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Abstract 

Let ( )λ,GP  be the chromatic polynomial of a graph G. Then two graphs 

G and H are said to be chromatically equivalent, denoted as ,~ HG  if 

( ) ( ).,, λ=λ HPGP  We write [ ] { }.~ GHHG |=  If [ ] { },GG =  then G 

is said to be chromatically unique. In this paper, we first characterize 
certain complete 5-partite graphs with 25 +n  vertices according to the 
number of 6-independent partitions of G. Using these results, we 
investigate the chromaticity of G with certain star or matching deleted. As 
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a by-product, many new families of chromatically unique complete 
5-partite graphs with certain star or matching deleted are obtained. 

1. Introduction 

All graphs considered here are simple and finite. For a graph G, let ( )λ,GP  be 

the chromatic polynomial of G. Two graphs G and H are said to be chromatically 
equivalent (or simply χ-equivalent), symbolically, ,~ HG  if ( ) ( ).,, λ=λ HPGP  

The equivalence class determined by G under ~ is denoted by [ ].G  A graph G is 

chromatically unique (or simply χ-unique) if GH ≅  whenever ,~ GH  i.e., 

[ ] { }GG =  up to isomorphism. For a set G  of graphs, if [ ] G⊆G  for every ,G∈G  

then G  is said to be χ-closed. Many families of χ-unique graphs are known (see [5, 

6 and 7]). 

For a graph G, let ( ),GV  ( )GE  and ( )Gt  be the vertex set, edge set and number 

of triangles in G, respectively. Let S be a set of s edges in G. Let ( )sGSG −− or  

be the graph obtained from G by deleting all edges in S, and by S  the graph 

induced by S. Let ( )tnnnK ...,,, 21  be a complete t-partite graph. Then we denote 

by ( )t
s nnn ...,,, 21

−K  the family of graphs which is obtained from ( )tnnnK ...,,, 21  

by deleting a set S of some s edges. 

In [3, 4, 6, 7, 12], we can find many results on the chromatic uniqueness of 
certain families of complete t-partite graphs ( ).4,3,2=t  In [10, 11], Zhao et al. 

obtained many families of χ-unique graphs by deleting the edges of a star or 
matching from a complete 5-partite graph with 5n and 45 +n  vertices. By using 
similar approach, Roslan et al. [9] obtained many families of χ-unique graphs by 
deleting the edges of a star or matching from a complete 5-partite graph with 15 +n  
vertices. As a continuation, this paper studies the chromaticity of the graphs which 
are obtained by deleting the edges of a star or matching from complete 5-partite 
graphs with 25 +n  vertices. 

Let G be a complete 5-partite graph with 25 +n  vertices. In this paper, we 
characterize certain complete 5-partite graphs with 25 +n  vertices according to the 
number of 6-independent partitions of G. Using these results, we investigate the 
chromaticity of G with certain star or matching deleted. As a by-product, many new 
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families of chromatically unique complete 5-partite graphs with certain star or 
matching deleted are obtained. 

2. Some Lemmas and Notations 

For a graph G and a positive integer k, a partition { }rAAA ...,,, 21  of ( ),GV  

where r is a positive integer, is called an r-independent partition of G if every iA  is 

independent of G. Let ( )rG,α  denote the number of r-independent partitions of             

G. Then we have ( ) ( ) ( )∑ =
λα=λ p

r rrGGP 1 ,,,  where ( ) ( ) ( )"21 −λ−λλ=λ r  

( )1+−λ r  (see [8]). Therefore, ( ) ( )kHkG ,, α=α  for each ...,,2,1=k  if .~ HG  

For a graph G with p vertices, the polynomial ( ) ( )∑ =
α=σ

p
r

rxrGxG 1 ,,  is 

called the σ-polynomial of G (see [2]). Clearly, ( ) ( )λ=λ ,, HPGP  implies that 

( ) ( )xHxG ,, σ=σ  for any graphs G and H. 

For disjoint graphs G and H, HG ∪  denotes the disjoint union of G and H. 
The  join of G and H denoted by HG ∨  is defined as follows: ( ) ( )GVHGV =∨  

( );HV∪  ( ) ( ) ( ) ( ) ( ){ }., HVyGVxxyHEGEHGE ∈∈|=∨ ∪∪  For notations 

and terminology not defined here, we refer to [1]. 

Lemma 2.1 (Brenti [2], Koh and Teo [6]). Let G and H be two disjoint graphs. 
Then 

(1) ( ) ( ) ( ) ( ) ( ) ( )HtGtHEGEHVGV === ,,  and ( ) ( )rHrG ,, α=α  

for pr ...,,3,2,1=  if ;~ HG  

(2) ( ) ( ) ( ).,,, xHxGxHG σσ=∨σ  

Lemma 2.2 (Brenti [2]). Let ( )tnnnnKG ...,,,, 321=  and ( ) =σ xG,  

( )∑ ≥
α1 .,r

rxrG  Then ( ) 0, =α rG  for ( ) 1,,11 =α−≤≤ tGtr  and ( )1, +α tG  

∑ =
− −= t

i
n ti

1
1 .2  

Let 54321 nnnnn ≤≤≤≤  be positive integers and ( ).,,,, 54321 nnnnnKH =  

If there exist { }5,4,3,2,1, ∈ji  such that ,ji <  ,2≥− ij nn  let ,1+= ii nk  

{ } { }jilnknk lljj ,5,4,3,2,1,,1 −∈=−=  and ( ),,,,, 54321 kkkkkKH =′  then 

H ′  is called an improvement of H and H is called the withdrawing of .H ′  
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Let ( )54321 ,,,, nnnnnKG =  be a complete 5-partite graph with 21 nn +  

25543 +=+++ nnnn  vertices. Then we define θ-value of G as ( ) [ ( )6,GG α=θ  

] .25223 21 −− +−⋅− nnn  For a graph ,SGH −=  where S is a set of some s 

edges of G, define ( ) ( ) ( ).6,6, GHH α−α=α′  Clearly, ( ) .0≥α′ H  

Lemma 2.3. ( ) ( ) .26,6, 1−≥′α−α inHH  

Proof. 

( ) ( ) 1111 22226,6, −−−− −−+=′α−α jiji kknnHH  

211 2222 −−− −−+= jiji nnnn  

.2 1−≥ in  ~ 

Lemma 2.4. ( ) ( ) .0>′θ−θ HH  

Proof. It follows directly from Lemma 2.3 and the definition of ( ).Gθ  ~ 

Lemma 2.5 (Zhao et al. [10]). Let ( ).,,,, 54321 nnnnnKG =  Suppose that 

{ } 115,4,3,2,1 ≥+≥=|− sini  and ,SGH −=  where S is a set of some s edges 

of G, then 

( ) ( ) ( ) ,126,6, −≤α−α=α′≤ sGHHs  

( ) sH =α′  iff the set of end-vertices of any 2≥r  edges in S is not independent in 

H, and ( ) 12 −=α′ sH  iff S induces a star sK ,1  and all vertices of sK ,1  other than 

its center belong to the same .iA  

Let ( )21, AAK  be a complete bipartite graph with partite sets 1A  and .2A  Then 

we denote by ( )ji
K AAK s ,,1−

 the graph obtained from ( )ji AAK ,  by deleting s edges 

that induce a star with its center in .iA  Note that ( ) ( )ij
K

ji
K AAKAAK ss ,, ,1,1 −−

≠  

if ji AA ≠  for ji ≠  (see [4]). 

Lemma 2.6 (Dong et al. [4]). Let ( )21, nnK  be a complete bipartite graph with 

partite sets 1A  and 2A  such that ii nA =  for .2,1=i  If { } ,2,min 21 +≥ snn  then 

every ( )ji
K AAK s ,,1−  is χ-unique, where ji ≠  and .2,1, =ji  
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Let ( )54321 ,,,, nnnnnKG =  be a complete 5-partite graph with partite sets 

( )5...,,2,1=iAi  such that .ii nA =  Let ji AA ∪  be the subgraph of G induced 

by ,ji AA ∪  where ji ≠  and { }.5,4,3,2,1, ∈ji  By ( ),,,,, 54321,
,1 nnnnnK sK

ji
−

 

we denote the graph obtained from ( )54321 ,,,, nnnnnK  by deleting a set of s edges 

that induces a sK ,1  with its center in iA  and all its end-vertices are in .jA  Note that 

( ) ( )54321,54321, ,,,,,,,, ,1,1 nnnnnKnnnnnK ss K
lj

K
li

−−
=  

and ( ) ( )54321,54321, ,,,,,,,, ,1,1 nnnnnKnnnnnK ss K
jl

K
il

−−
=  for ji nn =  and ., jil ≠  

Lemma 2.7 (Zhao et al. [10]). Suppose that { } 2,,,,min 54321 +≥ snnnnn  

and ji nn ≠  for ,5,4,3,2,1,, =≠ jiji  then 

( ( ) ) ( ( ) ).,,,,,,,,,, 54321,54321,
,1,1 λ≠λ

−−
nnnnnKPnnnnnKP ss K

ij
K
ji  

3. Classification 

In this section, we shall characterize certain complete 5-partite graph =G  
( )54321 ,,,, nnnnnK  according to the number of 6-independent partitions of G 

where .1,2554321 ≥+=++++ nnnnnnn  

Theorem 3.1. Let ( )54321 ,,,, nnnnnKG =  be a complete 5-partite graph 

such that .1,2554321 ≥+=++++ nnnnnnn  Define 

( ) [ ( ) ] .252236, 21 −− +−⋅−α=θ nnnGG  

Then 

  (i) ( ) ;0≥θ G  

 (ii) ( ) 0=θ G  if and only if ( );1,1,,, ++= nnnnnKG  

 (iii) ( ) 1=θ G  if and only if ( );1,1,1,,1 +++−= nnnnnKG  

 (iv) ( ) 2=θ G  if and only if ( );2,,,, += nnnnnKG  

 (v) ( ) 25=θ G  if and only if ( );1,1,1,1,2 ++++−= nnnnnKG  
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 (vi) ( ) 3=θ G  if and only if ( );2,1,,,1 ++−= nnnnnKG  

 (vii) ( ) 4=θ G  if and only if ( );2,1,1,1,1 +++−−= nnnnnKG  

 (viii) ( ) 29≥θ G  if and only if G is not a graph appeared in (ii)-(vii). 

Proof. We construct a table, namely, Table 1, for the θ-values of various 
complete 5-partite graphs with 25 +n  vertices in order to complete the proof of this 
theorem. 

For every complete 5-partite graph G with 25 +n  vertices, if ( ,,, nnnKG ≠  

),1,1 ++ nn  then we obtain ( )1,1,,, ++ nnnnnK  by using several improving 

operations from G. Thus (i) and (ii) are valid from Lemma 2.4 and Table 1. 

The withdrawing of 1G  is ,2G  3G  or .5G  From Table 1, we know that 

( ) ,12 =θ G  ( ) 23 =θ G  and ( ) ,35 =θ G  so (iii), (iv) and (vi) are valid from Lemma 

2.4. 

The withdrawing of 2G  is ,4G  6G  or 7G  and ( ) ,254 =θ G  ( ) ,46 =θ G  

( ) ,297 =θ G  so (v) and (vii) are valid. 

Table 1. iG  and its θ-values 

iG   ( )iGθ  

( )1,1,,,1 ++= nnnnnKG  0 

( )1,1,1,,12 +++−= nnnnnKG  1 

( )2,,,,3 += nnnnnKG  2 

( )1,1,1,1,24 ++++−= nnnnnKG  25  

( )2,1,,,15 ++−= nnnnnKG  3 

( )2,1,1,1,16 +++−−= nnnnnKG  4 

( )2,1,1,,27 +++−= nnnnnKG  29  

( )3,,,,18 +−= nnnnnKG  9 

( )2,1,1,1,39 ++++−= nnnnnKG  425  

( )2,2,,1,110 ++−−= nnnnnKG  6 
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( )2,2,,,211 ++−= nnnnnKG  213  

( )3,1,,1,112 ++−−= nnnnnKG  10 

( )3,1,,,213 ++−= nnnnnKG  221  

( )2,2,1,1,214 +++−−= nnnnnKG  215  

( )3,1,1,1,215 +++−−= nnnnnKG  223  

The withdrawing of ,3G  ,4G  ,5G  6G  are 5G  or ;8G  7G  or ;9G  ,6G  ,7G  

,10G  ,11G  12G  or 141210713 ,,,; GGGGG  or ,15G  respectively, and the θ-values of 

15141312111098765 ,,,,,,,,,, GGGGGGGGGGG  are ,213,6,425,9,29,4,3  

215,221,10  and ,223  respectively, so (viii) is valid. This completes the proof. ~ 

4. Chromatically Closed 5-partite Graphs 

In this section, we obtain several χ-closed families of graphs in ( ,, 21 nns−K  

).,, 543 nnn  

Theorem 4.1. If ,2+≥ sn  then the family of graphs ( )1,1,,, ++− nnnnnsK  

is χ-closed. 

Proof. Let ( )1,1,,, ++= nnnnnKG  and ( ).1,1,,, ++∈ − nnnnnZ sK  

Then the 5-independent partition of G is certainly 5-independent partition of Z. So 
( ) ( ) .15,5, =α≥α GZ  Let .~ ZH  Then ( ) ( ) ( ) .15,5,5, =α≥α=α GZH  Let 

{ }54321 ,,,, AAAAA  be 5-independent partition of H, 5,4,3,2,1, == itA ii  and 

( ).,,,, 54321 tttttKF =  Then there exists ( )FES ∈′  such that .SFH ′−=  Let 

( )Gq  be the number of edges in graph G. Since ( ) ( ),ZqHq =  therefore Ss ′=′  

( ) ( ) .sGqFq +−=  

From Lemma 2.5, we have 

( ) ( ) ( ) ( ) ,12,6,6, −≤α′≤α′+α=α sZsZGZ  

and 

( ) ( ) ( ) ( ) .12,6,6, −≤α′≤′α′+α=α ′sHsHFH  

Thus ( ) ( ) ( ) ( ) ( ) ( )ZHGFZH α′−α′+α−α=α−α 6,6,6,6,  and ( ) ( ),6,6, HZ α=α  

so ( ) ( ) .06,6, =α−α ZH  
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If ,GF ≠  from Theorem 3.1, then we have ( ) ( ) .1≥θ−θ GF  So 

( ) ( ) ( ) ( )( ) .226,6, 22 −− ≥⋅θ−θ=α−α nnGFGF  

Hence 

( ) ( ) ( ) ( ) ( ) .1120226,6, 22 ≥−−+≥α′−α′+≥α−α −− snn ZHZH  

This is a contradiction. So ,GF =  .ss ′=  Thus, ( ).1,1,,, ++∈ − nnnnnH sK  

Therefore, ( )1,1,,, ++− nnnnnsK  is χ-closed if .2+≥ sn  The proof is now 

completed. ~ 

By using the similar proof of Theorem 4.1, we can obtain the following results. 

Theorem 4.2. If ,3+≥ sn  then the family of graphs ( ,1,1,,1 ++−− nnnnsK  

)1+n  is χ-closed. 

Theorem 4.3. If ,2+≥ sn  then the family of graphs ( )2,,,, +− nnnnnsK  is 

χ-closed. 

Theorem 4.4. If ,4+≥ sn  then the family of graphs ( ,1,1,2 ++−− nnnsK  

)1,1 ++ nn  is χ-closed. 

Theorem 4.5. If ,3+≥ sn  then the family of graphs ( ,1,,,1 +−− nnnnsK  

)2+n  is χ-closed. 

Theorem 4.6. If ,4+≥ sn  then the family of graphs ( ,1,1,1 +−−− nnnsK  

)2,1 ++ nn  is χ-closed. 

5. Chromatically Unique 5-partite Graphs 

In this section, we first study the chromatically unique 5-partite graphs with 
25 +n  vertices and a set S of s edges deleted where the deleted edges induce a star 

.,1 sK  

Theorem 5.1. If ,2+≥ sn  then the graphs ( )1,1,,,,1
, ++
−

nnnnnK sK
ji  are 

χ-unique for each ( ) ( ) ( ) ( ) ( ){ }.5,4,1,4,4,1,2,1, ∈ji  
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Proof. From Theorem 4.1, we know that ( )1,1,,, ++− nnnnnK s  is χ-closed 

if .2+≥ sn  Comparing the number of 6-independent partitions of the graphs in 

( )1,1,,, ++− nnnnnK s  and by using Lemma 2.5, we have that ( ,,,,1
, nnnK sK

ji
−

 

) { ( ) ( ) ( ) ( ) ( ) ( ){ }}5,4,1,4,4,1,2,1,1,1,,,1,1 ,1
, ∈|++=++
−

jinnnnnKnn sK
ji  is 

χ-closed. 

Note that 

( ( )) ( )( ) ( ),231,1,,,1,1,,,,1
2,1 +−++=++

−
nsnnnnnKtnnnnnKt sK

 

( ( )) ( )( ) ,31,1,,,1,1,,,,1
5,4 snnnnnnKtnnnnnKt sK

−++=++
−

 

( ( )) ( )( ) ( )131,1,,,1,1,,,,1
, +−++=++
− nsnnnnnKtnnnnnKt sK

ji  for 

( ) ( ) ( ){ }.1,4,4,1, ∈ji  

From Lemma 2.7, we have 

( ( ) ) ( ( ) ).,1,1,,,,1,1,,, ,1,1
1,44,1 λ++≠λ++

−−
nnnnnKPnnnnnKP ss KK

 

Hence, by Lemma 2.1, we conclude that the graphs ( )1,1,,,,1
, ++
− nnnnnK sK

ji  are 

χ-unique where 2+≥ sn  for each ( ) ( ) ( ) ( ) ( ){ }.5,4,1,4,4,1,2,1, ∈ji  ~ 

Theorem 5.2. If ,3+≥ sn  then the graphs ( )2,1,,,1,1
, ++−
− nnnnnK sK

ji  

are χ-unique for each ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }.4,5,5,4,2,5,5,2,1,2,2,1, ∈ji  

Proof. Let 

{ ( ) ( )jinnnnnKF sK
ji ,2,1,,,1,1

, |++−∈
−  

( ) ( ) ( ) ( ) ( ) ( ){ }}4,5,5,4,2,5,5,2,1,2,2,1=  

and .~ FH  Then by Theorem 4.5, ( ).2,1,,,1 ++−∈ − nnnnnH sK  Since 

( ) ( ) ( )( ) ,126,2,1,,,16,6, −+++−α=α=α snnnnnKFH  
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from Lemma 4.1, we know that 

{ ( ) }.5,4,3,2,1,,2,1,,,1,1
, =≠|++−∈
−

jijinnnnnKH sK
ji  

It is easy to see that 

 { ( ) }5,4,3,2,1,,2,1,,,1,1
, =≠|++−∈
− jijinnnnnKH sK

ji  

{ ( ) ( )jinnnnnK sK
ji ,2,1,,,1,1

, |++−=
−

 

{( ) ( ) ( ) ( ) ( ) ( ),1,5,5,1,1,4,4,1,1,2,2,1∈  

( ) ( ) ( ) ( ) ( ) ( ) ( )}}.4,5,5,4,2,5,5,2,2,4,4,2,3,2  

Now let us determine the numbers of triangles in H and F. Then we obtain that 

( ( )) ( )( ) ( )332,1,,,12,1,,,1,1
, +−++−=++−
− nsnnnnnKtnnnnnKt sK

ji  for 

( ) ( ) ( ){ },1,2,2,1, ∈ji  

( ( )) ( )( ) ( )232,1,,,12,1,,,1,1
, +−++−=++−
− nsnnnnnKtnnnnnKt sK

ji  for 

( ) ( ) ( ) ( ){ },3,2,1,4,4,1, ∈ji  

( ( )) ( )( ) ( )132,1,,,12,1,,,1,1
, +−++−=++−
−

nsnnnnnKtnnnnnKt sK
ji  for 

( ) ( ) ( ) ( ) ( ){ },2,4,4,2,1,5,5,1, ∈ji  

( ( )) ( )( ) snnnnnnKtnnnnnKt sK
ji 32,1,,,12,1,,,1,1

, −++−=++−
−  for ( )ji,  

( ) ( ){ },2,5,5,2∈  

( ( )) ( )( ) ( )132,1,,,12,1,,,1,1
, −−++−=++−
−

nsnnnnnKtnnnnnKt sK
ji  for 

( ) ( ) ( ){ }.4,5,5,4, ∈ji  

Recalling 

{ ( ) ( )jinnnnnKF sK
ji ,2,1,,,1,1

, |++−∈
−

 

 ( ) ( ) ( ) ( ) ( ) ( ){ }}4,5,5,4,2,5,5,2,1,2,2,1∈  
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and ( ) ( ),FtHt =  thus we have 

{ ( ) ( ) ( ) ( ){ }}1,2,2,1,2,1,,,1, ,1
, ∈|++−∈
−

jinnnnnKFH sK
ji  

or 

{ ( ) ( ) ( ) ( ){ }}2,5,5,2,2,1,,,1, ,1
, ∈|++−∈
−

jinnnnnKFH sK
ji  

or 

{ ( ) ( ) ( ) ( ){ }}.4,5,5,4,2,1,,,1, ,1
, ∈|++−∈
−

jinnnnnKFH sK
ji  

It follows from Lemma 2.7 that 

( ( ) ) ( ( ) );,2,1,,,1,2,1,,,1 ,1,1
1,22,1 λ++−≠λ++−

−− nnnnnKPnnnnnKP ss KK  

( ( ) ) ( ( ) );,2,1,,,1,2,1,,,1 ,1,1
2,55,2 λ++−≠λ++−

−− nnnnnKPnnnnnKP ss KK
 

( ( ) ) ( ( ) ).,2,1,,,1,2,1,,,1 ,1,1
4,55,4 λ++−≠λ++−

−−
nnnnnKPnnnnnKP ss KK

 

Hence, by Lemma 2.1, we conclude that the graphs ( )2,1,,,1,1
, ++−
−

nnnnnK sK
ji  

are χ-unique, where 3+≥ sn  for each ( ) {( ) ( ) ( ) ( ) ( ),5,4,2,5,5,2,1,2,2,1, ∈ji  

( )}.4,5  ~ 

Similar to the proofs of Theorems 5.1 and 5.2, we can prove Theorems 5.3, 5.4, 
5.5 and 5.6. 

Theorem 5.3. If ,3+≥ sn  then the graphs ( )1,1,1,,1,1
, +++−
−

nnnnnK sK
ji  

are χ-unique for each ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }.4,3,2,3,3,2,1,3,3,1,1,2,2,1, ∈ji  

Theorem 5.4. If ,2+≥ sn  then the graphs ( )2,,,,,1
, +
− nnnnnK sK

ji  are                 

χ-unique for each ( ) ( ) ( ) ( ){ }.1,5,5,1,2,1, ∈ji  

Theorem 5.5. If ,4+≥ sn  then the graphs 

( )1,1,1,1,2,1
, ++++−
−

nnnnnK sK
ji  

are χ-unique for each ( ) ( ) ( ) ( ){ }.3,2,1,2,2,1, ∈ji  
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Theorem 5.6. If ,3+≥ sn  then the graphs 

( )2,1,1,1,1,1
, +++−−
−

nnnnnK sK
ji  

are χ-unique for each 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }.3,5,5,3,4,3,1,5,5,1,1,3,3,1,2,1, ∈ji  

Let ( )54321, ,,,,2 nnnnnK sK
ji

−  denote the graph obtained from ( ,,, 321 nnnK  

)54, nn  by deleting a set of s edges that forms a matching in .ji AA ∪  We now 

investigate the chromatically unique 5-partite graphs with 25 +n  vertices and a set 
S of s edges deleted where the deleted edges induce a matching .2sK  

Theorem 5.7. If ,3+≥ sn  then the graphs ( )1,1,1,,12
2,1 +++−− nnnnnK sK  

are χ-unique. 

Proof. Let ( ).1,1,1,,1~ 2
2,1 +++−− nnnnnKF sK  Then it is sufficient to prove 

that 
( ).1,1,1,,12

2,1 +++−= − nnnnnKF sK  

By Theorem 4.2 and Lemma 2.5, 

( )1,1,1,,1 +++−∈ − nnnnnF sK  

and ( ) .sF =α′  Let ,SGF −=  where ( ).1,1,1,,1 +++−= nnnnnKG  Next, 

we consider the number of triangles in F. Let Sei ∈  and ( )iet  be the number of 

triangles in G containing the edge ie  for each ....,,2,1 si =  Then it is easy to see 

that ( ) .33 +≤ net i  As 11 +<<− nnn 1+≤ n ,1+≤ n  we know that ( ) =iet  

33 +n  if and only if ie  is an edge in the subgraph 21 AA ∪  in G. So we have 

( ) ( ) ( )∑
=

+−≥−≥
s

i
i nstettFt

1
;33  

and the equality holds if and only if each edge in S is an edge of the subgraph 

21 AA ∪  in G. It follows from Lemmas 2.1 and 2.5 that 

( ) ( )( ) snnnnnKF ++++−α=α 6,1,1,1,,16,  
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and the set of end-vertices of any 2≥r  edges in S is not independent in F. 
Therefore, S induces a matching of s edges in 21 AA ∪  and 

( ).1,1,1,,12
2,1 +++−= − nnnnnKF sK  

This completes the proof. ~ 

Similar to the proof of Theorem 5.7, we can prove Theorem 5.8. 

Theorem 5.8. If ,4+≥ sn  then the graphs 

( )2,1,1,1,12
2,1 +++−−− nnnnnK sK  

are χ-unique. 

We end this paper with the following two problems: 

1. Study the chromaticity of the graphs ( )2,1,,,1,1
, ++−
−

nnnnnK sK
ji  for 

each 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }.2,4,4,2,1,5,5,1,3,2,1,4,4,1, ∈ji  

2. Study the chromaticity of the graphs 

( ) ( ),2,,,,,1,1,,, 22
2,12,1 +++ −− nnnnnKnnnnnK sKsK  

( )1,1,1,1,22
2,1 ++++−− nnnnnK sK  

and 

( ).2,1,,,12
2,1 ++−− nnnnnK sK  
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