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1. Introduction and Definitions 

 Let ℑ = {𝑤 ∈ ℂ ∶ |𝑤| < 1} be an open unit disc in ℂ. Let 𝐻(ℑ) be the class of analytic functions in ℑ 

and consider ℑ[𝑎, 𝑖] to be a subclass of 𝐻(ℑ) οf the form 

  

ℎ(𝑤)  =  𝑎 + 𝑎𝑖𝑤
𝑖 + 𝑎𝑖+1 𝑤

𝑖+1  + · · ·  , 
 

where 𝑎 ∈ ℂ and 𝑖 ∈ ℕ = {1,2, … }. Let the class of all analytic functions be Σ of the form 

ℎ(𝑤) = 𝑤−1 +∑𝑎𝑖 𝑤
𝑖

∞

𝑖=0

,    (𝑤 ∈ ℑ∗)                                                         (1) 

such that 

ℑ∗ = {𝑤 ∶ 𝑤 ∈ ℂ 𝑎𝑛𝑑 0 < |𝑤| < 1} = ℑ\{0}. 
 

The subclasses 𝛴∗(𝛾) and Σ𝑗(𝛾) of the class Σ are meromorphcally starlike functions of the 

𝛾 order and meromorphcally cοnvex functions of the 𝛾 order respectvely. A function 

ℎ ∈ 𝛴∗(𝛾) of the kind (1) if  

 

ℜ𝑒 {− 
𝑤ℎ′(𝑤)

ℎ(𝑤)
} > 𝛾,            (𝑤 ∈  ℑ∗) 

and ℎ ∈ Σ𝑗(𝛾) if 
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ℜ𝑒 {−(
𝑤ℎ′′(𝑤)

ℎ′(𝑤)
+ 1)} > 𝛾.         (𝑤 ∈  ℑ∗) 

 

The Hadamrd product for two functions in Σ, such that 

𝑘(𝑤) = 𝑤−1 +∑𝑐𝑖 𝑤
𝑖

∞

𝑖=0

,   (𝑤 ∈  ℑ∗)                                                           (2) 

is given by 

ℎ(𝑤) ∗ 𝑘(𝑤) = 𝑤−1 +∑𝑎𝑖 𝑐𝑖 𝑤
𝑖

∞

𝑖=0

.   (𝑤 ∈  ℑ∗)                                                       (3) 

 

For parameters 𝑎𝑗, 𝑐𝑛, 𝑝(𝑗 = 1,… , 𝑙, 𝑛 = 1,… , 𝑞, 𝑐𝑛  ∈ ℂ ∖ {0,−1,−2,… }), the 𝑝-hypergeometric 

function 𝑙Υ𝑞 is defined by following (see [6,17]): 

 

 𝑙Υ𝑞( 𝑎1,… , 𝑎𝑙; 𝑐1, … , 𝑐𝑞 ; 𝑝;𝑤) = ∑
(𝑎1,𝑝)𝑖… (𝑎𝑙,𝑝)𝑖

(𝑝,𝑝)𝑖(𝑐1,𝑝)𝑖… (𝑐𝑞,𝑝)𝑖
 

∞
𝑖=0 × [(−1)𝑖𝑝

(
𝑖
2
)
]
1+𝑞−1

𝑤𝑖 ,     (4)  

 

with 𝑙 ≤ 𝑞 + 1; 𝑙, 𝑞 ∈ ℕ ∪ {0};  ℕ = {1,2, … } 𝑎𝑛𝑑 (
𝑖
2
) =

𝑖(𝑖−1)

2
, where(𝑎, 𝑝)𝑖 is the 𝑝-anlogue of the 

symbol of Pochhammer (𝑎)𝑖 is defined in terms of 

 

(𝑎, 𝑝)𝑖 = {
(1 − 𝑎)(1 − 𝑎𝑝)(1− 𝑎𝑝2)… (1 − 𝑎𝑝𝑖−1)            𝑓𝑜𝑟 𝑖 ∈ ℕ 

1                                                                                         𝑖𝑓 𝑖 = 0 
}.                     (5) 

 

Heine introduced the hypergeometric series described by (4) in 1846, and it was known as the Heines 

series at the time. Further information on q-theory would be available for readers  in [10,11,20]. It is 

obvious that  
                                                                                           

lim
𝑝→1−

[ 𝑙Υ𝑞(𝑝
 𝑎1, … , 𝑝𝑎𝑙; 𝑝𝑐1 , … , 𝑝𝑐𝑞 ; 𝑝; (𝑝 − 1)1+𝑞−1𝑤)] =  𝑙F𝑞( 𝑎1,… , 𝑎𝑙; 𝑐1 , … , 𝑐𝑞 ; 𝑤),          (6) 

 

where 𝑙F𝑞( 𝑎1,… , 𝑎𝑙; 𝑐1, … , 𝑐𝑞 ; 𝑤) the generalized hypergeometric function represents (as shown 

in[12,19]). Riemann, Gauss, Euler, and others conducted detailed studies of hypergeomtric functions a 

few hundred years ago. The emphasis in this field is primarily on the structural beauty of this theory 

and its specific applications, which include dynamic systems, mathematical mechanics, numerical 
analysis, and combinatorics. Based on this, hypergeomtric functions are used in a variety of fields. 

consisting of geometric function theory one example that can be associated with hypergeomtric 

functions is the well-known Dziok-Srivestava operator [6,7] defined by the Hadamard. 

 

The 𝑝-hypergeοmetric functiοn defined in (1.4), fοr 𝑤 ∈ ℑ, |𝑝| < 1 and 𝑙 = 𝑞 + 1, take the form 

below: 

 𝑙Υ𝑞( 𝑎1,… , 𝑎𝑙; 𝑐1, … , 𝑐𝑞 ; 𝑝;𝑤) =∑
(𝑎1, 𝑝)𝑖 … (𝑎𝑙 , 𝑝)𝑖

(𝑝, 𝑝)𝑖(𝑐1, 𝑝)𝑖 … (𝑐𝑞 , 𝑝)𝑖  

∞

𝑖=0

𝑤𝑖 ,                              (7) 

 

which converges absolutely in the open unit disk ℑ. 
The p-analog of the Liu-Srivastava operator was recently introduced with reference to the 

function 𝑙Υ𝑞( 𝑎1,… , 𝑎𝑙; 𝑐1, … , 𝑐𝑞 ; 𝑝; 𝑤) for meromorphic functions ℎ ∈ Σ consisting in the type of 

functions (1) (see Darus and Aldwby[1],Janani and Murugusundaramorthy[17]), as outlined beneath.  

                                                                                                     

 𝑙Φ𝑞( 𝑎1,… , 𝑎𝑙; 𝑐1, … , 𝑐𝑞 ; 𝑝; 𝑤)ℎ(𝑤) = 𝑤
−1 𝑙Υ𝑞( 𝑎1,… , 𝑎𝑙; 𝑐1, … , 𝑐𝑞 ; 𝑝; 𝑤) ∗ ℎ(𝑤) 
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= 𝑤−1 +∑
∏ (𝑎𝑗, 𝑝)𝑖+1
𝑙
𝑗=1

(𝑝, 𝑝)𝑖+1∏ (𝑐𝑛, 𝑝)𝑖+1
𝑞
𝑛=1  

𝑎𝑖

∞

𝑖=0

𝑤𝑖 .              (8) 

For convenience, we write 
 

 𝑙Φ𝑞( 𝑎1,… , 𝑎𝑙; 𝑐1, … , 𝑐𝑞 ; 𝑝; 𝑤)ℎ(𝑤) =  𝑙Φ𝑞( 𝑎𝑖,; 𝑐𝑛; 𝑝;𝑤)ℎ(𝑤). 
 

Before gοing on, we state the famous Mittag–Leffler function Τ𝜈(𝑤),introduced by Mittag–Leffler 

[8,16], as well as the generalisation of Wiman [23] Τ𝜈,𝜏(𝑤) given respctively as follows: 

Τ𝜈(𝑤) =∑
𝑤𝑖

Γ(𝜈𝑖 + 1) 
 ,                                                                    

∞

𝑖=0

(9) 

and 

Τ𝜈,𝜏(𝑤) =∑
𝑤𝑖

Γ(𝜈𝑖 + 𝜏) 
 ,                                                                   

∞

𝑖=0

(10) 

 

where 𝜈, 𝜏 ∈ ℂ, 𝑅𝑒(𝜈) > 0 𝑎𝑛𝑑 𝑅𝑒(𝜏) > 0. 
 

In recent years, there has been a growing emphasis on Mittag-Leffler-type roles that focus on the 
development of possibilities for their probability application, applied problems, statistical and 

distribution theory, and so on. More information on how the Mittag-Leffler functions are used can be 

found in [3,21]. In most of our Mittag-Leffler function work, we investigate geometric properties such 

as convexity, close-to-convexity, and starlikeness, for more knowledge on  the Mittag–Leffler function 
refer to see [4], and [18]  presents results relevant to partial. 

 

The function defined by (10) does not fall within class Σ.  Based οn this case, the function is then 
normlized as follows: 

Ε𝜈,𝜏(𝑤) = 𝑤
−1Γ(𝜏)Τ𝜈,𝜏(𝑤) = 𝑤

−1 +∑
Γ(𝜏)

Γ(𝜈(𝑖 + 1) + 𝜏) 
𝑤𝑖  ,                       

∞

𝑖=0

        (11) 

 

Using the function Ε𝜈,𝜏(𝑤) given by (11), the new operator ℱ𝜏
𝜈,𝑚[ 𝑎𝑖,, 𝑐𝑛, 𝛼]: Σ → Σ is defined as 

follows in terms of the Hadamard product: 

 

ℱ𝜏
𝜈,0[ 𝑎𝑖,, 𝑐𝑛, 𝛼]ℎ(𝑤) =  𝑙Φ𝑞( 𝑎𝑖,; 𝑐𝑛; 𝑝;𝑤)ℎ(𝑤) ∗ Ε𝜈,𝜏(𝑤), 

 

ℱ𝜏
𝜈,1[ 𝑎𝑖,, 𝑐𝑛 , 𝛼]ℎ(𝑤) =                                                                  

(1 − 𝛼) ( 𝑙Φ𝑞( 𝑎𝑖,; 𝑐𝑛; 𝑝; 𝑤)ℎ(𝑤) ∗ Ε𝜈,𝜏(𝑤)) + 𝛼𝑤( 𝑙Φ𝑞( 𝑎𝑖,; 𝑐𝑛; 𝑝;𝑤)ℎ(𝑤) ∗ Ε𝜈,𝜏(𝑤))
′

, 

 
.
.
.
 

 

ℱ𝜏
𝜈,𝑚[ 𝑎𝑖,, 𝑐𝑛, 𝛼]ℎ(𝑤) = ℱ𝜏

𝜈,1(ℱ𝜏
𝜈,𝑚−1[ 𝑎𝑖,, 𝑐𝑛 , 𝛼]ℎ(𝑤)).                                         (12) 

 

If ℎ ∈ Σ, then from (12) we deduce that 
 

ℱ𝜏
𝜈,𝑚[ 𝑎𝑖,, 𝑐𝑛, 𝛼]ℎ(𝑤) = 𝑤

−1 +∑[1 + (𝑖 − 1)𝛼]𝑚Ω(𝑖+1,𝜈,𝜏)(𝑎𝑙 , 𝑐𝑞)𝑎𝑖𝑤
𝑖  ,                     

∞

𝑖=0

(13) 

where 
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Ω(𝑖+1,𝜈,𝜏)(𝑎𝑙, 𝑐𝑞) =
∏ (𝑎𝑗, 𝑝)𝑖+1
𝑙
𝑗=1

(𝑝, 𝑝)𝑖+1∏ (𝑐𝑛, 𝑝)𝑖+1
𝑞
𝑛=1  

(
Γ(𝜏)

Γ(𝜈(𝑖 + 1) + 𝜏) 
).                          (14) 

 

Remark 1.1 It can be shown that, when the parameters are defined, 𝑙, 𝑞, 𝛼,𝑚, 𝜈, 𝜏, 𝑝, 𝑎1, … , 𝑎𝑙 and 

𝑐1, … , 𝑐𝑞 , it is οbserved that the defined operator ℱ𝜏
𝜈,𝑚[ 𝑎𝑙,, 𝑐𝑞 , 𝛼]ℎ(𝑤) leads to different operators. For 

further illustration, examples are given. 

1- Fοr 𝑙 = 1, 𝛼 = 1, 𝑞 = 0, 𝜈 = 0, 𝜏 = 1, 𝑎1 = 𝑝 𝑎𝑛𝑑 𝑝 → 1 we have the operatοr Ν𝑚ℎ(𝑤) 
studied by El–Ashwh and Aouf [2]. 

2- For 𝜏 = 1, 𝜈 = 0,𝑚 = 0, 𝑎𝑗 = 𝑝
𝑎𝑗 , 𝑐𝑛 = 𝑝

𝑐𝑛 , 𝑎𝑖 > 0, 𝑐𝑛 > 0, (𝑗 = 1,… , 𝑙; 𝑛 = 1,… , 𝑞, 𝑙 =

𝑞 + 1)𝑎𝑛𝑑 𝑝 → 1 we get the operator Ι𝑙,𝑞[ 𝑎𝑖,, 𝑐𝑛]ℎ(𝑤) researched by Liu and Srivastava[15]. 

3- Fοr 𝑙 = 2,𝑚 = 0, 𝑞 = 1, 𝜈 = 0, 𝜏 = 1, 𝑎2 = 𝑝 𝑎𝑛𝑑 𝑝 → 1 we get the operator Η[ 𝑎1,, 𝑐1]ℎ(𝑤) 

studied by Liu and Srivstava [13]. 

4- For 𝑙 = 1,𝑚 = 0, 𝑞 = 0, 𝜈 = 0, 𝜏 = 1, 𝑎1 = 𝛼 + 1 𝑎𝑛𝑑 𝑝 → 1 we get the operator Μ𝛼ℎ(𝑤) it 
was introduced by Ganigi and Uralegadi[22], and then Yang[24] generalized it.     

 
For instance,Challab et al.[5],Elrifai et al.[9],Lashin[14],Liu and Srivstava[15] and others have 

explored a range of meromorphic function subclasses. Our implementation of the new subclass 

ℋ𝜈,𝜏
𝑚 [ 𝑎𝑙,, 𝑐𝑞 , 𝛼; 𝐶, 𝐷, 𝑑] of Σ, which includes operator ℱ𝜏

𝜈,𝑚[ 𝑎𝑙,, 𝑐𝑞 , 𝛼]ℎ(𝑤), has inspired these works, 

and is seen as follows: 

 

Definition 1.2 Fοr functions ℎ ∈ 𝛴 in the class ℋ𝜈,𝜏
𝑚 [ 𝑎𝑙,, 𝑐𝑞 , 𝛼; 𝐶, 𝐷, 𝑑], and −1 ≤ 𝐷 < 𝐶 ≤ 1;  

𝑎𝑙 , 𝑐𝑞 , 𝛼 ∈ ℂ ∖ {0, −1,−2,… };   𝑙 ≤ 𝑞 + 1; 𝑙, 𝑞 ∈ ℕ ∪ {0};  ℕ = {1,2, … }  if it satisfies the inequality 

 

|

|

𝑤 (ℱ𝜏
𝜈,𝑚[ 𝑎𝑙,, 𝑐𝑞 , 𝛼]ℎ(𝑤))

𝑢

(ℱ𝜏
𝜈,𝑚[ 𝑎𝑙,, 𝑐𝑞 , 𝛼]ℎ(𝑤))

𝑢−1 + 1

𝐷
𝑤 (ℱ𝜏

𝜈,𝑚[ 𝑎𝑙,, 𝑐𝑞 , 𝛼]ℎ(𝑤))
𝑢

(ℱ𝜏
𝜈,𝑚[ 𝑎𝑙,, 𝑐𝑞 , 𝛼]ℎ(𝑤))

𝑢−1 + [𝑑(𝐶 − 𝐷) + 𝐷]
|

|

< 1.                                                   (15) 

 

Let Σ ∗ denote the subclass of Σ consjsting of functions of the form: 
 

ℎ(𝑤) = 𝑤−1 +∑|𝑎𝑖 |𝑤
𝑖

∞

𝑖=0

,   (𝑤 ∈  ℑ∗)                                                           (16) 

 

Now, we define the class ℋ𝜈,𝜏
𝑚,∗[ 𝑎𝑙,, 𝑐𝑞 , 𝛼; 𝐶, 𝐷, 𝑑] by 

 

ℋ𝜈,𝜏
𝑚,∗[ 𝑎𝑙,, 𝑐𝑞 , 𝛼; 𝐶, 𝐷, 𝑑] = ℋ𝜈,𝜏

𝑚 [ 𝑎𝑙,, 𝑐𝑞 , 𝛼; 𝐶, 𝐷, 𝑑] ∩ Σ
∗.                                      (17) 

 

2. After removing the denominator from (19) and going to allow  

This section describes the task of obtaining sufficient conditions for (16) the function to be given 

within class  ℋ𝜈,𝜏
𝑚,∗[ 𝑎𝑙,, 𝑐𝑞 , 𝛼; 𝐶, 𝐷, 𝑑], and demonstrates that this requirement is needed for functions 

in that class. Furthermore, for class ℋ𝜈,𝜏
𝑚,∗[ 𝑎𝑙,, 𝑐𝑞 , 𝛼; 𝐶, 𝐷, 𝑑],growth and distortion limits, linear 

combinations,closure theorems and extreme points are presented. 
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In our very first Theorem, for functions ℎ in ℋ𝜈,𝜏
𝑚,∗[ 𝑎𝑙,, 𝑐𝑞 , 𝛼; 𝐶, 𝐷, 𝑑], we'll start with the conditions 

that are both necessary and adequate. 

Theorem 2.1 A function ℎ(𝑤) of the form (16) is in the class ℋ𝜈,𝜏
𝑚,∗[ 𝑎𝑙,, 𝑐𝑞 , 𝛼; 𝐶, 𝐷, 𝑑] if and only if

  

∑
𝑖!

(𝑖 − 𝑢)!
[
𝑖 − (𝑢 − 1) + 1 − 𝐷(𝑖 − (𝑢 − 1)) − 𝑑(𝐶 − 𝐷) − 𝐷

𝑖 − (𝑢 − 1)
]

∞

𝑖=0

[1 + (𝑖 − 1)𝛼]𝑚Ω(𝑖+1,𝜈,𝜏)(𝑎𝑙 , 𝑐𝑞)|𝑎𝑖| 

≤ 𝐷(𝑢 − 1) + (𝑢 − 1)! (|𝑑|(𝐶 − 𝐷) − (𝑢 − 1)).                (18) 
 

Proof. Suppose the inequality (18) is valid, we get 

|

|

𝑤 (ℱ𝜏
𝜈,𝑚[ 𝑎𝑙,, 𝑐𝑞 , 𝛼]ℎ(𝑤))

𝑢

(ℱ𝜏
𝜈,𝑚[ 𝑎𝑙,, 𝑐𝑞 , 𝛼]ℎ(𝑤))

𝑢−1 + 1

𝐷
𝑤 (ℱ𝜏

𝜈,𝑚[ 𝑎𝑙,, 𝑐𝑞 , 𝛼]ℎ(𝑤))
𝑢

(ℱ𝜏
𝜈,𝑚[ 𝑎𝑙,, 𝑐𝑞 , 𝛼]ℎ(𝑤))

𝑢−1 + [𝑑(𝐶 − 𝐷) + 𝐷]
|

|

 

 

= |
𝑤 (ℱ𝜏

𝜈,𝑚[ 𝑎𝑙,, 𝑐𝑞 , 𝛼]ℎ(𝑤))
𝑢
+ (ℱ𝜏

𝜈,𝑚[ 𝑎𝑙,, 𝑐𝑞 , 𝛼]ℎ(𝑤))
𝑢−1

𝐷𝑤(ℱ𝜏
𝜈,𝑚[ 𝑎𝑙,, 𝑐𝑞 , 𝛼]ℎ(𝑤))

𝑢

+ [𝑑(𝐶 − 𝐷) + 𝐷] (ℱ𝜏
𝜈,𝑚[ 𝑎𝑙,, 𝑐𝑞 , 𝛼]ℎ(𝑤))

𝑢−1| 

 

= |
(𝑢 − 1)(−1)𝑢(𝑢 − 1)! + ∑

𝑖!
(𝑖 − 𝑢)

[1 +
1

𝑖 − (𝑢 − 1)
]∞

𝑖=0 [1 + (𝑖 − 1)𝛼]𝑚Ω(𝑖+1,𝜈,𝜏)(𝑎𝑙 , 𝑐𝑞)𝑎𝑖𝑤
𝑖+1

(𝐷(𝑢 − 1) − 𝑑(𝐶 −𝐷))(−1)𝑢(𝑢 − 1)! + ∑
𝑖!

(𝑖 − 𝑢)
[𝐷 +

𝑑(𝐶 − 𝐷) +𝐷
𝑖 − (𝑢 − 1)

]∞
𝑖=0 [1 + (𝑖 − 1)𝛼]𝑚Ω(𝑖+1,𝜈,𝜏)(𝑎𝑙 , 𝑐𝑞)𝑎𝑖𝑤

𝑖+1

| 

 

< 1,        (𝑤 ∈ ℑ∗)                                                                     
 

Then, we have ℎ(𝑤) ∈ ℋ𝜈,𝜏
𝑚,∗[ 𝑎𝑙,, 𝑐𝑞 , 𝛼; 𝐶, 𝐷, 𝑑], by the maximum modulus theorem.  

Conversely, assume that ℎ(𝑤) is with ℎ(𝑤) of the fοrm (16) in class ℋ𝜈,𝜏
𝑚,∗[ 𝑎𝑙,, 𝑐𝑞 , 𝛼; 𝐶, 𝐷, 𝑑], then we 

discover from (15) that 

|
𝑤 (ℱ𝜏

𝜈,𝑚[ 𝑎𝑙,, 𝑐𝑞 , 𝛼]ℎ(𝑤))
𝑢
+ (ℱ𝜏

𝜈,𝑚[ 𝑎𝑙,, 𝑐𝑞 , 𝛼]ℎ(𝑤))
𝑢−1

𝐷𝑤(ℱ𝜏
𝜈,𝑚[ 𝑎𝑙,, 𝑐𝑞 , 𝛼]ℎ(𝑤))

𝑢

+ [𝑑(𝐶 − 𝐷) + 𝐷] (ℱ𝜏
𝜈,𝑚[ 𝑎𝑙,, 𝑐𝑞 , 𝛼]ℎ(𝑤))

𝑢−1| 

 

= |
(𝑢 − 1)(−1)𝑢(𝑢 − 1)! + ∑

𝑖!
(𝑖 − 𝑢)

[1 +
1

𝑖 − (𝑢 − 1)
]∞

𝑖=0 [1 + (𝑖 − 1)𝛼]𝑚Ω(𝑖+1,𝜈,𝜏)(𝑎𝑙 , 𝑐𝑞)𝑎𝑖𝑤
𝑖+1

(𝐷(𝑢 − 1) − 𝑑(𝐶 −𝐷))(−1)𝑢(𝑢 − 1)! + ∑
𝑖!

(𝑖 − 𝑢)
[𝐷 +

𝑑(𝐶 − 𝐷) +𝐷
𝑖 − (𝑢 − 1)

]∞
𝑖=0 [1 + (𝑖 − 1)𝛼]𝑚Ω(𝑖+1,𝜈,𝜏)(𝑎𝑙 , 𝑐𝑞)𝑎𝑖𝑤𝑖+1

| 

 

< 1,        (𝑤 ∈ ℑ∗)                                                            (19) 
 

since the above inequality is valid for all 𝑤 ∈  ℑ∗ , on the real axis, pick 𝑤 values. After removing the 

denominator from (19) and going to allow 𝑤 → 1− by real values, we obtian 

 

∑
𝑖!

(𝑖 − 𝑢)!
[
𝑖 − (𝑢 − 1) + 1 − 𝐷(𝑖 − (𝑢 − 1)) − 𝑑(𝐶 − 𝐷) − 𝐷

𝑖 − (𝑢 − 1)
]

∞

𝑖=0

[1 + (𝑖 − 1)𝛼]𝑚Ω(𝑖+1,𝜈,𝜏)(𝑎𝑙 , 𝑐𝑞)|𝑎𝑖| 

≤ 𝐷(𝑢 − 1) + (𝑢 − 1)! (|𝑑|(𝐶 − 𝐷) − (𝑢 − 1)). 
 

As a result, the desired inequality (18) of Theorem 2.1. is obtained.    
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Corollary 2.2 If the functionℎ(𝑤) given by (16) is in the class ℋ𝜈,𝜏
𝑚,∗[ 𝑎𝑙,, 𝑐𝑞 , 𝛼; 𝐶, 𝐷, 𝑑] then 

 
|𝑎𝑖| ≤ 

𝐷(𝑢 − 1) + (𝑢 − 1)! (|𝑑|(𝐶 − 𝐷) − (𝑢 − 1))

𝑖!
(𝑖 − 𝑢)!

[
𝑖 − (𝑢 − 1) + 1 − 𝐷(𝑖 − (𝑢 − 1)) − 𝑑(𝐶 − 𝐷) − 𝐷

𝑖 − (𝑢 − 1)
] [1 + (𝑖 − 1)𝛼]𝑚Ω(𝑖+1,𝜈,𝜏)(𝑎𝑙 , 𝑐𝑞)

, (𝑖 ≥ 1) 

 

the result is sharp for the function 
 

ℎ(𝑤) = 𝑤−1 

+
𝐷(𝑢 − 1) + (𝑢 − 1)! (|𝑑|(𝐶 − 𝐷) − (𝑢 − 1))

𝑖!
(𝑖 − 𝑢)!

[
𝑖 − (𝑢 − 1) + 1 − 𝐷(𝑖 − (𝑢 − 1)) − 𝑑(𝐶 − 𝐷) − 𝐷

𝑖 − (𝑢 − 1)
] [1 + (𝑖 − 1)𝛼]𝑚Ω(𝑖+1,𝜈,𝜏)(𝑎𝑙 , 𝑐𝑞)

𝑤𝑖 .   (20) 

 

For functions belonging to class ℋ𝜈,𝜏
𝑚,∗[ 𝑎𝑙,, 𝑐𝑞 , 𝛼; 𝐶, 𝐷, 𝑑], Growth and distortion limits will be in the 

following outcome: 

 

Theorem 2.3 If a function ℎ(𝑤) of the kind (16) is in the classℋ𝜈,𝜏
𝑚,∗[ 𝑎𝑙,, 𝑐𝑞 , 𝛼; 𝐶, 𝐷, 𝑑] then for 

|𝑤| = 𝑟, we get 

1

𝑟
−

𝐷(𝑢 − 1) + (𝑢 − 1)! (|𝑑|(𝐶 − 𝐷) − (𝑢 − 1))

1
(1 − 𝑢)!

[
2 − (𝑢 − 1) − 𝐷(1 − (𝑢 − 1)) − 𝑑(𝐶 − 𝐷) − 𝐷

1 − (𝑢 − 1)
]Ω(2,𝜈,𝜏)(𝑎𝑙 , 𝑐𝑞)

𝑟 

 

≤ |ℎ(𝑤)| ≤ 
 

1

𝑟
+

𝐷(𝑢 − 1) + (𝑢 − 1)! (|𝑑|(𝐶 − 𝐷) − (𝑢 − 1))

1
(1 − 𝑢)!

[
2 − (𝑢 − 1) − 𝐷(1 − (𝑢 − 1)) − 𝑑(𝐶 − 𝐷) − 𝐷

1 − (𝑢 − 1)
]Ω(2,𝜈,𝜏)(𝑎𝑙, 𝑐𝑞)

𝑟,              (21) 

and 

1

𝑟2
−

𝐷(𝑢 − 1) + (𝑢 − 1)! (|𝑑|(𝐶 − 𝐷) − (𝑢 − 1))

1
(1 − 𝑢)!

[
2 − (𝑢 − 1) − 𝐷(1 − (𝑢 − 1)) − 𝑑(𝐶 − 𝐷) − 𝐷

1 − (𝑢 − 1)
]Ω(2,𝜈,𝜏)(𝑎𝑙 , 𝑐𝑞)

 

 

≤ |ℎ′(𝑤)| ≤ 
 

1

𝑟2
+

𝐷(𝑢 − 1) + (𝑢 − 1)! (|𝑑|(𝐶 − 𝐷) − (𝑢 − 1))

1
(1 − 𝑢)!

[
2 − (𝑢 − 1) − 𝐷(1 − (𝑢 − 1)) − 𝑑(𝐶 − 𝐷) − 𝐷

1 − (𝑢 − 1)
]Ω(2,𝜈,𝜏)(𝑎𝑙 , 𝑐𝑞)

.              (22) 

 

Proof. By Theorem 2.1 

1

(1 − 𝑢)!
[
2 − (𝑢 − 1) − 𝐷(1 − (𝑢 − 1)) − 𝑑(𝐶 − 𝐷) − 𝐷

1 − (𝑢 − 1)
]Ω(2,𝜈,𝜏)(𝑎𝑙, 𝑐𝑞)∑|𝑎𝑖 |

∞

𝑖=0

 

≤∑
𝑖!

(𝑖 − 𝑢)!
[
𝑖 − (𝑢 − 1) + 1 − 𝐷(𝑖 − (𝑢 − 1)) − 𝑑(𝐶 − 𝐷) − 𝐷

𝑖 − (𝑢 − 1)
]

∞

𝑖=0

[1 + (𝑖 − 1)𝛼]𝑚Ω(𝑖+1,𝜈,𝜏)(𝑎𝑙 , 𝑐𝑞)|𝑎𝑖| 

 

         ≤ 𝐷(𝑢 − 1) + (𝑢 − 1)! (|𝑑|(𝐶 − 𝐷) − (𝑢 − 1)), 
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which yields: 

∑|𝑎𝑖 |

∞

𝑖=0

≤
𝐷(𝑢 − 1) + (𝑢 − 1)! (|𝑑|(𝐶 − 𝐷) − (𝑢 − 1))

1
(1 − 𝑢)!

[
2 − (𝑢 − 1) − 𝐷(1 − (𝑢 − 1)) − 𝑑(𝐶 − 𝐷) − 𝐷

1 − (𝑢 − 1)
] Ω(2,𝜈,𝜏)(𝑎𝑙 , 𝑐𝑞)

. 

Therefore, 

|ℎ(𝑤)| ≤
1

|𝑤|
+ |𝑤|∑|𝑎𝑖 |

∞

𝑖=0

 

≤
1

|𝑤|
+

𝐷(𝑢 − 1) + (𝑢 − 1)! (|𝑑|(𝐶 − 𝐷) − (𝑢 − 1))

1
(1 − 𝑢)!

[
2 − (𝑢 − 1) − 𝐷(1 − (𝑢 − 1)) − 𝑑(𝐶 − 𝐷) − 𝐷

1 − (𝑢 − 1)
]Ω(2,𝜈,𝜏)(𝑎𝑙 , 𝑐𝑞)

|𝑤|, 

and 

|ℎ(𝑤)| ≥
1

|𝑤|
− |𝑤|∑|𝑎𝑖 |

∞

𝑖=0

 

                         ≥
1

|𝑤|
−

𝐷(𝑢 − 1) + (𝑢 − 1)! (|𝑑|(𝐶 − 𝐷) − (𝑢 − 1))

1
(1 − 𝑢)!

[
2 − (𝑢 − 1) − 𝐷(1 − (𝑢 − 1)) − 𝑑(𝐶 − 𝐷) − 𝐷

1 − (𝑢 − 1)
]Ω(2,𝜈,𝜏)(𝑎𝑙, 𝑐𝑞)

|𝑤|. 

Now, by distinguishing both sides of (16) in relation to 𝑤, we get: 

|ℎ′(𝑤)| ≤
1

|𝑤|2
+∑|𝑎𝑖 |

∞

𝑖=0

 

≤
1

|𝑤|2
+

𝐷(𝑢 − 1) + (𝑢 − 1)! (|𝑑|(𝐶 − 𝐷) − (𝑢 − 1))

1
(1 − 𝑢)!

[
2 − (𝑢 − 1) − 𝐷(1 − (𝑢 − 1)) − 𝑑(𝐶 − 𝐷) − 𝐷

1 − (𝑢 − 1)
]Ω(2,𝜈,𝜏)(𝑎𝑙 , 𝑐𝑞)

, 

and 

|ℎ′(𝑤)| ≥
1

|𝑤|2
−∑|𝑎𝑖 |

∞

𝑖=0

 

≥
1

|𝑤|2
−

𝐷(𝑢 − 1) + (𝑢 − 1)! (|𝑑|(𝐶 − 𝐷) − (𝑢 − 1))

1
(1 − 𝑢)!

[
2 − (𝑢 − 1) − 𝐷(1 − (𝑢 − 1)) − 𝑑(𝐶 − 𝐷) − 𝐷

1 − (𝑢 − 1)
]Ω(2,𝜈,𝜏)(𝑎𝑙 , 𝑐𝑞)

. 

 

Next, for functions in class  ℋ𝜈,𝜏
𝑚,∗[ 𝑎𝑙,, 𝑐𝑞 , 𝛼; 𝐶, 𝐷, 𝑑], we evaluate the radius of meromorphic star-

likeness and convexity of order 𝛾. 

 

Theorem 2.4 Let the function ℎ(𝑤) given by (16) be in the class ℋ𝜈,𝜏
𝑚,∗[ 𝑎𝑙,, 𝑐𝑞 , 𝛼; 𝐶, 𝐷, 𝑑]. Thus, we 

have: 

(𝑖) ℎ is meromorphically starlike of the 𝛾 order in the disc |𝑤| = 𝑟1, so 

 

ℜ𝑒 {− 
𝑤ℎ′(𝑤)

ℎ(𝑤)
} > 𝛾,            (|𝑤| = 𝑟1, 0 ≤ 𝛾 < 1) 

where 

𝑟1 = 

𝑖𝑛𝑓
𝑖 ≥ 1

 

{
 
 

 
 (1 − 𝛾)

𝑖!
(𝑖 − 𝑢)!

[
𝑖 − (𝑢 − 1) + 1 −𝐷(𝑖 − (𝑢 − 1)) − 𝑑(𝐶 − 𝐷)− 𝐷

𝑖 − (𝑢 − 1)
] [1 + (𝑖 − 1)𝛼]𝑚Ω(𝑖+1,𝜈,𝜏)(𝑎𝑙 , 𝑐𝑞)

(𝑖 + 𝛾)[𝐷(𝑢 − 1) + (𝑢 − 1)! (|𝑑|(𝐶 − 𝐷) − (𝑢 − 1))]

}
 
 

 
 

1
𝑖+1

. (23) 
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 (𝑖𝑖) ℎ is meromorphically convex of the 𝛾 order in the disc|𝑤| = 𝑟2, so 

 

ℜ𝑒 {−(
𝑤ℎ′′(𝑤)

ℎ′(𝑤)
+ 1)} > 𝛾,            (|𝑤| = 𝑟2, 0 ≤ 𝛾 < 1) 

where 

𝑟2 = 

𝑖𝑛𝑓
𝑖 ≥ 1

 

{
 
 

 
 (1− 𝛾)

𝑖!
(𝑖 − 𝑢)!

[
𝑖 − (𝑢 − 1) + 1 − 𝐷(𝑖 − (𝑢 − 1))− 𝑑(𝐶 − 𝐷) −𝐷

𝑖 − (𝑢 − 1)
] [1 + (𝑖 − 1)𝛼]𝑚Ω(𝑖+1,𝜈,𝜏)(𝑎𝑙 , 𝑐𝑞)

𝑖(𝑖 + 𝛾)[𝐷(𝑢 − 1) + (𝑢 − 1)! (|𝑑|(𝐶 − 𝐷) − (𝑢 − 1))]

}
 
 

 
 

1
𝑖+1

. (24) 

 

Proof.  (𝑖) We can obtain from the description (16): 

 

             |

𝑤ℎ′(𝑤)
ℎ(𝑤) + 1

𝑤ℎ′(𝑤)
ℎ(𝑤)

− 1 + 2𝛾
| <

∑ (𝑖 + 1)|𝑎𝑖 ||𝑤|
𝑖+1∞

𝑖=0

2(1 − 𝛾) − ∑ (𝑖 − 1 + 2𝛾)|𝑎𝑖 ||𝑤|
𝑖+1∞

𝑖=0

. 

Then, 

|

𝑤ℎ′(𝑤)
ℎ(𝑤)

+ 1

𝑤ℎ′(𝑤)
ℎ(𝑤) − 1 + 2𝛾

| < 1,       (0 ≤ 𝛾 < 1)                           

if  

∑(
𝑖 + 𝛾

𝑖 − 𝛾
) |𝑎𝑖 ||𝑤|

𝑖+1

∞

𝑖=0

< 1.                                                                                       (25) 

 
As a result of Theorem 2.1, the inequality (25) is valid if   

 

(
𝑖 + 𝛾

𝑖 − 𝛾
) |𝑤|𝑖+1 

 

<

𝑖!
(𝑖 − 𝑢)!

[
𝑖 − (𝑢 − 1) + 1 − 𝐷(𝑖 − (𝑢 − 1)) − 𝑑(𝐶 − 𝐷) − 𝐷

𝑖 − (𝑢 − 1)
] [1 + (𝑖 − 1)𝛼]𝑚Ω(𝑖+1,𝜈,𝜏)(𝑎𝑙 , 𝑐𝑞)

𝐷(𝑢 − 1) + (𝑢 − 1)! (|𝑑|(𝐶 − 𝐷) − (𝑢 − 1))
, 

 

then 

|𝑤| <

{
 
 

 
 (1 − 𝛾)

𝑖!
(𝑖 − 𝑢)!

[
𝑖 − (𝑢 − 1) + 1 −𝐷(𝑖 − (𝑢 − 1)) − 𝑑(𝐶 −𝐷) − 𝐷

𝑖 − (𝑢 − 1)
][1 + (𝑖 − 1)𝛼]𝑚Ω(𝑖+1,𝜈,𝜏)(𝑎𝑙 , 𝑐𝑞)

(𝑖 + 𝛾)[𝐷(𝑢 − 1) + (𝑢 − 1)! (|𝑑|(𝐶 − 𝐷) − (𝑢 − 1))]

}
 
 

 
 

1
𝑖+1

. 

 

The last inequality leads us to the disk|𝑤| = 𝑟1immediately, where 𝑟1 is supplied by (23). 

 

(𝑖𝑖) We discover from (16) that, to demonstrate the second statement οf Theorem 2.4, 

 

                    |

𝑤ℎ′′(𝑤)
ℎ′(𝑤) + 2

𝑤ℎ′′(𝑤)
ℎ′(𝑤) + 2𝛾

| <
∑ 𝑖(𝑖 + 1)|𝑎𝑖 ||𝑤|

𝑖+1∞
𝑖=0

2(1 − 𝛾) − ∑ 𝑖(𝑖 − 1 + 2𝛾)|𝑎𝑖 ||𝑤|𝑖+1
∞
𝑖=0

. 
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Consequently, we obtain the desired inequality: 
 

  |

𝑤ℎ′′(𝑤)
ℎ′(𝑤)

+ 2

𝑤ℎ′′(𝑤)
ℎ′(𝑤)

+ 2𝛾
| < 1,    (0 ≤ 𝛾 < 1)                             

if  

∑𝑖 (
𝑖 + 𝛾

𝑖 − 𝛾
) |𝑎𝑖 ||𝑤|

𝑖+1

∞

𝑖=0

< 1.                                                                                (26) 

 

As a result of Theorem 2.1, the inequality (26) is valid if   

 

𝑖 (
𝑖 + 𝛾

𝑖 − 𝛾
) |𝑤|𝑖+1 

 

<

𝑖!
(𝑖 − 𝑢)!

[
𝑖 − (𝑢 − 1) + 1 − 𝐷(𝑖 − (𝑢 − 1)) − 𝑑(𝐶 − 𝐷) − 𝐷

𝑖 − (𝑢 − 1)
] [1 + (𝑖 − 1)𝛼]𝑚Ω(𝑖+1,𝜈,𝜏)(𝑎𝑙 , 𝑐𝑞)

𝐷(𝑢 − 1) + (𝑢 − 1)! (|𝑑|(𝐶 − 𝐷) − (𝑢 − 1))
, 

 
then 

|𝑤| <

{
 
 

 
 (1 − 𝛾)

𝑖!
(𝑖 − 𝑢)!

[
𝑖 − (𝑢 − 1) + 1 −𝐷(𝑖 − (𝑢 − 1)) − 𝑑(𝐶 −𝐷) − 𝐷

𝑖 − (𝑢 − 1)
][1 + (𝑖 − 1)𝛼]𝑚Ω(𝑖+1,𝜈,𝜏)(𝑎𝑙 , 𝑐𝑞)

𝑖(𝑖 + 𝛾)[𝐷(𝑢 − 1) + (𝑢 − 1)! (|𝑑|(𝐶 − 𝐷) − (𝑢 − 1))]

}
 
 

 
 

1
𝑖+1

. 

 

The last inequality leads us to the disk|𝑤| = 𝑟2immediately,where 𝑟2 is supplied by (24). 
 

It can now evaluate the extreme points and the closure theorems of class ℋ𝜈,𝜏
𝑚,∗[ 𝑎𝑙,, 𝑐𝑞 , 𝛼; 𝐶, 𝐷, 𝑑]. 

 

Theorem 2.5 Under convex, linear combinations, class ℋ𝜈,𝜏
𝑚,∗[ 𝑎𝑙,, 𝑐𝑞 , 𝛼; 𝐶, 𝐷, 𝑑] is closed. 

 

Proof. Let 

ℎ𝑗(𝑤) = 𝑤
−1 +∑|𝑎𝑖,𝑗 |𝑤

𝑖

∞

𝑖=0

,    (𝑗 = 1,2) 

 

are in ℋ𝜈,𝜏
𝑚,∗[ 𝑎𝑙,, 𝑐𝑞 , 𝛼; 𝐶, 𝐷, 𝑑]. It is sufficient to demonstrate that 𝑓 is a function defined by 

 

𝑓(𝑤) = (1 − 𝑐)ℎ1(𝑤) + 𝑐ℎ2(𝑤),      (0 ≤ 𝑐 ≤ 1) 
 

is in the class ℋ𝜈,𝜏
𝑚,∗[ 𝑎𝑙,, 𝑐𝑞 , 𝛼; 𝐶, 𝐷, 𝑑], since 

 

𝑓(𝑤) = 𝑤−1 +∑[(1 − 𝑐)|𝑎𝑖,1| + 𝑐|𝑎𝑖,2|]

∞

𝑖=0

𝑤𝑖 .   (0 ≤ 𝑐 ≤ 1)                                (27) 

 

In view of Theorem 2.1, we have:  

 

∑
𝑖!

(𝑖 − 𝑢)!
[
𝑖 − (𝑢 − 1) + 1 − 𝐷(𝑖 − (𝑢 − 1))− 𝑑(𝐶 −𝐷) −𝐷

𝑖 − (𝑢 − 1)
]

∞

𝑖=0

[1 + (𝑖 − 1)𝛼]𝑚Ω(𝑖+1,𝜈,𝜏)[(1 − 𝑐)|𝑎𝑖,1| + 𝑐|𝑎𝑖,2|] 
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= (1 − 𝑐)∑
𝑖!

(𝑖 − 𝑢)!
[
𝑖 − (𝑢 − 1) + 1 − 𝐷(𝑖 − (𝑢 − 1)) − 𝑑(𝐶 − 𝐷) − 𝐷

𝑖 − (𝑢 − 1)
]

∞

𝑖=0

[1 + (𝑖 − 1)𝛼]𝑚Ω(𝑖+1,𝜈,𝜏)|𝑎𝑖,1| 

 

+ 𝑐∑
𝑖!

(𝑖 − 𝑢)!
[
𝑖 − (𝑢 − 1) + 1 − 𝐷(𝑖 − (𝑢 − 1)) − 𝑑(𝐶 − 𝐷) − 𝐷

𝑖 − (𝑢 − 1)
]

∞

𝑖=0

[1 + (𝑖 − 1)𝛼]𝑚Ω(𝑖+1,𝜈,𝜏)|𝑎𝑖,2| 

 

≤ (1 − 𝑐)[𝐷(𝑢 − 1) + (𝑢 − 1)! (|𝑑|(𝐶 − 𝐷) − (𝑢 − 1))] + 𝑐[𝐷(𝑢 − 1) + (𝑢 − 1)! (|𝑑|(𝐶 − 𝐷) − (𝑢 − 1))] 

 

= [𝐷(𝑢 − 1) + (𝑢 − 1)! (|𝑑|(𝐶 − 𝐷) − (𝑢 − 1))] 
 

which shows that 𝑓(𝑤) ∈ ℋ𝜈,𝜏
𝑚,∗[ 𝑎𝑙,, 𝑐𝑞 , 𝛼; 𝐶, 𝐷, 𝑑]. 

 

Theorem 2.6 Let ℎ0(𝑤) =
1

𝑤
 𝑎𝑛𝑑 

 

ℎ𝑖(𝑤) =
1

𝑤
+ 

𝐷(𝑢 − 1) + (𝑢 − 1)! (|𝑑|(𝐶 − 𝐷) − (𝑢 − 1))

𝑖!
(𝑖 − 𝑢)!

[
𝑖 − (𝑢 − 1) + 1 − 𝐷(𝑖 − (𝑢 − 1)) − 𝑑(𝐶 − 𝐷) − 𝐷

𝑖 − (𝑢 − 1)
] [1 + (𝑖 − 1)𝛼]𝑚Ω(𝑖+1,𝜈,𝜏)

𝑤𝑖  . (𝑖 ≥ 1) 

 

Then ℎ(𝑤) ∈ ℋ𝜈,𝜏
𝑚,∗[ 𝑎𝑙,, 𝑐𝑞 , 𝛼; 𝐶, 𝐷, 𝑑] if and only if it can be expressed in the form 

  

ℎ(𝑤) =∑𝑣𝑖ℎ𝑖(𝑤),

∞

𝑖=0

     (𝑣𝑖 ≥ 0 𝑎𝑛𝑑∑𝑣𝑖 = 1

∞

𝑖=0

 )                                              (28) 

 

Proof. If we express the ℎ(𝑤) function in the form given by (28), then 

 

ℎ𝑖(𝑤) = 𝑤
−1 

+∑𝑣𝑖   

∞

𝑖=0

𝐷(𝑢 − 1) + (𝑢 − 1)! (|𝑑|(𝐶 − 𝐷) − (𝑢 − 1))

𝑖!
(𝑖 − 𝑢)!

[
𝑖 − (𝑢 − 1) + 1 − 𝐷(𝑖 − (𝑢 − 1)) − 𝑑(𝐶 − 𝐷) − 𝐷

𝑖 − (𝑢 − 1)
] [1 + (𝑖 − 1)𝛼]𝑚Ω(𝑖+1,𝜈,𝜏)

𝑤𝑖 

 

and for this function, we have: 

 

∑
𝑖!

(𝑖 − 𝑢)!
[
𝑖 − (𝑢 − 1) + 1 − 𝐷(𝑖 − (𝑢 − 1)) − 𝑑(𝐶 − 𝐷) − 𝐷

𝑖 − (𝑢 − 1)
]

∞

𝑖=0

[1 + (𝑖 − 1)𝛼]𝑚Ω(𝑖+1,𝜈,𝜏)(𝑎𝑙 , 𝑐𝑞) 

× 𝑣𝑖
𝐷(𝑢 − 1) + (𝑢 − 1)! (|𝑑|(𝐶 − 𝐷) − (𝑢 − 1))

𝑖!
(𝑖 − 𝑢)!

[
𝑖 − (𝑢 − 1) + 1 − 𝐷(𝑖 − (𝑢 − 1)) − 𝑑(𝐶 − 𝐷) − 𝐷

𝑖 − (𝑢 − 1)
] [1 + (𝑖 − 1)𝛼]𝑚Ω(𝑖+1,𝜈,𝜏)

 

 

=∑𝑣𝑖[𝐷(𝑢 − 1) + (𝑢 − 1)! (|𝑑|(𝐶 − 𝐷) − (𝑢 − 1))]  

∞

𝑖=0

 

 

= (1 − 𝑣0)[𝐷(𝑢 − 1) + (𝑢 − 1)! (|𝑑|(𝐶 − 𝐷) − (𝑢 − 1))] ≤ 𝐷(𝑢 − 1) + (𝑢 − 1)! (|𝑑|(𝐶 − 𝐷) − (𝑢 − 1)). 

               
The condition (18) is satisfied. Thus, ℎ(𝑤) ∈ ℋ𝜈,𝜏

𝑚,∗[ 𝑎𝑙,, 𝑐𝑞 , 𝛼; 𝐶, 𝐷, 𝑑].  
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Conversely, we suppose that ℎ(𝑤) ∈ ℋ𝜈,𝜏
𝑚,∗[ 𝑎𝑙,, 𝑐𝑞 , 𝛼; 𝐶, 𝐷, 𝑑], since 

 

|𝑎𝑖| ≤
𝐷(𝑢 − 1) + (𝑢 − 1)! (|𝑑|(𝐶 − 𝐷) − (𝑢 − 1))

𝑖!
(𝑖 − 𝑢)!

[
𝑖 − (𝑢 − 1) + 1 − 𝐷(𝑖 − (𝑢 − 1)) − 𝑑(𝐶 − 𝐷) − 𝐷

𝑖 − (𝑢 − 1)
] [1 + (𝑖 − 1)𝛼]𝑚Ω(𝑖+1,𝜈,𝜏)

, (𝑖 ≥ 1) 

 

we set 

 

𝑣𝑖 =

𝑖!
(𝑖 − 𝑢)!

[
𝑖 − (𝑢 − 1) + 1 − 𝐷(𝑖 − (𝑢 − 1)) − 𝑑(𝐶 − 𝐷) − 𝐷

𝑖 − (𝑢 − 1)
] [1 + (𝑖 − 1)𝛼]𝑚Ω(𝑖+1,𝜈,𝜏)

𝐷(𝑢 − 1) + (𝑢 − 1)! (|𝑑|(𝐶 − 𝐷) − (𝑢 − 1))
|𝑎𝑖|, (𝑖 ≥ 1) 

 

and 

𝑣0 = 1 −∑𝑣𝑖   

∞

𝑖=0

, 

so it follows that 

ℎ(𝑤) =∑𝑣𝑖ℎ𝑖(𝑤) 

∞

𝑖=0

. 

The proof is complete. 

 

3. Conclusions 

The association between the analytical nature of complex functions with various properties and 

geometric behaviour has been strengthened through introduced a new subclass of meromorphic 

function that is related to both the Mittag-Leffler function and the q-hypergeomtric function, which is 

inspired by this approach. In relation to this subclass, we have obtained adequate and required 

conditions. It also goes over linear combinations, the distortion principle, and their properties. 

 

References 

[1] Aldweby H. and Darus M., 2013 Integral operator defined by q-analogue of Liu–Srivastava 

operator, Stud. Univ. Babes-Bolyai Math., vol. 58, pp. 529–537. 

[2] Ashwah R.M. and Aouf M.K., 2009 Hadamard product of certain meromorphic starlike and 

convex functions, Comput. Math. Appl., vol. 57, pp. 1102–1106. 

[3] Attiya A.A., 2016 Some applications of Mittag–Leffler function in the unit disk, Filomat, vol. 30, 

pp. 2075–2081. 

[4] Bansal D. and Prajapat J.K., 2016 Certain geometric properties of the Mittag–Leffler functions, 

Complex Var. Elliptic Equ., vol. 61, pp. 338–350. 

[5] Challab K., Darus M. and Ghanim F., 2017 On a certain subclass of meromorphic functions 

defined by a new linear differential operator, J. Math. Fund. Sci., vol. 49, pp. 269–282. 

[6] J. Dziok J. and Srivastava H.M., 2003 Certain subclasses of analytic functions associated with the 

generalized   hypergeometric function, Integral Transforms Spec. Funct., 14(2003), pp. 7-18. 

[7] Darus M., Joshi S.B. and Sangle N.D., 2006 Meromorphic starlike functions with alternating and 

missing coefficients, Gen. Math., 14(4)(2006), pp. 113-126. 



2nd International Virtual Conference on Pure Science (2IVCPS 2021)
Journal of Physics: Conference Series 1999 (2021) 012090

IOP Publishing
doi:10.1088/1742-6596/1999/1/012090

12

 
 
 
 
 
 

 
 

[8] Elhaddad S. and Maslina D., 2019 On meromorphic functions defined by a new operator 

containing the Mittag–Leffler function, Symmetry 11, 2 (2019), 210. 

[9] Elrifai E.A., Darwish H.E. and Ahmed A.R. 2012 On certain subclasses of meromorphic 

functions associated with certain differential operators, Appl. Math. Lett., vol. 25, pp. 952–958. 

[10] Exton H., 1983 q-Hypergeometric Functions and Applications, Ellis Horwood Series 

Mathematics and Its Applications, Ellis Horwood Chichester, UK. 

[11] Hameed M.I., Ozel C., Al-Fayadh A. and  Juma A.R.S., 2019 Study of certain subclasses of 

analytic functions involving convolution operator, AIP Conference Proceedings, 2096, 1, AIP 

Publishing LLC. 

[12]  Hameed M. and Ibrahim I., 2019 Some Applications on Subclasses of Analytic Functions 

Involving Linear Operator, 2019 International Conference on Computing and Information 

Science and Technology and Their Applications (ICCISTA). IEEE. 

[13] Juma A.RS., Hameed R.A. and Hameed M.I., 2017 Certain subclass of univalent functions 

involving fractional q-calculus operator,  Journal of Advance in Mathematics 13.4. 

[14] Lashin A.Y., 2010 On certain subclasses of meromorphic functions associated with certain 

integral operators, Comput. Math. Appl., vol. 59, pp. 524–531. 

[15] Liu J.L. and Srivastava H.M., 2004 Classes of meromorphically multivalent functions associated 

with the generalized hypergeometric function, Math. Comput. Model., vol. 39, pp. 21–34. 

[16] Mittag–Leffler G.M., 1905 Sur la representation analytique d’une branche uniforme d’une 

fonction monogene, Acta Math., vol. 29, pp. 101–181. 

[17] Murugusundaramoorthy G. and Janani T., 2014 Meromorphic parabolic starlike functions 

associated with q-hypergeometric series, ISRN Math. Anal., 2014, 923607. 

[18] Raducanu D., 2017 On partial sums of normalized Mittag–Leffler functions, An.¸ St. Univ. 

Ovidius Constanta, vol. 25, pp. 123–133. 

[19] Srivastava H.M. and Karlsson P.W., 1985 Multiple Gaussian Hypergeometric Series, Ellis 

Horwood: Chichester, UK. 

[20] Srivastava H.M., 2011 Some generalizations and basic (or q-) extensions of the Bernoulli, Euler 

and Genocchi polynomials. Appl. Math. Inf. Sci., 5, pp. 390–444. 

[21] Srivastava H.M. and Tomovski Z., 2009 Fractional calculus with an integral operator containing a 

generalized Mittag–Leffler function in the kernel, Appl. Math. Comput., 211, pp. 198–210. 

[22] Sokol J., 2006 Convolution and subordination in the convex hull of convex mappings, Appl. 

Math. Letters, 19 (2006), pp. 303-306. 

[23] Wiman A., 1905 Über den fundamentalsatz in der teorie der funktionen Ea(x), Acta Math., vol. 

29, pp. 191–201. 

[24] Yang D., 1996 On a class of meromorphic starlike multivalent functions, Bull. Inst. Math. Acad. 

Sin., vol. 24, pp. 151–157. 


