𝑡)𝒢(𝑡) + 𝜌𝒩𝛼,𝜏
𝑚 (𝑢, 𝑒; 𝑡)𝒢(𝑡)}

𝜌 − 𝜋
}

𝜈

∈ 𝐺[𝑝(0), 1] ∩ 𝑊. 

If 
 𝛿𝑤(𝑡) + 𝜏𝑡𝑤′(𝑡) ≺ 𝜙(𝑡),                                                               (19) 

then 

𝑝(𝑡) ≺ {
𝑡{𝜋𝒩𝛼,𝜏

𝑚+1(𝑢, 𝑒; 𝑡)𝒢(𝑡) + 𝜌𝒩𝛼,𝜏
𝑚 (𝑢, 𝑒; 𝑡)𝒢(𝑡)}

𝜌 − 𝜋
}

𝜈

. 

 
Theorem 2.7. Assume 𝑝1, 𝑝2 be two convex in 𝒥 with 𝑝1(0) = 𝑝2(0) = 1, 𝛿, 𝜋, 𝜌 ∈ ℂ, 𝜈, 𝜏 ∈ ℂ\{0}and 𝜋 +

𝜌 ≠ 0 with ℜ𝑒 (
𝛿

𝜏
) > 0. Assume 𝒢 ∈ 𝛴 and 𝒢 satisfy the following conditions: 

 

{
𝑡{𝜋𝒩𝛼,𝜏

𝑚+1(𝑢, 𝑒; 𝑡)𝒢(𝑡) + 𝜌𝒩𝛼,𝜏
𝑚 (𝑢, 𝑒; 𝑡)𝒢(𝑡)}

𝜌 − 𝜋
} ≠ 0, 

and  

{
𝑡{𝜋𝒩𝛼,𝜏

𝑚+1(𝑢, 𝑒; 𝑡)𝒢(𝑡) + 𝜌𝒩𝛼,𝜏
𝑚 (𝑢, 𝑒; 𝑡)𝒢(𝑡)}

𝜌 − 𝜋
}

𝜈

∈ 𝐺[𝑝(0), 1] ∩ 𝑊. 

If  
 𝛿𝑝1(𝑡) + 𝜏𝑡𝑝1

′(𝑡) ≺ 𝜙(𝑡) ≺ 𝛿𝑝2(𝑡) + 𝜏𝑡𝑝2
′(𝑡),                                   (20) 

then 

𝑝1(𝑡) ≺ {
𝑡{𝜋𝒩𝛼,𝜏

𝑚+1(𝑢, 𝑒; 𝑡)𝒢(𝑡) + 𝜌𝒩𝛼,𝜏
𝑚 (𝑢, 𝑒; 𝑡)𝒢(𝑡)}

𝜌 − 𝜋
}

𝜈

≺ 𝑝2(𝑧). 
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