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Abstract. Let P(G,\) be the chromatic polynomial of a graph G. Two
graphs G and H are said to be chromatically equivalent, denoted G ~ H,
if P(G,\) = P(H,\). We write [G] = {H|H ~ G}. If [G] = {G}, then G
is said to be chromatically unique. In this paper, we first characterize cer-
tain complete 6-partite graphs with 6n vertices according to the number of
7-independent partitions of G. Using these results, we investigate the chro-
maticity of G with certain star or matching deleted. As a by-product, many
new families of chromatically unique complete 6-partite graphs with certain star
or matching deleted are obtained.
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1. Introduction

All graphs considered here are simple and finite. For a graph G, let P(G,\) be
the chromatic polynomial of G. Two graphs G and H are said to be chromatically
equivalent (or simply x-equivalent), symbolically G ~ H, if P(G,l) = P(H,l). The
equivalence class determined by G under ~ is denoted by [G]. A graph G is chro-
matically unique (or simply x-unique) if H 2 G whenever H ~ G, i.e, [G] = {G} up
to isomorphism. For a set G of graphs, if [G] C G for every G € G, then G is said to
be x-closed. Many families of y-unique graphs are known (see [6, 7, 8]).

For a graph G, let V(G), E(G) and t(G) be the vertex set, edge set and number
of triangles in G, respectively. Let S be a set of s edges in G. Let G— S (or G — s)
be the graph obtained from G by deleting all edges in S, and by (S) the graph
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induced by S. Let K(ny,no, -+ ,n;) be a complete t-partite graph. We denote by
K=%(n1,n2, -+ ,ny) the family of graphs which are obtained from K(ni,ng,- -+ ,n¢)
by deleting a set S of some s edges.

In [4, 5, 7-10, 12-18], one can find many results on the chromatic uniqueness of
certain families of complete t-partite graphs (¢t = 2, 3,4, 5). However, there are very
few 6-partite graphs known to be y-unique, see [3].

In [3], Chen obtained many families of y-unique graphs which are obtained by
deleting the edges of a star or matching from a complete 6-partite graph with 6n+5
vertices. A natural extension is to study the chromaticity of the graphs obtained by
deleting the edges of a star or matching from a complete partite graph with 6n + 4
vertices, where 0 < i < 4. Thus, the aim of this paper is to study the chromaticity
of the graphs which are obtained by deleting the edges of a star or matching from a
complete 6-partite graph with 6n vertices.

Let G be a complete 6-partite graph with 6n vertices. In this paper, we charac-
terize certain complete 6-partite graphs with 6n vertices according to the number of
7-independent partitions of GG. Using these results, we investigate the chromaticity
of G with certain star or matching deleted. As a by-product, many new families
of chromatically unique complete 6-partite graphs with certain star or matching
deleted are obtained.

2. Some lemmas and notations

For a graph G and a positive integer r, a partition {Ay, A, -+ , A} of V(G), where
r is a positive integer, is called an r-independent partition of G if every A; is an
independent set of G. Let a(G, ) denote the number of r-independent partitions of
G. Then, we have P(G,\) = Y7_, a(G,r)(N\),, where (A), = AA=1)(A—=2)--- (A—
r + 1) (see [11]). Therefore, a(G,r) = a(H,r) for each r =1,2,--- ,if G ~ H.

For a graph G with p vertices, the polynomial o(G,z) = >F_, a(G,r)z" is called
the o-polynomial of G (see [2]). Clearly, P(G,\) = P(H, \) implies that ¢(G, z) =
o(H,z) for any graphs G and H.

For disjoint graphs G and H, G U H denotes the disjoint union of G and H. The
join of G and H denoted by GV H is defined as follows: V(GV H) = V(G)UV(H);
E(GV H) =EG)UEH)U{zy | x € V(G),y € V(H)}. For notations and
terminology not defined here, we refer [1].

Lemma 2.1. [2, 7] Let G and H be two disjoint graphs. Then
(1) V(&) = V(H)|, |E(G)| = |E(H)|, H(G) = t(H) and o(G,7) = a(H,T) for
7":17273,"' P ZfGNHI
(2) o(GV H,z) =0(G,x)o(H, ).
Lemma 2.2. 2] Let G = K(ni,n2,n3, - ,nt) and o(G,x) = 3 5, a(G,r)z".
Then a(G,r) =0 for 1 <r <t—1, a(G,t) =1 and o(G,t + 1) = 22:1 ni—l ¢,

Let 1 < 29 < x5 < 24 < x5 < x6 be positive integers and {x;, , Tiy, Tig, Tiys Tis, Tig

= {21, %2, x3,24, 75,6 }. If there are two elements z;, and z;, in {1, x2, 3, 24, T5, T6}

such that z;, —x;, > 2, then H' = K(z;, + 1,2, — 1,24, i, , is, Tig } is called an
improvement of H = K(x1, x2, x3, T4, Ts5,Z6).
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Lemma 2.3. [3] Suppose x1 < 29 < a3 < x4 < x5 <z and H = K(x;, + 1, z;, —
1, @iy, iy, Tig, Tig 95 an improvement of H = K (x1, T2, x3, T4, %5, Ts). Then

OZ(I;I7 7) — Oé(H/, 7) — 9Tip—2 _ 9Ti;—1 > 9Tip —1

Let G = K(ny,n9,n3,n4,n5,n6). For a graph H = G — S, where S is a set of
some s edges of G, define o/(H) = a(H,7) — «(G, 7). Clearly, o/ (H) > 0.

Lemma 2.4. [3] Let G = K(n1,ng,ng, ng,ns,ng). Suppose that min{n;|i = 1,2,3,4,
5,6} >s+1>1and H=G — S, where S is a set of some s edges of G. Then

s<d(H)=a(H,T) —a(G,T7) <2°—1,
o/ (H) = s iff the set of end-vertices of any v > 2 edges in S is not independent in

H, and o/ (H) =2° — 1 iff S induces a star K; s and all vertices of K1 s other than
its center belong to a same A;.

Let K(Aj, As) be a complete bipartite graph with partite sets A; and As. We
denote by K~%1.:(4;, A;) the graph obtained from K(A;, A;) by deleting s edges
that induce a star with its center in A;. Note that K K1 (A;, A;) # K~ K1 (4;, A))
i [A4] # |A;] for i #  (see [3]).

Lemma 2.5. [4] Let K(n1,n2) be a complete bipartite graph with partite sets Ay and
As such that |A;| = n; fori=1,2. Ifmin{ni,na} > s+2, then every K—51.:(4;, A;)
is x-unique, where i # j and i,j = 1,2.

Let G = K(n1,n2,n3,n4,ns5,n6) be a complete 6-partite graph with partite sets
A;(i=1,2,---,6) such that |A;| = n,. Let (4; U A;) be the subgraph of G induced
by A; U A, where i # j and ¢,j € {1,2,3,4,5,6}. By KiTjKl‘S (n1, nae, ng, N4, M5, Ng),
we denote the graph obtained from K (ni,ns,ns,n4,ns,ng) by deleting a set of s
edges that induce a K s with its center in A; and all its end-vertices are in A;. Note
that
—Ki s

_Kl,s
K, ;" (1, e, ms, na, s, ne) = K

gl (n1;n2an3an4;n5an6)

and

K&Kl’s(nl,ng,ng,n4,n5,n6) = KlTjKl’s(nl,ng,ng,n4,n5,n6)
for n; =nj; and I # 1, 75.
Lemma 2.6. [3] Ifi,j € {1,2,3,--- ,t}, i # j, n; # n;, then

P(K;)jKl’s(nh N9, N3, 7nt), )\) 75 P(ijiKl’s (Tl1, N, N3, -+ 7nt), )\)

3. Classification

In this section, we shall characterize certain complete 6-partite graphs G = K (n1,na,
ng, ng, s, ng) according to the number of 7-independent partitions of G where n; +
ng +n3 + ng +ns +ng = 6n,n > 1.

Theorem 3.1. Let G = K(ny,ng,ns, ng,ns,ng) be a complete 6-partite graph such
that nq + ng +ng + ng +ns +ng = 6n, n > 1. Define

0(G) = [a(G,7) — 2"t — 2" 4 6]/2" 2.
Then
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(i) 0(G) > 0;

(ii)) 0(G) =0 if and only if G = K(n,n,n,n,n,n);

(iii) 0(G) =1 if and only if G = K(n — 1,n,n,n,n,n+ 1);

(iv) 0(G)=2ifand only if G=K(n—1,n—1,n,n,n+1,n+1);

(v) 6(G) =5/2 if and only if G = K(n —2,n,n,n,n+1,n+1);

(vi) 6(G)=3 ifand only if G=K(n—1,n—1,n—1,n+1,n+1,n+1);

(vil) 6(G)=7/2 if and only if G=K(n—2,n—1,nn+1,n+1,n+1);
(viii)) 0(G) =4 if and only if G = K(n—1,n—1,n,n,n,n+2);

(ix) 0(G) =17/4 if and only if G=K(n —3,n,n,n+1,n+1,n+1);

(x) 6(G) >9/2 if and only if G is not one of the graphs appeared in (ii)—(iz).
Proof. For a complete 6-partite graph H; with 6n vertices, we can construct a se-
quence of complete 6-partite graphs with 6n vertices, say Hy, Ho, - - - , Hy, such that
H; is an improvement of H;_; for each i =2,3,--- ¢, and H; = K(n,n,n,n,n,n).

By Lemma 2.3, a(H;—1,7) — (H;,7) > 0. So 0(H;—1) — 6(H;) > 0, which im-
plies that 0(G) > 6(H;) = (K (n,n,n,n,n,n)). From Lemma 2.2 and by a simple
calculation, 0(K (n,n,n,n,n,n)) = 0. Thus, (ii) is true.

Since H; = K(n,n,n,n,n,n) and H; is an improvement of H;_j, it is not hard
to see that H;—1; must be K(n —1,n,n,n,n,n+ 1). The proof of (iii) is complete.

Note that H;_1 = K(n—1,n,n,n,n,n+1) is an improvement of H;_». Similarly,
it is not hard to see that H;_o € {R;|i = 1,2,3,4}, where R; and 6(R;) are shown
in Table 1.

To complete the proof of the theorem, we need only determine all complete 6-
partite graphs G with 6n vertices such that 0(G) < 9/2. By Lemma 2.3, (H;_3) >
9/2 for each H;_3 if Hy_o € Ry. All graphs H;_3 and its #-values are listed in Table
2 when H;_5 € {R1|Z = 1,2,3}.

Table 1. H¢_9o and its #-values

R; Graphs H;_» 0(R;)

R | K(n—1,n—1,nnn+1n+1) 2
Ry K(n—2,n,n,nn+1n+1) 5/2
R3 K(n—1,n—1,nn,nn-+2) 4
R, K(n—2,n,n,n,n,n+ 2) 9/2

By Lemma 2.3, 0(H;—4) > 9/2 for every H;_4 if H;_5 € {M;]4 < i < 8}. One
can easily obtain the following: If Hy_3 = My, then Hy_4 € {My, My, M12}; Hi—y €
{Msz, Ms, Mg, Myg, Mg, My, My4} if Hi_3 = My and H,_4 € {Mg, My, M1, My,
M5} if Hi_3 = M3, where Mg = K(n—2,n—2,n+1,n+ 1,n+1,n+1),Myy =
Kn-3n—-1n+1ln+1l,n+1ln+1), M;y=Kn—-4,nn+1ln+1l,n+1,n+1),
My = K(n—2,n—1,n—1,n+1,n+1,n+2), M13 = K(n—2,n—2,n,n+1,n+1,n+2),
My =K(n-3,n—1,n,n+1,n+1,n+2) and M5 = K(n—4,n,n,n+1,n+1,n+2).
From Lemma 2.2 and by a calculation, we have 6(M;) > 9/2 for 9 < i < 15. Hence,
from Lemma 2.3, Table 1, Table 2 and the above arguments, we conclude that the
theorem holds. 1
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Table 2. Hy_3 and its #-values

Mi Graphs Ht_g G(Ml)

My | K(n—1,n—1,n—1,n+1,n+1,n+1) 3
M, Kn—-2n—1,nn+1ln+1,n+1) 7/2

M, K(n-3nnn+1ln+1l,n+1) 17/4
My Kn—1,n—-1n—-1nn+1n+2) 5
Ms Kn—-2n—-1,nnn+1n+2) 11/2
Mg K(n-3,nnmnn+1n+2) 25/4
My Kn—1,n—1,n—1,nn,n+3) 11
Mg K(n—2n—1,n,n,n,n-+3) 23/2

4. Chromatically closed 6-partite graphs
In this section, we obtain several x-closed families of graphs K% (n1, na, ng, ng, ns, ng).

Theorem 4.1. If n > s+ 2, then the family of graphs K=*(n,n,n,n,n,n) is x-
closed.

Proof. Let G = K(n,n,n,n,n,n) and Z € K~*(n,n,n,n,n,n). The 6-independent
partition of G is a 6-independent partition of Z. So a(Z,6) > «(G,6) = 1. Let
H ~ Z, then «(H,6) = a(Z,6) > a(G,6) = 1. Let {A1,A2,A3,A4,A5,A6} be a 6-
independent partition Of[’[7 |Al| = ti, = 17 2, 3, 4, 5, 6and F = K(tl, t2, t3, t4, t5, tﬁ).
Then, there exists S’ € E(F) such that H = F — S’. Let ¢(G) be the number of
edges in graph G. Since q(H) = ¢(Z), therefore s’ = |S'| = ¢(F) — ¢(G) + s.
From Lemma 2.4, we have
a(Z,7)=a(G,T)+d'(Z),s <a'(Z) <2° -1, and
a(H,7) = a(F,7)+d (H),s' < ’(H)
Thus «(H,7) — a(Z,7) = a(F,7) — a(G,7) + o/(H) — &/(Z). Since H ~ Z, then
a(Z,7) =a(H,7). So a(H,7) —a(Z,7) = 0.
Suppose F' # G, we need to show that a(H,7) > «(Z,7), this leads to a contra-

diction. Hence, the conclusion of the theorem.
Now, if F' # G, from Theorem 3.1, we have (F) — 0(G) > 1. So

a(F,7) — a(G,7) = (0(F) — (@) - 2""2 > 2" 2,
Hence
a(H,7) —a(Z,7) > 2" 2+ o/ (H) -/ (Z) >2"24+0—(2°—1) > 1.
This is a contradiction. So F = G, s = ¢'. Thus, H € K~*(n,n,n,n,n,n). There-
fore, K~*(n,n,n,n,n,n) is x-closed if n > s + 2. The proof is now completed. 1
By using proofs similar to that of Theorem 4.1, we can obtain the following results.

Theorem 4.2. If n > s+ 3, then the family of graphs K=5(n — 1,n,n,n,n,n + 1)
is x-closed.
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Theorem 4.3. Ifn > s+3, then the family of graphs K—*(n—1,n—1,n,n,n+1,n+1)
is x-closed.

Theorem 4.4. Ifn > s+4, then the family of graphs K=°(n—2,n,n,n,n+1,n+1)
is x-closed.

Theorem 4.5. If n > s+ 4, then the family of graphs K=*(n —1,n—1,n—1,n+
L,n+1,n+1) is x-closed.

Theorem 4.6. If n > s+ 5, then the family of graphs K=*(n—2,n—1,n,n+1,n+
1,n+ 1) is x-closed.

Theorem 4.7. Ifn > s+4, then the family of graphs K~*(n—1,n—1,n,n,n,n+2)
is x-closed.

Theorem 4.8. Ifn > s+7, then the family of graphs K—*(n—3,n,n,n+1,n+1,n+1)
is x-closed.
5. Chromatically unique 6-partite graphs

In this section, we first study the chromatically unique 6-partite graphs with 6n
vertices and a set S of s edges deleted where the deleted edges induce a star K ;.

Theorem 5.1. If n > s+ 2, then the graphs KiTJKl’S(n,n,n,n,mn) are x-unique
for (i,7) = (1,2).

Proof. Suppose that H ~ K, Kl *(n,n,n,n,n,n). From Theorem 4.1, H € K~%(n,n

n,n,n,n,n). Note that o(H, 7) = a(K;fl’s(n, n,n,n,n,n),7) = a(K(n,n,n,n,n,n)
7) +2° — 1. By Lemma 2.4, we have

He{K, K1, “(n,m,n,n,n,n)|i # 3, i,5 =1,2,3,4,5,6} = {K;QKI’S(n,n,n,n,n,n)}.

This completes the proof. 1

Theorem 5.2. If n > s+ 3, then the graphs Kiijl's(n —Ln,n,n,n,n+1) are
X'unique fOT’ each (,Lv]) € {(17 2)7 (27 1)7 (27 6)7 (67 2)}

Proof. Let F € {K; ;" (n— 1,n,n,n,n,n+1)|(i,5) = {(1,2),(2,1),(2,6),(6,2)}}
and H ~ F. By Theorem 4.2, H € K~*(n — 1,n,n,n,n,n + 1). Since

a(H, ) =a(F,7) =a(K(n—1,n,n,n,nn+1),7)+2°—1,
from Lemma 2.4, we know that H € {K K. (n—1,n,n,n,nn+1)i #j, i,j =
2,3,4,5,6}. It is easy to see that H € {K K“(n—l,n,n,n,n,n—I—l)ﬁ7éj, 1, =
2,3,4,5,6} = {K_K”(n — Lin,n,nmnn+ 1475 € {(1,2),(2,1),(1,6),(6,1),
(2 3) (2,6),(6,2)}}.

Now let’s determine the number of triangles in H and F'. Let ¢(G) be the number
of triangles in the graphs G. Then we obtain that ¢(K; Kl ‘(n—1,n,n,n,n,n+1)) =
t(K(n—1,n,n,n,n,n+ 1)) — s(dn + 1) for (i,j) € {(1,2), (2,1)}, t(Ki_,jKl’S(n -
1,n,n,n,n,n+1)) = t(K(n—1,n,n,n,n,n+1))—4sn for (,5) € {(1,6),(6,1),(2,3)},
t(Kijl’s(n —1Ln,nnnn+1) = t(K(n—1,n,n,nnmn+1)) —s(dn — 1) for

7

(i, 7)€ {(2,6),(6,2)}.
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Recalling
Fel{K,;; Kosn—1,n,n,n,m,n + DG, 5) € {(1,2),(2,1),(2,6),(6,2)}}
and t(H) = t(F), thus we have
H,F e {K, [ (n—1,n,nn,nn+1)i7) € {(1,2),(21)}}
or
H,F e {K, [ (n—1,n,n,n,n,n+1)|(i,j) € {(2,6),(6,2)}}.
It follows from Lemma 2.6 that
P(K;QKI'S(TL —1,n,n,n,n,n+1),\) # P(K, _Kl “(n—1,n,n,n,nn+1),\);
P(K;é(l‘s(nf 1,n,n,n,n,n+1),\) # P(Kg _Kl *(n—1,n,n,n,n,n+1),\).

Hence, by Lemma 2.1, we conclude that the graphs K;jKl”‘ (n—1,n,n,n,n,n+1)
are x-unique where n > s + 3 for each (4, 5) € {(1,2), (2,1),(2,6), (6,2)}. |

Similar to the proof of Theorem 5.2, we can prove Theorems 5.3 and 5.4.

Theorem 5.3. Ifn > s+ 3, then the graphs K, ; Yn-1,n—1,nnn+1n+1)
are x-unique for each (i,7) € {(1,2),(1,3),(3,1),(3,5),(5,3), (5,6)}.

Theorem 5.4. Ifn > s+5, then the graphs Kijj Y (n—-2,n—1,n,n+1,n+1,n+1)
are X-UTLZqU@fOT’ each (Z .7) € {(1 2) (2 1) (1 3) (3 1)7 (274)7 (472)7 (374)7 (473)a (475)}

Theorem 5.5. If n > s+4, then the graphs K, ; Y (n—2,n,m,n,n+1,n+1) are
x-unique for each (i,7) € {(1,2),(2,1), (1,5), (5, 1) (2,3),(2,5),(5,2),(5,6)}.

Proof. From Theorem 4.4, we know that K—*(n — 2,n,n,n,n + 1,n + 1) is x-
closed if n > s 4+ 4. Comparing the number of 7-independent partitions of the
graphs in K~ %(n — 2,n,n,n,n + 1,n + 1) and by using Lemma 2.4, we have that
K;J.Klvg(n—2 n,n,m,n+ 1,n+1) = {K_]K“(n—Q n,n,n,n + 1,n + 1)|(i,5) €
{(1,2),(2,1),(1,5),(5,1),(2,3),(2,5),(5,2), (5,6)} is x-closed.

Note that t(K; K“’(n 2,n,n,n,n+1,n+1)) =t(K(n—2,n,n,n,n+1,n+1))—
s(4n +2) for (Z,j) € {(1,2),(2,1)}, t(K _K”(n—Q n,n,n,n+1,n+1)) =t(K(n-—
2,n,n,n,n+1,n+1))—s(dn+1) for (¢,5) € {(1,5), (5, 1)}, t(K JKl *(n—2,n,n,n,n+
IL,n+1)) =t(Kn-2,n,nnn+1n+1))—s(dn—1) for(Zj)E{( 5),(5,2)},
t(Kgfl‘s(nf2,n,n,n,n+1,n+1)) t(K(n —2,n,n,n,n + 1,n+ 1)) — 4sn,
t(K;?l’s(n—2,n,n,n,n—|—1,n+1)) =t(K(n—2,n,n,n,n+1,n+1))—s(4n —2).

It follows from Lemma 2.6 that

P(K; 57 (n—2,m,n,m,n + 1,0+ 1),A) # P(K5

)

A A)
P(Kf,;(l’s(n—Z,n,n,n,n—i—1,n+1),)\) #P(KﬁKl’s( —2,n,n,n,n+ 1,n+1),\);
P(Ky 3 (n—2,n,n,n,n+ Ln+1),\) £ P(K5 5 " (n — 2,n,n,n,n+ 1,0 + 1), \)

Y(n—2,n,n,nn+1,n+1),

b

Hence, by Lemma 2.1, we can conclude that the graphs K, Kl ‘(n=2,n,n,n,n+
)

1,n+1) are x-unique where n > s+4 for each (i, j) € {(1,2), (2 1),(1,5),(5,1), (2,
(2,5),(5,2),(5,6)}.
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Similar to the proof of Theorem 5.5, we can prove Theorems 5.6, 5.7 and 5.8.

Theorem 5.6. Ifn > s+4, then the graphs K;jKl’S(n—l,n—l,n—l,n—|—1,n—|—1, n+1)
are x-unique for each (i,7) € {(1,2),(1,4),(4,1),(4,5)}.

Theorem 5.7. If n > s+ 4, then the graphs K;]-Kl’s(n —1Ln—1,nnmnn+2) are
x-unique for cach (i) € {(1,2), (1,3), (3,1), (1.6), (6 1), (3,4). (3,6), (6. 3)}.

Theorem 5.8. Ifn > s+ 7, then the graphs K;J»Kl’s(n -3,n,nn+ln+1ln+1)
are X-unique fO?” each (27.7) € {(L 2)) (27 1)v (15 4)7 (4a 1)) (27 3)v (274)7 (4a 2)7 (47 5)}

Let K;;K"’ (n1, ne, n3, n4, ns, ng) denote the graph obtained from K (n1, no, ng, na,
ns,ng) by deleting a set of s edges that forms a matching in (4; U A;). We now
investigate the chromatically unique 6-partite graphs with 6n vertices and a set S
of s edges deleted where the deleted edges induce a matching sKs.

Theorem 5.9. If n > s+ 3, then the graphs K;;KQ (n—1n—1nmnn+1l,n+1)
are X -unique.

Proof. Let F ~ K;§K2(n —1,n—1,n,n,n+1,n+1). It is sufficient to prove that
F = K;;KZ(TL —1,n—1,nnmn+1,n+1). By Theorem 4.3 and Lemma 2.4, we
have F e K*(n—1,n—1,n,n,n+1,n+1) and o/(F) = s. Let FF' =G — S where
G=K(n—-1,n-—1,nnmn+1,n+1). Next we consider the number of triangles in
F. Let ¢; € S and t(e;) be the number of triangles in G containing the edge e;. It
is easy to see that t(e;) <4n+2. Asn—1<n—-1l<n<n<n+1<n+1, we
know that t(e;) = 4n+ 2 if and only if e; is an edge in the subgraph (A; U As) in G.

So we have
S

t(F) > HG) =Y tle;) > t(G) — s(4n + 2);
i=1
and the equality holds if and only if each edge e; in S is an edge of the subgraph
<A1 @] A2> in G.
Note that t(F) = t(G) — s(4n + 2) and o/ (F) = s. By Lemma 2.4, we know that
F= Ki;KQ (n—1,n—1,n,n,n+ 1,n+ 1). This completes the proof. 1
Similar to the proof of Theorem 5.9, we can prove Theorems 5.10 and 5.11.

Theorem 5.10. Ifn > s+5, then the graphs K;;K"’ (n—2,n—1,n,n+1,n+1,n+1)
are X-unique.

Theorem 5.11. If n > s+4, then the graphs Ki;Kz (n—1,n—1,n,n,n,n+2) are
X-unique.

We end this paper with the following open problems:
(1) Study the chromaticity of the following graphs:

(i) K&Kl's(n—l, n,n,n,n,n+1) where n > s+3 for each (7, j) € {(1,6), (6,1),
(2,3)},

(ii) K;]»Kl’s(nf 1,m—1,n,n,n+1,n+1) where n > s+ 3 for each (i,5) €
{(1,5),(5,1),(3,4)} and
(

(iii) K}Kl’s n—2n—1nn+1n+1,n+1) where n > s + 5 for each
)

?

(4,7) € {(1,4), (4,1),(2,3),(3,2)}.
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(2) Study the chromaticity of the following graphs:
(1) K;§K2 (n,n,n,n,n,n) where n > s+ 2,
(i) Kf;K?(n —1,n,n,n,n,n+ 1) where n > s+ 3,
(iii) Ki;Kz(n —2n,n,n,n+1,n+1) where n > s+ 4,
(iv) K552
) K

(v

15 2(n=1,n—=1n—-1n+1,n+1n+1) where n > s +4 and

igKQ(n—37n,n,n+l,n+l,n+1) where n > s+ 7.

Remark 5.1. For the detail proofs of Theorems 4.2—4.8, 5.3, 5.4, 5.6-5.8, the reader
may refer to [15].

Acknowledgement. The authors would like to extend their sincere thanks to the
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