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Abstract 

This work explores the bifurcation scenarios of the quantum-dot (QD) 

semiconductor laser with an external cavity (optical feedback) using a dimensionless 

model where the dynamics of the ground and the excited states are examined in 

addition to the wetting layer (WL). It is shown that while chaos was reasoned, mainly, 

to ground state (gs) dynamics at low injection current as a result of fast interdot 

relaxation, it is reasoned to WL at high injection due to saturation. Time series for 

WL, gs, and excited state (es), and the bifurcation diagram are examined at different 

parameters. 

 

Index Terms— quantum-dot (QD) laser, optical feedback, nonlinear dynamics, 

chaos control. 

I. Introduction 

One of the specific characteristics of semiconductor lasers is their low 

sensitivity to any external interference as an optical input that is favored in certain 

scientific applications [1]. In the case of the use of semiconductor lasers in 
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communication and optical networks, expensive optical insulators are required to 

prevent reflections that may lead to temporal laser instability (coherence collapse) [2]. 

On the other hand, many applications take advantage of the rich dynamics produced 

by optical feedback, such as chaos key distribution and safe chaos communication [3-

6]. Optical feedback can be used with some techniques to substantially increase the 

bandwidth of the directly modulated laser modulation [7]. Delay can cause rich 

phenomena results in high dimensionality structures ranging from erratic amplitude 

dropouts (low-frequency fluctuations LFF), multi-stable, sporadic, bursting, and full-

blown chaos [8]. Semiconductor laser dynamics have been monitored and used to 

clarify the stability of CW emissions (steady states) or self-pulsation (periodic 

oscillations) by delay time control feedback [9-16] while delay synchronization and 

coupled lasers have been investigated by bubbling [17-19]. 

High dynamical stability was shown by the QD lasers for optical feedback 

compared to the traditional quantum well (QW) semiconductor laser [20-24]. A QD 

laser transmitter allows the operation without costly optical insulators [25]. Moreover, 

because of their improved dynamic stability, the road to chaos in the QD laser can be 

seen more clearly. The efficiency of the QDs improved with an external cavity was 

coupled with increased oscillations of relaxation damping and miniaturized phase-

amplitude [26-29]. The model presented here considering both the QD ground state 

(gs) and the excited state (es) with occupations ρgs, ρes, and the single-state WL 

population Nwl. The presumption in this model is that the carriers are immediately 

injected into WL, so that they can be captured in QDs. The model neglects the 

transport of the carrier through the active layer, such an assumption has been used 

earlier [30]. 
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The rest of the paper is structured as follows: in Sec. II We presented our QD laser 

model with an external cavity. Section III is containing the results and their 

discussion. The effect of the linewidth enhancement factor was also studied. Finally, 

the results of this work were submerged in Section IV. 

II. Quantum dot laser model  

In the QD laser dynamics, see Fig. 1, carriers are first injected into the QW WL 

until they are caught in the QD [31, 32]. However, the rate of the capture depends on 

the degree of occupancy of the QDs due to Pauli blocking. The model presented here 

is cast from the model in [26] which considers QD with gs only. It is defined by the 

rate equations of the QD laser subjected to an optical feedback and is consist of four 

rate equations: Equation for the normalized laser field E in the cavity, two equations 

for the occupation probabilities gs and es  of the gs and the es, respectively, in the 

QD, and an equation for the number of carriers in the WL reservoir wlN . The system 

is presented by the following rate equations: 

1 1 1
(1 ) (2 1)

2 2 2

i
s o gsE E i g E E e     − = − − + − +       (1.a)  

2
(1 ) (2 1)

esgs c es gs d gs o gsg E      = − − − −            (1.b) 

(1 ) (1 )
wl eses c wl es d es c es gsN       = − − − −             (1.c) 

2 (1 )
wlwl n wl c wl es

J
N N N

e
  = − − −                              (1.d) 

The dot (
.
) shown above on the left-hand side of the system refers to the time 

derivative. Nd is the two-dimensional QD density, wo denoting the frequency of the 

laser at the lasing threshold, while τ is the external round-trip time (delay time). Since 

the model is entirely studied under wo and τ variation, the feedback phase Θ is served 
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as an independent parameter since the change in the length of the external cavity 

induces a minor difference in the phase Θ over its full range [0; 2π] while τ in the 

external cavity ( 2 /L c = ) is hardly affected by these fluctuations. The phase shift is 

given by o  =  where c is the speed of light. The optical phase   and the 

amplitude of the electrical field Eτ are taken at the time delayed (t-τ). The parameter γ 

is the power of the injected field, 2 /dN d=   where   is the optical confinement 

factor and d is the thickness of the QD layer. The parameter α is the linewidth 

enhancement factor, the gain factor is 
o gg =  where σ is the cross-section of the 

interaction between carriers and photons in the QDs and vg is the group velocity. The 

photon decay rates in the cavity, in the WL and the QD are, respectively, γs, γn, and γd. 

The capture rate from the WL into an empty excited state is γcwl, while from excited to 

the gs is γces, J is the pump current per QD and q is the elementary charge. The terms 

[ (1 )]
esc es gs−    in Eq. (1.c) identifies the rate of exchange of carriers in the QDs 

from es to gs while the term [2 (1 )]
wlc wl esN −   in Eq. (1.d) is that from es into 

the WL. ( )( )( )i tE t Se− =  is the electrical field and can be represented by the 

slowly varying normalized complex amplitude of the field S which is the photon 

number and Φ is the phase. Converts the electric field into the photon density S and 

phase Φ, the system becomes:  

[ (2 1) ] cos( )o gs sS g S SS      = − − + −                                        (2.a) 

 (2 1) / sin( )
2 2

o gsg S S 
 

    = − − − −                                           (2.b) 

(1 ) (2 1)
esgs c es gs d gs o gsg S      = − − − −                                        (2.c) 

(1 ) (1 )
wl eses c wl es d es c es gsN       = − − − −                                      (2.d) 
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2 (1 )
wlwl n wl c wl es

J
N N N

e
  = − − −                                                       (2.e) 

The carrier-light interaction is covered in the photon density S which involves all 

the longitudinal modes. The factor 2 in Eq. (2.e) accounts for the degeneracy of 

double spin in the energy levels of the QD and a similar factor (2) is included in the 

definition of the gain factor og  in Eq. (2.a). It is useful to rewrite system Eqs. (2) in a 

dimensionless manner where the numerical solution becomes easy. To this end, we 

introduce the new variables, 

, , (2 1),o o
gs

d s

g g
x S y


=   =  −
 

 

 , ,wl
c

es wl
o

z w N
g


  =


 

1 2, , ,es
c o d

s s s

g  
 =  =  =

  
 

 

 

o
o

J

g q
 =


   and the time scale  st t =  .  

The rate equations system, Eq. (2), becomes  

( 1) cos( )x x y x x   = − + −               (3.a)  

sin( )
2 2

y x x 
 

  = − − −               (3.b) 

1 2 1 2( ) (1 2 )y z y y x=   − − + −         (3.c) 

1 2 1(1 ) (1 / ) / 2z w z z z y=  − − − −      (3.d) 

3 4 32 (1 )ow w w z=  − −  −                  (3.e) 

3 4, ,wl
c n

s s

 
 =  =
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Where s =   and the assumption here is that the delay time τ (in the external 

cavity) inside the active region is greater than the laser round trip time. The fourth-

order Runge-Kutta method is used in numerical simulations, along with Graphics 

Berkeley Madonna, to analyze the time series created by the chaotic regime. The 

work includes the examination of the attractors and the resulting laser bifurcation 

scenario. 

III. Results and discussion 

The dynamics of QD laser must be covered by examining the occupations of 

the continuous higher energy WL, which is considered very high, and the discrete 

states located at the QDs. Accordingly, the capture dynamics are dominated through 

the carrier-photon interaction in the QD-WL.  

Table 1 lists the parameters used in the simulation. The speed of the carrier 

transition from, and to, the excited state is determined by the normalized rates Γ and 

Γ3 values. Fig. 2 (a) and (b) shows the effect of Γ on the turn-on dynamics of the QD 

laser without optical feedback where the turn-on delay time decreases with increasing 

the capture rate from es to an empty gs and the lasing reaches faster, a behavior 

similar to that in [22, 23]. At a low capture rate (Γ=0.72), a change of the equilibrium 

point was shown. Low Γ value leads to long turn-on delay time due to a slowdown in 

the speed at which the charge carriers move from the WL to the es. Increase Γ value 

up to 8.12 is significant in reducing the turn-on delay time whereas the increase or 

decrease in the Γ3 values does not affect the behavior and this indicates that the es 

plays the major role in stabilizing the system. This is with the result in ref. [33] that 

the long QD relaxation time gives less sensitivity to intensity noise. 
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Fig. 3 shows the bifurcation diagram of photons versus the bias current at fixed 

feedback strength (0.312). Increasing the bias current results in a chaotic behavior 

which is then reduced with more increment in the bias to quasi-periodic, double 

periodic, and then periodic, i.e. the laser becomes less sensitive to optical feedback 

with increasing bias current. The beginning of this behavior was discovered in [34], 

while the overall behavior is similar to that seen in bulk lasers by Ohtsubo [35]. This 

can be reasoned to the type of QD layers that construct a QD laser. Although WL has 

a higher number of carriers- continuum state, the QD layer has a very few number of 

states. The QD gs was quickly filled and empty due to the rapid interdot (capture and 

relaxation) process. Thus at first, with increasing current, carriers are relaxed fast 

from WL to gs through es. Then, gs have the main contribution as shown in the left 

inset of Fig. 3. With more current increment, the fast interdot relaxation becomes not 

the controlling factor as the system gets the saturation and a limit cycle was obtained 

in the system behavior as in the right inset of Fig. 3. The right inset show more 

carriers are still with WL while es has less carrier as it is an intermediate state 

(reservoir) and their carriers are relaxed to gs. This is with our recent conclusion that 

WL washes-out modes [16]. 

In Fig. 4, the bifurcation diagram of photons vs. delay time reveals very complex 

patterns in the laser output. The laser develops into chaos states through a normal 

pulsing path, doubling phase, quasi-periodic, and finally a chaotic pulsing state. This 

is with the conclusion of Fig. 3. A limit cycle was obtained at a short delay time (high 

carrier density). The chaotic activity has been achieved for a long delay (less carrier 

density). Other than sporadic and quasi-periodic bifurcations in our system of 

frequency relaxation oscillations, which are common routes to chaos, wo= 0.001 (blue 

curve), the sporadic path to anarchy is one of the well-observed roads. LFF is one of 
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the unstable oscillations often found in QD lasers with optical feedback, known as the 

periodic chaos of saddle-node instability. Fig. 4 also shows a sudden power dropout 

with a following gradual power recovery with wo= 0.02 (red curve) and wo= 0.05 

(green curve). From the perspective of realistic applications, the study of LFFs is very 

important because LFFs induces a lot of noise in the laser output power [36].  

To display the phase of power recovery, the local limit of LFFs is averaged and 

plotted in Fig. 5 where a stepwise power retrieval is evident. Relaxation oscillations 

are used in the power recovery versus each hop and the period of each step in the 

power recovery is typical of the round trip time of light in the external loop. 

Fig. 6 shows the bifurcation diagram vs the feedback strength at bias current δo = 

0.3. For small feedback strength (Ԑ < 0.27) the laser shows a steady-state operation at 

the first cavity mode. The stable limit cycle loses at Ԑ = 0.3 into a solution with 

periodically modulated photon number. For Ԑ > 0.31, the bifurcation diagram shows 

two frequencies: the maxima and minima of the limit loop. The instability found in 

QD lasers, in this case, is quasi-periodic oscillation and a turbulent state. The laser 

output displays frequent pulsing with continuous pulse peak amplitude and interval as 

the feedback strength increases. The laser leads to a quasi-periodic path through 

erratic pulsing states for better feedback. The periodicity in chaotic behavior in QD 

laser is  also detected in [27].  

Fig. 7 shows the time series of photon number, the carrier density of QD gs, es, 

and WL attractor, and ISI for three chosen values of feedback strength where Fig. 7 

(a) and (b) are taken from the above figures. First, in Fig. 7 (a), the feedback strength 

is taken as Ԑ=0.22 where its current dependence is examined in Fig. 3. It gives 

periodic pulsations corresponding to a limit cycle shown in the second column of this 



2021 46(2 )

266

 

figure.  The second point chosen is  Ԑ=0.3, it is indicated earlier in the bifurcation 

diagram in Fig. 4. It is shown that this further increase in the feedback strength Ԑ, the 

system undergoes a period-doubling route to chaos with windows of period two. The 

corresponding time series, attractors, and ISI are depicted in Fig. 7 (b), which is 

related to the two-folded limit cycles in the phase space projection shown in the same 

figures. In Fig. 7 (c) the feedback strength is taken Ԑ = 0.31 where the laser output is 

chaotic as seen in the broad spectrum of Fig. 7 (c) and the large chaotic attractor in the 

phase space projections. This leads to a time series that is susceptible to initial 

circumstances, such as spikes on top of a turbulent backdrop. The corresponding ISI 

histogram reveals that as its exponential tails suggest, the periodic (chaotic) history 

causes the spikes in an irregular sequence. However, the ISI histogram reveals a 

complex structure with sharp peaks on top of this history, showing that the complex 

structure of unstable periodic orbits embedded in the chaotic attractor depends on Ԑ. 

IV. Conclusion  

In this work, a dimensionless model for QD laser dynamics, under external optical 

feedback, was presented where WL and QD states (GS and ES) were considered. The 

decrease of the capture rate value leads to a slowdown in the turn-on value in addition 

to a change in the value of the equilibrium point, and the reason is due to a slowdown 

in the speed at which the charge carriers move from the wet layer to the excited layer. 

Stepwise energy recovery is noticeable oscillations of relaxation that are used in the 

power recovery versus each hop and the period of each step in the power recovery is 

the property of the round trip time of light in the external loop. The system goes to 

periodic oscillations at a high injection current, low feedback rate, or delay time. This 

can be reasoned to fast interdot relaxation.  
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Tables: 

 

 

        Table. 1: Numerical parameters used in the simulation unless stated otherwise. 

Parameters value Parameters value 

xo 0.04 Г 2 0.07 

Φo 0.04 Г 3 5.32 

yo 0.8 Г 4 0.037 

zo 0.51 α 0.9 

wo 0.049 τ 5.78 

Г 8.12 Ԑ 0. 35 

Г 1 1.79 δo 0.17 
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Figures: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1: Schematic energy band diagram of QW and QD. ΔEe, ΔEh denotes the energy spacing 

of the QW band edge and the QD ground state (GS) for electrons and holes. ћω marks the GS 

lasing energy of the QD. 
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Fig. 2: Turn-on dynamics of the QD laser without optical feedback. The capture rates from 

excited into an empty ground state vary (a) from Γ= 8.12 (Black) to Γ= 12.12 (Red), and (b) 

from Γ= 8.12 (Black) to Γ=.72 (Red). And the QD-QW parameters are changed in agreement 

with Table 1. 
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Fig. 3: Bifurcation diagrams of the photon number x vs. bias current. The carrier scenarios 

(carrier number vs photon number) are shown as an inset for two bifurcation points.  

 

 

 

 

 

 

 

 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0

5

10

15

20

25
Bifurcation diagram for a model equations

I
o

X m

2 4 6 8 10 12 14 16 18 20
0

0.5

1

1.5

2

2.5

X

Y
,Z

,W

 

 

Y

Z

W

0 1 2 3 4 5 6 7 8
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

X

Y
,Z

,W

 

 

Y

Z

W



2021 46(2 )

274

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4:  Bifurcation vs. delayed time at w0 = 0.001(Blue), w0 = 0.02(Red) and w0 = 

0.05(green). Other parameters are Ԑ=0.312, δo=0.281. 
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Fig. 5:  Local of photon maximum of (LFFs)vs. delayed time at w0 = 0.001(blue), w0 = 

0.02(red) and w0 = 0.05(green). Other parameters are Ԑ=0.312, δo=0.281. 
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Fig. 6: Bifurcation diagrams of the photon density x dependence of the feedback strength Ԑ 

for small α=0.9. 
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Fig. 7: Time series (left), attractors and ISI (right) for selected feedback strengths Ԑ: rows (a–

c) correspond to Ԑ=0.25-0.31 as indicated by the bifurcation diagram for small α =0.9 and 

δo=0.17 in Fig. 4. 
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