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CHEBYSHEV POLYNOMIALS FOR CERTAIN SUBCLASS OF
BAZILEVIĆ FUNCTIONS ASSOCIATED WITH RUSCHEWEYH

DERIVATIVE

ABDUL RAHMAN S. JUMA1, SABA N. AL-KHAFAJI2, AND OLGA ENGEL3

Abstract. In this paper, through the instrument of the well-known Chebyshev
polynomials and subordination, we defined a family of functions, consisting of
Bazilević functions of type α, involving the Ruscheweyh derivative operator. Also,
we investigate coefficient bounds and Fekete-Szegö inequalities for this class.

1. Introduction and definitions

Let A be the class of functions f of the form

(1.1) f(z) = z +
∞∑
k=2

akz
k,

which are analytic in the open unit disk U = {z : z ∈ C : |z| < 1}. Let S denote the
class of analytic functions f ∈ A, which are univalent in U and are normalized with
the following conditions:

f(0) = 0 and f ′(0) = 1.

Let f and g be analytic functions in U. We say that the function f is a subordinate
to g in U, written as f ≺ g, if there exists a Schwarz function w, which is analytic in
U with w(0) = 0 and |w(z)| < 1, (z ∈ U) such that f(z) = g(w(z)). Furthermore, if
g is univalent in U, then we get

f(z) ≺ g(z), (z ∈ U)⇔ f(0) = g(0) and f(U) ⊂ g(U) (see [6]).
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The problem of finding the sharp bounds for the non-linear functional |a3−µa2
2| for

Taylor-Mclaurin series is popularly known as the Fekete-Szegö problem. This problem
has a rich history in the geometric functions theory. Its source was in the disproof by
Fekete and Szegö of the 1933 guess of Littlewood and Paley that the coefficients of
odd univalent functions are limited by unity (see [7], has since received great attention,
especially in many subclasses of the family of univalent functions. For that reason
Fekete-Szegö functional was studied by many authors and a some assessments were
found in a numerous subclasses of normalized univalent functions (see [3,9,11,12,14]).

The significance of Chebyshev polynomial in numerical analysis is increased in both
theoretical and practical points of view. Out of four kinds of Chebyshev polynomials,
many researchers dealing with orthogonal polynomials of Chebyshev, contain chiefly
results of first and second kinds of Chebyshev polynomials Tk(t) and Uk(t) respectively
and their numerous uses in different applications. Additionally, one can see those
given by the papers in ([1, 2, 4, 5] and [8]). The Chebyshev polynomials of the first
and second kinds are well known in the case of a real variable t on (−1, 1), which are
defined as follows

Tk(t) = cos kθ,

Uk(t) =sin(k + 1)θ
sin θ ,

where k is the degree of the polynomial and t = cos θ.
In [14] (also see [13]) Ruscheweyh introduced the following derivative operator:

D0f(z) =f(z),

Dnf(z) =z(z
n−1f(z))(n)

n! ,

for n ∈ N = {1, 2, . . . }. The symbol Dnf is called the nth order Ruscheweyh derivative
of f .

We observe that

D0f(z) =f(z),
D1f(z) =zf ′(z),

and in general

Dnf(z) = z +
∞∑
k=2

ρ(n, k)akzk,

where

ρ(n, k) =
(
n+ k − 1

n

)
.
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Definition 1.1. A function f ∈ A of the form (1.1) belongs to class G(α, t), if it
satisfies the following subordination

(1.2) G(α, t) =
{
f ∈ A : (Dnf(z))′(Dnf(z))α−1

zα−1 ≺ 1
1− 2tz + z2

}
,

where 0 ≤ α ≤ 1, t ∈
(

1
2 , 1

]
and z ∈ U.

Note that, if t = cosα, α ∈ (−π/3, π/3), then

H(z, t) := 1
1− 2 cosαz + z2

=1 +
∞∑
k=1

sin((k + 1)α)
sinα zk (z ∈ U).

Thus
H(z, t) = 1 + 2 cosαz + (3 cos2 α− sin2 α)z2 + · · · (z ∈ U).

Therefore, from [15] we can write
H(z, t) = 1 + U1(t)z + U2(t)z2 + · · · (z ∈ U, t ∈ (−1, 1)),

where
Uk−1(t) = sin(k arccos t)√

1− t2
(k ∈ N)

denotes the Chebyshev polynomials of the second kind. It is known that
Uk(t) = 2tUk−1(t)− Uk−2(t)

and
U1(t) =2t,
U2(t) =4t2 − 1,(1.3)
U3(t) =8t3 − 4t.

...
The ordinary generating function for Chebyshev polynomials Tk(t), t ∈ [−1, 1], of the
first kind have the following form

∞∑
k=0

T(t)zk = 1− tz
1− 2tz + z2 (z ∈ U).

The Chebyshev polynomials of the first kinds Tk(t) and of the second kinds Uk(t)
are connected by the following relations:

dTk(t)
dt =kUk−1(t),

Tk(t) =Uk(t)− tUk−1(t),
2Tk(t) =Uk(t)− Uk−2(t).
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By giving specific values to the parameters α and n in this class we obtain the
following cases.

(i) If α = 0 and n = 0, then we get

zf ′(z)
f(z) ≺ H(z, t) := 1

1− 2tz + z2 ,

it reduces to a special case of the class B
µ
Σ(λ, t), which was introduced by Bulut,

Magesh and Abirami [5].
(ii) If n = 0 and α = 1, then we get

f ′(z) ≺ H(z, t) := 1
1− 2tz + z2 ,

it also reduces to a special case of the class Bµ
Σ(λ, t), which was introduced by Bulut,

Magesh and Abirami [5].
(iii) If n = 0, then we get

f ′(z)
(

z

f(z)

)1−α

≺ H(z, t) := 1
1− 2tz + z2 ,

it reduces to the class H(α), which was introduced by Bulut, Magesh and Abirami
[5], as a special case to the class Bµ

Σ(λ, t).
The aim of this paper is to provide estimates for initial coefficients of Bazilević

functions of type α in the class G(α, t), involving by the Ruscheweyh derivative
operator. Besides that, the problem of Fekete- Szegö in this class is additionally
explained.

2. Preliminaries

We need the following lemma to prove our main result.

Lemma 2.1 ([10]). If w ∈ S, then for any complex number µ

|w2 − µw2
1| ≤ max{1, |µ|}.

The result is sharp for the functions w(z) = z2 or w(z) = z.

3. Main Results

Theorem 3.1. Let f ∈ A belong to the class G(α, t). Then

|a2| ≤
2t

(α + 1)
(
n+1
n

)
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and

|a3| ≤
4t2 + 2t− 1
(α + 2)

(
n+2
n

) + 4t2

(α + 1)(α + 2)
(
n+2
n

) − 8αt2

(α + 1)2(α + 2)
(
n+2
n

)
− 4α(α− 1)t2

2(α + 1)2(α + 2)
(
n+1
n

)(
n+2
n

) .
Proof. If f ∈ G(α, t), then from (1.2) we have

(3.1) (Dnf(z))′(Dnf(z))α−1

zα−1 = 1 + U1(t)w(z) + U2(t)w2(z) + · · · .

Replacing the value of Dn(f(z)) and (Dn(f(z)))′ with their equivalent series expres-
sions in (3.1), it follows that(
z +

∞∑
k=2

kρ(n, k)akzk
)(

1 +
∞∑
k=2

ρ(n, k)ak(α)zk−1
)

z +
∞∑
k=2

ρ(n, k)akzk
= 1+U1(t)w(z)+U2(t)w2(z)+· · · .

By using the binomial expansion of 1 +
∞∑
k=2

ρ(n, k)ak(α)zk−1, upon simplification we
obtain(

z + 2
(
n+ 1
n

)
a2z

2 + 3
(
n+ 2
n

)
a3z

3 + · · ·
)

×
(

1 + α

(
n+ 1
n

)
a2z +

[
α

(
n+ 2
n

)
a3 + α(α− 1)

2!

(
n+ 1
n

)
a2

2

]
z2 + · · ·

)

=
[
1 + U1(t)w(z) + U2(t)w2(z) + · · ·

] (
z +

(
n+ 1
n

)
a2z

2 +
(
n+ 2
n

)
a3z

3 + · · ·
)
,

where w is an analytic function, such that w(0) = 0 and
(3.2) |w(z)| = |c1z + c2z

2 + c3z
3 + · · · | < 1 (z ∈ U),

where
(3.3) |cj| ≤ 1 (j ∈ N).
From (3.2) and (3.3), we have(

z + 2
(
n+ 1
n

)
a2z

2 + 3
(
n+ 2
n

)
a3z

3 + · · ·
)

(3.4)

×
(

1 + α

(
n+ 1
n

)
a2z +

[
α

(
n+ 2
n

)
a3 + α(α− 1)

2!

(
n+ 1
n

)
a2

2

]
z2 + · · ·

)
=
[
1 + U1(t)c1z + (U1(t)c2 + U2(t)c2

1)z2 + · · ·
]

×
(
z +

(
n+ 1
n

)
a2z

2 +
(
n+ 2
n

)
a3z

3 + · · ·
)
.
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From (3.4), we obtain

(3.5) a2 = U1(t)c1

(α + 1)
(
n+1
n

) .
It is easily seen that from (1.3) and (3.5), we have

|a2| ≤
2t

(α + 1)
(
n+1
n

) .
Now, in order to find the bound on |a3|, from (9), we get

a3 =U1(t)c2 + U2(t)c2
1

(α + 2)
(
n+2
n

) + U2
1(t)c2

1

(α + 1)(α + 2)
(
n+2
n

) − 2αU2
1(t)c2

1

(α + 1)2(α + 2)
(
n+2
n

)
− α(α− 1)U2

1(t)c2
1

2(α + 1)2(α + 2)
(
n+1
n

)(
n+2
n

) .(3.6)

By using (1.3) and (3.5) in (3.6), we get

|a3| ≤
4t2 + 2t− 1
(α + 2)

(
n+2
n

) + 4t2

(α + 1)(α + 2)
(
n+2
n

) − 8αt2

(α + 1)2(α + 2)
(
n+2
n

)
− 4α(α− 1)t2

2(α + 1)2(α + 2)
(
n+1
n

)(
n+2
n

) . �

Theorem 3.2. If function f of the form (1.1) belongs to the class G(α, t), then

|a3 − µa2
2| ≤

2t
(α2 + 2)

(
n+2
n

) max

1,

∣∣∣∣∣∣4t
2 − 1
2t + 2t

(α2 + 1) −
4α2t

(α2 + 1)

−
α(α− 1)t

(
n+2
n

)
(α2 + 1)

(
n+1
n

)2 − µ
2t
(
n+2
n

)
(α2 + 2)

(α2 + 1)2
(
n+1
n

)
∣∣∣∣∣∣
.

The result is sharp.

Proof. From (3.5) and (3.6), we get

a3 − µa2
2 =U1(t)c2 + U2(t)c2

1

(α + 2)
(
n+2
n

) + U2
1(t)c2

1

(α + 1)(α + 2)
(
n+2
n

) − 2αU2
1(t)c2

1

(α + 1)2(α + 2)
(
n+2
n

)
− α(α− 1)U2

1(t)c2
1

2(α + 1)2(α + 2)
(
n+1
n

)(
n+2
n

) − µ U2
1(t)c2

1

(α + 1)2
(
n+1
n

)2 .
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Therefore,

a3 − µa2
2 = U1(t)

(α + 2)
(
n+2
n

)
c2 +

U2(t)
U1(t)

+ U1(t)
(α + 1) −

2α2U1(t)
(α + 1)2

−
α(α− 1)U1(t)

(
n+2
n

)
2(α + 1)2

(
n+1
n

)2 − µ
U1(t)

(
n+2
n

)
(α + 2)

(α + 1)2
(
n+1
n

)2

c2
1

.
Then, in view of Lemma 2.1, we conclude that

|a3 − µa2
2| ≤

U1(t)
(α + 2)

(
n+2
n

) max

1,

∣∣∣∣∣∣U2(t)
U1(t)

+ U1(t)
(α + 1) −

2α2U1(t)
(α + 1)2

−
α(α− 1)U1(t)

(
n+2
n

)
2(α + 1)2

(
n+1
n

)2 − µ
U1(t)

(
n+2
n

)
(α + 2)

(α + 1)2
(
n+1
n

)2

∣∣∣∣∣∣
,

which is equivalent to

|a3 − µa2
2| ≤

2t
(α + 2)

(
n+2
n

) max

1,

∣∣∣∣∣∣4t
2 − 1
2t + 2t

α + 1 −
4α2t

(α + 1)2

−
α(α− 1)t

(
n+2
n

)
(α + 1)2

(
n+1
n

)2 − µ
2t
(
n+2
n

)
(α + 2)

(α + 1)2
(
n+1
n

)2

∣∣∣∣∣∣
.

This completes the proof. �

Putting α = 1 in Theorem 3.2, we obtain the following result.

Corollary 3.1. If f given by (1.1) belongs to the class G(1, t), then

|a3 − µa2
2| ≤

2t
3
(
n+2
n

) max

1,

∣∣∣∣∣∣4t
2 − 1
2t − t− µ

3t
(
n+2
n

)
2
(
n+1
n

)
∣∣∣∣∣∣
 .

The result is sharp.
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