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Abstract. In the present paper, we investigate a new linear operator through the Hadamard
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1. Introduction and Definitions

Let I = {w € C: |w| < 1} be an open unit disc in C. Let H(J) be the class of analytic functions in J
and consider J[a, i] to be a subclass of H(J) of the form

hw) = a + aw' + aj . wtt +---,
wherea € Cand i € N = {1,2, ... }. Let the class of all analytic functions be X of the form

h(w) =w™1 + Z awt, WeESY) (1D
i=0

such that
I*={w:weCand 0 < |w| < 1} = 3\{0}.

The subclasses Z* (y) and Z;(y) of the class £ are meromorphcally starlike functions of the
y order and meromorphcal ly convex functions of the y order respectvely. A function
h € 2*(y) of the kind (1) if

wh'(w) ~
iRe{— h(w)}>y' (we 3J%)

and h € Z;(y) if

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
BY of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOIL.
Published under licence by IOP Publishing Ltd 1


mailto:mustafa8095@uoanbar.edu.iq
mailto:dr.buthyna@yahoo.com
mailto:kasimmathphd@gmail.com

2nd International Virtual Conference on Pure Science (2IVCPS 2021) IOP Publishing
Journal of Physics: Conference Series 1999 (2021) 012090  doi:10.1088/1742-6596/1999/1/012090

% wh''(w) 1 .
€{-<W+ >}>]/ (we 39

The Hadamrd product for two functions in X, such that

kw)=w"1+ Z cwh, (we 3 (2)
i=0
is given by
hw) < k(w) =w™ + ) aiewl. (we ) 3)
i=0

For parameters aj,c,,p(j=1,..,Ln=1,..,q,¢c, €C\{0,—-1,-2,..}), the p-hypergeometric
function ; Y, is defined by following (see [6,17]):

1+q-1

. . _ g (ap.p)i- (app)i _1\i (l)] i
qu( ay, ..., Ay;C, e, Cg ,p,w) Yivo e ()] X [( 1)ip\2 wh,  (4)

withl<q+1;[,ge NU{0}; N={1,2,..} and (;) = % where(a, p); is the p-anlogue of the

symbol of Pochhammer (a); is defined in terms of

)

(a,p); = {(11 —a)A—ap)A—ap?)..(1—ap™!)  fori €N }

ifi=0

Heine introduced the hypergeometric series described by (4) in 1846, and it was known as the Heines
series at the time. Further information on g-theory would be available for readers in [10,11,20]. It is
obvious that

linlrl [ 1Y, (p % ..., p®;p%, ..., 0% p; (p — DI IW)| = (Fo(ay, o, ascq, s cq W), (6)
p-1-

Wherequ(al_...,al;cl,...,cq;w) the generalized hypergeometric function represents (as shown
in[12,19]). Riemann, Gauss, Euler, and others conducted detailed studies of hypergeomtric functions a
few hundred years ago. The emphasis in this field is primarily on the structural beauty of this theory
and its specific applications, which include dynamic systems, mathematical mechanics, numerical
analysis, and combinatorics. Based on this, hypergeomtric functions are used in a variety of fields.
consisting of geometric function theory one example that can be associated with hypergeomtric
functions is the well-known Dziok-Srivestava operator [6,7] defined by the Hadamard.

The p-hypergeometric function defined in (1.4), for w € 3, |p| <1 and | = g + 1, take the form
below:

(a1, p)i - (a,p); W
p)i(cy,p); - (cq,p)i ’

Yo(ay ., ap ey, 005 W) =Z D
=@

which converges absolutely in the open unit disk 3.
The p-analog of the Liu-Srivastava operator was recently introduced with reference to the

function ,Yq( Ay, oo, Ag; C1y ey Cg 5 D w) for meromorphic functions h € ¥ consisting in the type of
functions (1) (see Darus and Aldwby[1],Janani and Murugusundaramorthy[17]), as outlined beneath.

,CI)q( Ay, .oy Q15 C1y ey Cg 5 D3 W)h(w) =w! qu( ay, ..., Qg5 C1,y ooey Cq 3 D; w) * h(w)
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. Z Hj:l(a}'p)i+1 o wi 8)
swh.
2 (0, p)iv1 [y (o P
For convenience, we write

ld)q( Ay, e, Qg3 Cpyoeny Cq 5 D w)h(w) = lCDq( a;; Cn; p; W)h(w).

Before going on, we state the famous Mittag-Leffler function T, (w),introduced by Mittag-Leffler
[8,16], as well as the generalisation of Wiman [23] T,, . (w) given respctively as follows:

Wl
and
Wi
TV,‘[(W) = ;F(Vl + T) ’ (10)

where v,t € C,Re(v) > 0 and Re(t) > 0.

In recent years, there has been a growing emphasis on Mittag-Leffler-type roles that focus on the
development of possibilities for their probability application, applied problems, statistical and
distribution theory, and so on. More information on how the Mittag-Leffler functions are used can be
found in [3,21]. In most of our Mittag-Leffler function work, we investigate geometric properties such
as convexity, close-to-convexity, and starlikeness, for more knowledge on the Mittag-Leffler function
refer to see [4], and [18] presents results relevant to partial.

The function defined by (10) does not fall within class X. Based on this case, the function is then
normlized as follows:

I'(7) ;
+1)+1) W

By () = W@, W) = w4 ) (11
i=0

Using the function E, .(w) given by (11), the new operator f]-"TV’m[ai,, Cn» a]: X — X is defined as
follows in terms of the Hadamard product:
F ai, cp, a)h(w) = ld)q( a;; Cu; 3 W)R(W) * E,, (W),

Fr a;, cn ah(w) =
(1= @) (1Pq( i s p; w)hW) * By o)) + aw (1@ ( ay; s p; w)h(w) * Ey s (w))

I
)

Fr™ ay, cp, alhw) = FVHE™ ay, cp, ah(w)). (12)
If h € X, then from (12) we deduce that
T‘L'v’m[ ai,: CTLJ a]h(W) = W_l + Z[l + (l - 1)a]mﬂ(i+1,1/,‘[) (all Cq)aiwi ) (13)

=0
where
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Qi+1,v,0) (al' Cq) = (14)

5’:1(“}'»1’)”1 < I'(7) )

@ )i [} (cnp)ivs \TWGE+1) + 1)

Remark 1.1 It can be shown that, when the parameters are defined, [,q,a,m,v,1,p, a4, ...,a;and
€1, -, Cq, It is observed that the defined operator TT””[ a, cq, a]h(w) leads to different operators. For
further illustration, examples are given.
1- For l=1,a=1,q=0,v=0,t=1,a; =pandp -1 we have the operator N"h(w)
studied by EI-Ashwh and Aouf [2].
2- For t=1L,v=0m=0,aq=pY,c, =p"a;>0,¢,>0,(G=1,...5n=1,..,ql=
q + 1)and p - 1 we get the operator I; ;[ a;, c,Jh(w) researched by Liu and Srivastava[15].
3- Forl=2m=0,gq=1v=0,t=1,a, =pandp — 1 we get the operator H[all,cl]h(w)
studied by Liu and Srivstava [13].
4- Forl=1m=0,q=0,v=0,71=1,a; = a+ 1andp - 1 we get the operator M*h(w) it
was introduced by Ganigi and Uralegadi[22], and then Yang[24] generalized it.

For instance,Challab et al.[5],Elrifai et al.[9],Lashin[14],Liu and Srivstava[15] and others have
explored a range of meromorphic function subclasses. Our implementation of the new subclass
K[ ay,cq a; C,D,d] of Z, which includes operator F'™| a;, ¢;, a|h(w), has inspired these works,
and is seen as follows:

Definition 1.2 For functionsh € X in the class Hy%[a;,cqa;C,D,d|, and —1<D<C<1;
a,cqa €C\{0,-1,-2,..}; |<q+1;l,g e NU{0}; N ={1,2,..} if it satisfies the inequality
u
w (Trv'm[ a, Cq, a]h(w))
vm u—1
(TT ' [ a, cq» a]h(w))
u
w (TTV,m[ al" Cq’ a]h(w))

=1+ [d(C —D) + D]
(Trv'm[ a, Cq, a]h(w))

<1. (15)

Let X * denote the subclass of X consjsting of functions of the form:
h(w) =w™1 + Zlai lwi, (we I%) (16)
i=0

Now, we define the class #,%"[ a;, ¢4, a; C, D, d] by

M | ay,cqa;C,D,d] = HM ay,cq 25 C, D, d] N E7 (17)

2. After removing the denominator from (19) and going to allow

This section describes the task of obtaining sufficient conditions for (16) the function to be given
within class .‘7—[3"1*[ a,Cq, ; C,D,d], and demonstrates that this requirement is needed for functions
in that class. Furthermore, for class }[ﬁ*[al,, Cqr @; C,D,d],grovvth and distortion limits, linear
combinations,closure theorems and extreme points are presented.
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In our very first Theorem, for functions h in %[ a;, ¢4, a; C, D, d], we'll start with the conditions
that are both necessary and adequate.
Theorem 2.1 A function h(w) of the form (16) is in the class #,%"[ a;, c,, @; C, D, d] if and only if

_Z): (i —i!u)!

i=

i—(u—-1)+1-D(i—-(u—1))—d(C—-D)-D )
l - l(l_ (uu_ 1) ) ] [1+@- 1)a]mQ(i+1,v,‘r)(al' Cq)lail

<D@u-1)+@-D!(ldI(C -D) - (u-1). (18)

Proof. Suppose the inequality (18) is valid, we get
u
w (Trv’m[ a, Cq, a]h(w))
=
(Tv’m[ a, Cq, ]h(w))

W( Lo g i) +[d(C — D) + D]
( [al,cq, h(w))u '

w (Trv’m[ a, Cq, a]h(w))u + (Trv’m[ a, Cq, oz]h(w))u_1
Dw (Trv'm[ a, Cq, a]h(w))u + [d(C — D) + D] (fFTV’m[ a, Cq oz]h(w))u_1

N (= DD = D+ 2oy [+ =) [+ € = DA™ (@ apw™

|(D(u —1)—d(C-D))(-D*(u -1+ %2, a ”u) [D + 4 (uD) J{)D [1+ (- Dal™Qgs10(an cq)awi*?

<1, (WwegJ)

Then, we have h(w) € H)¥"[ a;, ¢q, ; C, D, d], by the maximum modulus theorem.
Conversely, assume that h(w) is with h(w) of the form (16) in class f]-[{”,[ a;,cq,a;C,D, d], then we
discover from (15) that

w (Trv'm[ a, cq, a]h(w))u + (.‘]-"Tv‘m[ a, cq, oz]h(w))u_1

Dw (Trv'm[ a, cq, a]h(w))u + [d(C — D) + D] (.‘]-"Tv’m[ a, cq, oz]h(w))u_1

| (u—-DED - D+ R, (l ) [ 1 1)] [1+@G- 1)61’]m~0-(1'+1,v,r)(alrCq)aiWiJr1

|(D(u 1) = d(€ = D))~ — D+ E20 g i!u) [D e o D) J{)D [1+ (i = Dal™p 100 (@ cgJawt*

<1, WegIg) (19)

since the above inequality is valid for all w € J*, on the real axis, pick w values. After removing the
denominator from (19) and going to allow w — 1~ by real values, we obtian

el .. s _ _ s _ —d C— _
Z(i llu)'[l (wu-1)+1-D(i-(u—-1))—-d(C-D)—D 14+ G = Dal™rs (@ c,)la

i—(u—1)
<Du-1)+ @-D!(ldl(C-D) - (u-1).

i=0

As a result, the desired inequality (18) of Theorem 2.1. is obtained.
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Corollary 2.2 If the functionh(w) given by (16) is in the class H,%"[ a;, ¢4, @; C, D, d] then

la;| <
Du—-1)+ w-D!(ldI(C-D) - (u-1)) (=1
. P _ _ P _ _ d _ _ ) —
- _l!u)! i—(u—1)+1 Di(l_ ( qu— - )1)) (C - D) D] 14— Dalm ey (@0c,)
the result is sharp for the function
h(w) =w™1
Du—-1)+w-D!(ldI(C-D)— (u-1)) ,
+ - - wt. (20)
. —_ — — — — _ d _ _
- _l!u)! i—(u—1)+1 Di(l_ (u(u_ 1)1)) (C-D) D] [14 G = Dal™ Qs 1 (@ cy)

For functions belonging to class #,%"[ a;, ¢;, @; C, D, d], Growth and distortion limits will be in the
following outcome:

Theorem 2.3 If a function h(w) of the kind (16) is in the class#%"[ a;, s, ; C,D,d] then for
|lw| = r, we get

1 Du—-1)+ @-D!(ldI(C-D) - (u-1)
2-w-1D-D(1-@w-1))—-d(C-D)-D
' (1—1u)![ vl (1—((1;1—1))) ) ]Q(Z,v,r)(alicq)
< |lh(w)| <
1 Du—-1+@w-D!(dI(C-D)—(u-1)) )1
r 1 [2-@w-1)-p(1-(@w-1)-d(C—-D)—D " 1)
1 —w)! T—(u-1 Qv (@ cq)
and
1 Du—-1+ @—-(ldI(C-D)—(u-1))
2 2-w-1)-D(1-(-1)-d(C-D)-D
' (1—1u)![ vl (1—((1;—1))) oo ]Qm,v,r)(ach)
< |Kw)| <
1 Du—1+ @w-D!(dI(C-D)—(u-1)) -
Zt T 2-w-1)-D(1-(w—-1))-d(C-D)-D (22)
1 —w! [ T—(u-1) ]Q@v'ﬂ(al'%)
Proof. By Theorem 2.1
1 [2-@@-1)-D(1-(@w—-1)-d(C-D)-D c
1 —w)! - (1 - (LLLL - 1)) fawn (@ cq) Zlai |
i=0
- Z - _l!u)! [l —(u-1D+1- Dl(l_—(u(u_—l)l)) —d(C-D) - D] [+ G = Dal™ s (e,

<Du—-1+ @w—-D(ldI(C-D) - (u—-1)),
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which yields:
Du-1D+w-D'(ldI(C-D)—u-1)
PE .
2-(w-1)-D(1-(w-1)-d(C-D)-D
=0 Q (a c )
1-w! 1-@w-1 @volT o
Therefore,
1 (0]
)l < 7o+ |w|Zo|ai|
=
S 1 Du—1)+ @-D!(ldI(C-D) — (u—1)) ]
=T wi,
lwl 1 [2-w-D-D(1-(w-1))-d(C-D)-D
d—w! T—@-1 RORICTLY
and

1 [o0]
@)l = = lwl ) la;]
i=0
1

Du—-1)+ @-D!(ldI(C-D) — (u—1))

>—— [wl.
v (1—1u)!2 (—1) D(ll_((L;_ll))) d(¢ = D) D]Q(z,v,r)(az,cq)
Now, by distinguishoing both sides of (16) in relation to w, we get:
|h'(w)|sﬁ+;|ai|
1 Du—-1D+ @—-D(ldI(C-D) - (u-1))
4G 1 [2-@w@-1D-D(1-(@m-1))-d(C-D)-D ’
ad—w! [ T—(u—1 ] ez (@1.¢q)
and .
1
Ih’(w)lzw—;lail
1 Du—-1)+ @-D!(ldI(C-D) — (u—1))
~lwl|? 1 [2-@w@-1D-D(1-(@-1))—-d(C-D)-D '
T-w! [ T—w-1 ]Q(Z'V'ﬂ(al'cq)

Next, for functions in class }fﬁ*[az,; Cq) C,D,d], we evaluate the radius of meromorphic star-
likeness and convexity of order y.

Theorem 2.4 Let the function h(w) given by (16) be in the class }[ﬁ*[al, cqa; C,D, d]. Thus, we
have:
(i) h is meromorphically starlike of the y order inthe disc |w| = 7, so

wh'(w) _ <
ERe{— h(w)}>y, (wl=r,0<y<1)

where
Tl =
1

inf

i>1

. i — — — i — — — d — — i+1
{(1 -7 @ —l!u)! [l e Di(L— (u(u— 1)1)) bl [1+G- 1)a]mﬂ(i+1.v,r)(al'cq)}

@ +y)[D(u -D+ -1 (|d|(C— D)—(u— 1))]

\ )

.(23)
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(it) h is meromorphically convex of the y order inthe disc|lw| = 1y, so

- wh'' (w) 1 _ < 1
e{—<m+ >}>V: (Iwl=mr,0<y <1

where
Tz ==
1
( j i—(u-1)+1-D(i—(u—-1))—-d(C-D)-D )+t
inf !(1_)/) (i _l!u)![l s l(l— (1Eu_ 1))) ( ) [1+ (i = Dal™ 100 (aw cq) L »
i=1) (@ +N[p@-1)+ @-D!(dI(C - D) - - 1)] | 0
\ )
Proof. (i) We can obtain from the description (16):
wh'(w) +1 o i+1
h(w) Xizol + Dla; [w]**
wh'(w) 21 —y) = X2, = 14 2p)|a; [Iw]**Y
W) 1+2y =0
Then,
wh'(w)
- <1, (O<y<1
W) _ 42
R(w) Y
if
+ ,
> (ED i <1 (25)
i=0

As a result of Theorem 2.1, the inequality (25) is valid if

<i+y>|w|i+1
i—-y

=l [i —wo Dl Di(i__(tfu__l)l)) —dc-D)- D] [1+4 G- Dal™Qg10.0(ancq)

Du—-1)+ @-D!(ldI(C - D) — (u—1)) ’

then
1
( 0 i (u— —D(i—w=1))=d(C—D)— \ﬁ
. i 1-p ¢ _l!u)! [l u-1+1 Di(l_ (Ifu_ 1)1)) (C-D) D] [1+(i— 1)a]mﬂ(i+1,v,r)(al'cq |¥
v Ik G+N[D@-D+@-DI(d(C-D)— (u—1)] )I

The last inequality leads us to the disk|w| = r;immediately, where r; is supplied by (23).
(it) We discover from (16) that, to demonstrate the second statement of Theorem 2.4,

wh' (w) .

h'(w) 2o (i + Dla; [lw]*1

" < © /- -
wh'(w) 2(1—y) = X2, — 1+ 2p)la; |lw|*™*?
hl(w) 14

+2
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Consequently, we obtain the desired inequality:

wh''(w)
hll( )
M (WV; +2y

Zi(‘: +V) la; llw]i* < 1. (26)

1 —
i=0 14

<1, (0<y<1)

8

As a result of Theorem 2.1, the inequality (26) is valid if

i+ .
l( y>|W|l+1

[ i —(u—-1)+1-D(i—(u—-1))—d(C-D) -
il [z (w—1)+ Di(l—(’lfu—l))) (C - D) D][H(i_1)a]mﬂ(i+lyvyr)(al’cq)

i+ [Du—-1)+ @-D!(ld|(C - D) — (u—1))]

(i—w)!
< )
Du—-1)+ @-D!(ldI(C -D) — (u—1))
then
1
( it [i—-w-1D+1-D(i-(@u-1)-d(C-D)-D ) . \ i+
I |<!(1_Y)(i—u)![ i—(u—l) ][l‘l'(l_l)a] Q(i+1,v,‘r)(alrcq)!
w .
I
)

|
\
The last inequality leads us to the disk|w| = r,immediately,where 7, is supplied by (24).
It can now evaluate the extreme points and the closure theorems of class 7—[{”,[ a;,cq,a;C,D, d].
Theorem 2.5 Under convex, linear combinations, class .‘]-[ﬂ[ a;,cq,a;C,D, d] is closed.

Proof. Let

hi(w) =w™! +Z|ai’j |wi, (=12
i=0

arein }[,I"T[ a;,cq,a;C,D, d]. It is sufficient to demonstrate that f is a function defined by
fw) =0 -c)h;(w) +ch,(w), (0<c<1

is in the class 7% a;, ¢4, @; C, D, d], since

fw)=w1+ Z[(l —o)|aiq| + claiz|]]wi. (0<c<1) (27)
i=0

In view of Theorem 2.1, we have:

o il [i—u-1D+1-D(i—(u—-1))—-d(C-D)-D ,
Y ) [+ = Daraeaola - las + cla]

2

i=0
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] [1 + (l - l)a]mQ(i+1,v,T)|ai,1|

_ o it [i—w-1)+1-D(i—@m—-1)-d(C-D)-D
_(1_6);(i—u)![ i—-1

- il [i—@-1D+1-D(i—-(@-1)-d(C—-D)-D
+C;(i—u)![ i— (-1

] [1 + (l - 1)a]mQ(i+1,v,‘r)|ai,2|

<A-9pw-D+@-D(ldI(C-D)—@u-1D)]+¢c[Dw—-1) + @-D!(ldI(C - D) — (u—1)]
=[D(w-1)+ @-D!(ldI(C =D) — (u—1)]
which shows that f(w) € Hy%'[ a;, ¢q,a; C, D, d].

Theorem 2.6 Let ho(w) = — and

1
hl(W) = W +
Du—-1)+@-D'(ldI(C-D) — (u—1)) o
- - wt.(i=1)
il l—(u—1)+1—D(L—(u—1))—d(C—D)—D ] m
(i—uw)! i—(u—1) [1+ (- Dal )
Then h(w) € H)Y| ay, cq, @; C, D, d] if and only if it can be expressed in the form
h(w) = z vih;(w), (vi >0 andz v; = 1) (28)
i=0 i=0
Proof. If we express the h(w) function in the form given by (28), then
hi(w) =w™!
Z Du—-1+@w-D!(dl(C-D)—(u-1)) l.
+ v; - - w
£ it [i-w-D+1-D(i-(w-1)-d(C-D)-D [+ (i Dalmay,
G—w! i—(u—1) RGN

and for this function, we have;:

S i [i—@-D+1-D(i-@-1)-d(C-D)=D]
Zo(i_lu)![l - l(l_ (uu_ 1) ) ][1+(l—1)a]mﬂ(i+1y'f)(al,cq)

Du-1D+ @—-D'(ldI(C-D)—(u-1)

il [i—(u—l)+1—D(i—(u—1))—d(C—D)—D

X V;
(i —u)! i — (u — 1) ] [1 + (- 1)a]mﬂ(i+1,v,r)

= wlp -1+ -1 (1dIC - D) - @—1D)]
i=0

=1 =v)[Pw—1D+ @-D!(ldI(€ -D) = (- D) < Du-1) + (u - D! (IdI(C = D) - (u—-1)).

The condition (18) is satisfied. Thus, h(w) € #,%'[ a;, ¢q, @; C, D, d].
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Conversely, we suppose that h(w) € Hy%"[ a;, ¢4, @; C, D, d], since

Du—-1)+w-D!(ldI(C-D)— (u-1))

ol s ————————— (= 1)
(i_l!u)!l w-—1+1 Di(l_(lfu_l)l)) d(C - D) D][1+(i—1)a]mﬂ(i+1m)
we set
ot o D (= 1)) — d(C — D) —
(i _l!u)!l L Di(l_ (iu_ 1)1)) =2 D] [1+ (= Da]"Qis1,,0) '
Vi Du—1) + - -D)— (u—-1D) la;l, (i = 1)
and
vo=1—-) v;,
2

so it follows that

The proof is complete.

3. Conclusions

The association between the analytical nature of complex functions with various properties and
geometric behaviour has been strengthened through introduced a new subclass of meromorphic
function that is related to both the Mittag-Leffler function and the g-hypergeomtric function, which is
inspired by this approach. In relation to this subclass, we have obtained adequate and required
conditions. It also goes over linear combinations, the distortion principle, and their properties.
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