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Abstract. In this manuscript, the elastic electron scattering form factors and the nucleon 

momentum distributions (NMD) for stable 15N and neutron halo 16N at the ground state were 

reported. This was accomplished by utilizing the well-known Coherent Density Fluctuation 

Model (CDFM) via the employment of fluctuation function (|F(q)|2) which is coupled with the 

density distributions nuclei. The long-tail performance in the NMD at high momentum region 

was further determined via experimental and theoretical fluctuation functions. The evaluated 

elastic electron scattering form factors were evaluated on the bases of the density distributions 

as well as the root mean square (RMS) radii for each measured nucleon. The proposed study 

provides a robust correlation between the theoretical formation factors and the practical results 

of 15N and 16N nuclei. 
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1. Introduction 
The elastic electron scattering, the density distributions, as well as RMS radii are considered as the most 
fundamental quantities, which provide insights about the inner structure of both neutron and proton. These together 
are known as nucleons [1-4]. Recently, several approaches have been proposed for the sole purpose to determine 
the aforementioned quantities. A typical example of this is the discovery of the halo phenomenon in the stable and 
exotic nuclei [4, 5]. In the case of stable nuclei, the elastic electron scattering is to be considered a dominant quantity 
for investigating the nuclear structure. This can be mainly attributed to the interaction of electron with nucleus 
which is attained via electromagnetic interaction [3]. Generally, a halo nucleus, since its discovery in 1985, 
possesses large neutron and proton excess whereby the bounds of few outer nucleons are considered weak [6]. The 
halo nature of a nucleus is principally caused by a specific effect which in turn can be attributed to a continuum 
close bound state. The essential requirements for the occurrence of a halo are short-range interaction, relatively low 
angular momentum and low binding energy [7]. A neutron halo is not limited to the unstable nuclei, however, it is 
usually observed in exotic nuclei on a large-scale as compared to the stable nuclei. The neutron halo could also be 
perceived off the β-stability line [8]. The previous studies reported that several ground state nuclei possess a halo 
structure, which is in a close position to the drip-line. These halos can be one-neutron halo (11Be and 19C), two-
neutron halo (14Be, 11Li, and 6He), three-neutron halo (26F) and four-neutron-halo (8He) [9-15]. Moreover, the 
valence neutron can be channeled into the space near the nuclear core so that the neutron is extended with some 
distance. This distance is estimated to be of higher value as compared to the typical nuclear radius. Therefore, the 
angular momentum may have some influence on the halo formation which in turn leads to a probability of the s-
state to be outside the core’s potential range [6, 16, 17]. However, the pandd-states possess much lower probability 
to form a halo structure due to the relatively large centrifugal barrier[18]. 
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As such, a number theoretical attempts were proposed to investigate the elastic electron scattering form factors as 
well as the NMD. Karataglidis and Amos [19] demonstrated the transverse and longitudinal form factors from 
isotopes such as He, Li, and 8Bi. Roca-Maza et al. reported a systematic investigation regarding the elastic electron 
scattering of both unstable 36Ca and stable 40Ca nuclei using the phase-shift analysis model [20]. Another research 
group supervised by Chu, Y. et al, also considered the elastic electron scattering of S and O isotopic chains in which 
they stated that the phase-shift analysis model is capable of reproducing the data obtained experimentally for both 
heavy and light nuclei [21]. Lately, Hamodi et al. revealed the calculation of the NMD and elastic electron scattering 
for odd and even p-shell nuclei using CDFM [22]. In this theory, which is an original effort of Antonov et al.[23], 
the NMD as well as nucleon density distributions (NDD) can only be linked and consequently expressed of the 
available weight function, |�(�)|�, obtained experimentally. The same research group examined the NMD of some 
stable and unstable nuclei (4He, 16O, 12C, 40Ca, 39K, and 48Ca) expressed via weight function by means of NDD 
using the two-parameter fermi (2pF) model [24, 25]. The elastic electron scattering and NMD were observed for 
1p-shell, sd-shell, as well as fp-shell nuclei through the CDFM framework [2, 26, 27]. Another study conducted by 
Ridha et al. reported the investigation of the NDD and elastic charge form factors of 11Be, 19C, 11Li, 8B, 17Ne, 
4He, 12C and 16O nuclei using Woods Saxon single-particle radial wave function. The outcomes were compared 
with harmonic-oscillator potential [28-31]. They found that the utilized Wood Saxon single-particle wave function 
is in a good agreement with stable and exotic nuclei experimental data. In the same framework, the NDD was also 
examined alongside the elastic electron scattering for 48Ca and 40Ca nuclei[32]. In this attempt, the study is 
conducted to explore the elastic electron scattering form factors, density distributions, and RMS radius of stable 
15Nandneutron halo 16N nuclei via neutron halo outside the core utilizing two approaches namely CDFM and 2pF. 

2.Theory 
A single body operator’s NDD can be expressed as demonstrated in Equation (1). 
�(�) = �

�	 ∑ ��
�
 4(2� + 1)|��
 |�   (1) 

whereby the state  nucleon occupation probability is represented by��
, (closed-shell nuclei: ��
 = 0 �� 1; and 
open-shell nuclei:0 < ��
��), while ��
 is the single-particle harmonic oscillator wave functionradial part. 
The NDD of 15N and 16N nuclei represented at the 2s1d-shell end is derived based on a particular hypothesis by 
which an occupied shell core is existed (1s as well as 1p) and the nucleon occupation numbers in 2s and 1d shells 
are equal to (4-α ), and (A-20+α1), respectively. Meanwhile, it is in a simple shell model (4) and (A-20). Using 
this assumption with Equation (1), the form of the analytical NDD is given as:  
�(�) = ������� ��⁄ �

	� �⁄ �� �10 − �
� �� + 2��(�

�)� + (�!
�" − #

� − �$%
" )(�

�)�&     (2) 
Herein, the mass number is represented by the letter A, while b is the size parameter, α1 describes the occupation 
numbers deviation of the nucleon from the shell model where α1=0 and α2 are presumed as an uncontrolled 
parameter which must be adjusted to have a covenant alongside the regarded NDD experimental measurements. 
Herein, the normalization condition of ρ(r) can be expressed as [31]. 
' = 4* ∫ �(�)��-� .

/     (3) 
The RMS radii of the nuclei is expressed as follow [31]: 
< �� >� �⁄ = (�	

3 5 �(�)��-�)� �⁄.
/         

(4) 
At central density�(�) = 0, the NDD at the nucleus center from Equation (2) is given as: 
�(0) = �

	� �⁄ �� 610 − �
� ��7    (5) 

so �� becomes: 
�� = �

� 610 − �(0)*� �8 9�7   (6) 
By substituting Equation (2) into Equation (4) with some simplification: 
〈��〉 = ��

! 6?!���/
� + ��7                  (7) 

herein, the central density �(0) and 〈��〉 values are obtained using the experimental values whereas the parameter 
b is nominated to duplicate the RMS radii of a nucleus obtained experimentally. 

n
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The NMD, n(k), of the nuclei is considered via two different models. One of which is calculated using the shell 
model through single-particle harmonic oscillator wave functions in momentum demonstration, and it is assumed 
using Equation (8) [31]: 
@(A) = ��

	� �⁄ exp(−9�A�) 610 + 8(9A)� + #(!��/)
�/" (9A)C7 (8) 

where the symbol k- represents the particle momentum. 
In the meanwhile, the second model (NMD) is considered using the CDFM, whereby Equation (9) represents the 
mixed density [33, 34]. 
�(�, �,) = ∫ |�(�)|���(�, �,)-� .

/                     (9) 
herein a density matrix for A nucleon distributed equivalently at radius x of the sphere can be given by [11]: 

��(�, �,) = 3�/(�)
F%6GH(I)|JKJ,|7

LH|���,| M 6� − �
� |� − �,|7                 (10) 

where the density is�/(�) = 3N 4*��⁄ ;kF is the Fermi momentum, given as [35]: 
AO(�) = (�	�

� �/(�))� �⁄ = (?	!
# )� �⁄ �

� = $
�                                (11) 

and M is the step function (M = 0 �� 1). Equation (9) corresponds to an equation in a CDFM because the nuclear 
material fluctuates and tries to maintain the spherical shape of the nucleus and its symmetry. 
The density of the single-particle based on the diagonal element of Equation (9) can be expressed as presented in 
Equation (12) [34]: 
�(�) = ��(�, �, = �) ∫ |�(�)|���(�)-�).

/                   (12) 
where ��(�) = �/(�)M (� − �) and the weight function can be expressed as presented in Equation (13) [23, 34]: 
|�(�)|� = ��

PQ(�)
RP(�)

R�                     (13) 

The NDD is then calculated with respect to the normalization condition:∫ |�(�)|� = 1.
/ . 

According to Equation (12) the nucleon momentum distribution can be given as [33, 34]: 
@(A) = ∫ |�(�)|�@�(A)-� .

/                    (14) 
where the Fermi -momentum distribution of all nucleons is given as, 
@�(A) = �

� *��M(AO(�) − |A|)                   (15)  
and using weight function and Equations (13 and 14) the nucleon momentum in CDFM can be expressed as: 
@STOU(A) = (�	

� )� �
! V6 ∫ �(�)�"-� − ($

L)C�($
L)$ L⁄

/ X                 (16) 

With a normalized condition: N = ∫ @STOU(A) R�L
(�	)�. 

For the target nucleus form factor F (q), the expression in coherent density fluctuation model can be given as [33, 
34]: 
Y(Z) = �

! ∫ |�(�)|�Y(Z, �)-�                           (17) 
Where the uniform charge density distribution is represented as F (q, x) that reflects the scattering event in CDFM 
with amplitude is a superposition of all charge distribution, which can be expressed as, 
Y(Z, �) = �!

([�)� V\]^([�)
([�) − cos(Z�)X                   (18) 

Equation (18) must be multiplied by a correction of free nucleon finite-size form factor (same protons and neutrons) 
and center of mass form factor. This eliminates the false state appears from the indication of the mass center. These 
form corrections can be expressed as follow [31]: 
Y_`(Z) = exp 6�/.��[�

! 7 b@- Ydf(Z) = exp 6��[�

�! 7 (19) 
The weight function (|f(x)|2) is obtained using the estimatedNDDfrom2pF model by which the experimental elastic 
electron scattering was utilized as an input quantity. Consequently, the theoretical value of the mention elastic 
electron scattering was also used as a comparison point. 
Wood-Saxon function for the density of 2pF is given by [27] 
�d(�) = PQ

�ghij(��d k⁄ )    (20) 
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So, the weight function will be: 
|�(�)|� = �	��PQ

�!k (1 + exp (� − l m)) exp(� − l m⁄ )⁄  (21) 
If Equation (2) inserted into the equation of weight function (13), an analytical expression cab be acquired as,  
|�(�)|��O� = #	�nP(�)

�!�� − �C�n

�!	% �⁄ �q �V�� + �!
�" − #

� − �$%
" X (�

�)�&   `  (22) 
 
3. Results and discussion 
  

Table 1: The parameters used in the determination of nuclear density. 

Nucle
i 

c 
(fm) 

z 
(fm) 

b 
(fm) 

r(t) 
(fm-3) 

�� 

15N 2.638 0.520 1.710 0.2698 1.6586 
16N 2.692 0.523 1.72 0.2673 1.7050 

 

3.1 Root mean square radii 
The proton, neutron (Rp and Rn) and the matter RMS radii of the core and halo are generally evaluated using the 

harmonic oscillator radial wave function potential or radial wave function of Wood-Saxon potential, respectively.  

The Rp and Rn matter RMS radii obtain educing Equation (4) are summarized in Table (2). As presented in Table 

(2), the Rp, Rn matter RMS radii exhibited small differences in15N and 16N nuclei. It is noteworthy mentioning that 

the only input in the utilized densities calculation is the matter radii(�f).Table (2) tabulates the calculated charge 

RMS radius for both 15N and 16N nuclei with the corresponding available experimental values using previously 

published data [36]. The obtained results of 15N are in an upright agreement with the reported data, while the 

evaluated values of 16N RMS radius are relatively smaller.  

Table 2: RMS radius values of proton and neutron compared with experimental data. 

 

Nuclei RMS radius(fm) RMS present work 
Present work Experimental Proton Neutron 

15N 2.426 2.42∓0.10 

[36] 

2.4084 2.431 

16N 2.479 2.50∓0.10 

[36] 

3.743 3.85 

 

3.2 Density distributions 
The density distributions analysis of both 15N and 16N nuclei are presented in this section using 2pF model, as 

expressed in Equation (20). The main reason for these nuclei to be selected is the unavailability of experimental 
density distributions data[24]. In the current study, the density distributions is calculated based on two parameters 
one of which is nucleus radius (c), while another is the skin thickness (z). The NDD is based primarily on the (c) 
value, particularly when the value of (c)is greater than the nuclei RMS radius. Herein, the (c) value rises as the mass 
number increases, particularly when the nuclear core and halo skin thicknesses are considered constant. This can 
be clearly observed from Table (1) and (2). 

 The 15N nucleus density distributions were presumed through the consideration of the nucleus as a core and 
consequently evaluating its density distribution; assuming to be of similar shape to the Wood-Saxon alongside the 
0.65 fm as the diffuseness parameter. The signal-neutron wave function can be estimated through solving 
Schrodinger formula which in turn can be solved using Wood-Saxon and/or Coulomb potentials; this can be 
advantageous in attaining a precise separation energies of the neutron, which corresponds to 1p, 2s as well as 1d 
orbitals. The total density distributions were obtained by adding the so-called nucleus as a core and the wave 
function parts. Similarly, 16N analysis was conducted assuming that a single neutron and 15N core are composed. 
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The distribution of the cores was noticed to be practically indistinguishable. The 15N and 16N density distributions 
are very alike, yet the single-neutron of 15N ranges was found to be considerably high-spaced because of the 
relatively small separation energy of the neutron (0.108 MeV). It should be mentioned that the corresponding energy 
separation of the neutron value for 16N being 0.248 MeV. Figure 1 (a and b) illustrates the NDD for both 15N and 
16N nuclei as a function of the distance (r) in fm. The solid curves in Figure 1 are calculated theoretically using 
Equation (2), while the dotted curves are the experimental NDD data of the 2pF. The two curves showed the same 
behavior in falling as r increases in the region of the single-neutron. 

 

Figure 1: The evaluated nucleon density distributions for both 15N (a) and 16N (b) nuclei. The core 15N is 
considered for 16N, while the halo single-neutron is represented separately. The experimentally obtained nucleon 

density distributions are also presented using 2pF model. 
 

3.3 Nucleon momentum distributions  
To calculate the NMD, the CDFM model is used as expressed in Equation (16). In Figure 2 (a and b), the NMD 

is plotted as a function of the momentum A(�v��)for 15N and 16N nuclei, respectively. The NMD dotted and solid 
curves are evaluated using theoretical and experimental weight function |f(x)|2, respectively. It is worth mentioning 
that the general performance of the NMD at regions of high momentum (k ≥2 fm-1) for both 15N and 16N nuclei are 
similar; whereby the mentioned distributions possess the properties of a long-tail which are in a well agreement 
with other reported studies [27-30]. The long-tail in Figure (2), attained using CDFM, is correlated with that of high 
densities ρx(r), Equation (12). This particular hypothesis concludes that 15N and 16N nuclei fluctuation function 
|f(x)|2 is relatively minor, and these outcomes are in an upright agreement with other data obtained experimentally 
[25]. 
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Figure 2: The NMD versus k for 15N “(a) and 16N (b) nuclei. The curve with red circles is the evaluated NMD 
which is expressed using CDFM, while the black solid curve is the evaluated NMD using Equation (8). 

3.4 Elastic form factors 
The nuclei electron scattering quantity provides good insights about the nucleus charge and size distributions. 

The presented results in Figure 3, calculated in the framework of CEDM according to Equation (18), are plotted as 
a function of momentum transfer q (fm-1) for 15N and 16N nuclei. The solid as well as dotted curve in Figure 3 (a 
and b) are the evaluated results with the correction form included and excluded of the finite-size nucleon and mass 
center using Equation (19), respectively. Elastic form factors experimental data are plotted as solid circles for the 
considered nuclei. Figure 3 (a and b) elucidates the form factors obtained experimentally of 15N and 16N nuclei 
which are considered to be in good agreement with those obtained theoretically. The corrections of the form factor 
(red dotted curve) showed a slight reduction in comparison to the presented calculation prior to the corrections 
(solid black curve). The presented correction of the form factor is closer to the experimental values.  
 

 

Figure 3: The charge form factors squared for elastic electron scattering for 15N (a) and 16N (b) nuclei as a 
function of the momentum transfer. 
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4.Conclusion 
 

In the present study, the charge density distributions using 2pF model for 15Nand 16N were reported. 
Furthermore, using the obtained density distributions, the form factors were also evaluated which in turn 
suggested that the form factor depends on the density distributions and RMS radii. It was observed from 
the current investigation that the differences between neutron and proton RMS radii for each nuclei are 
small which agreed with experimental data. The ground state nucleon and matter densities of stable 15N 
and exotic neutron halo nuclei 16N were estimated using the CDFM. The long-tail feature performance 
at the high momentum region of the NMD was demonstrated utilizing both experimental and theoretical 
weight functions. The perceived nuclei electron scattering form factors in the current study are well-
reproduced using the current evaluation throughout the momentum transfer value (q). 
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