
Al-Qadisiyah Journal of Pure Science  Vol.(26) Issue  (2) (2021) pp. Math. 66–76 
 
 

----------------------------------------------------------------------------------------------------------------------------- ------------------------------------------------------------------------------------------------
 

a,b  Department of Mathematics, College of Education for pure science,University of     Anbar-Iraq  

E-mail:s huda.fawziu@uoanbar.edu.iq ,  dr_juma@hotmail.com  

 

 

                                                          http://qu.edu.iq/journalsc/index.php/JOPS 

 Faber Polynomial  for Holomorphic Functions Involving Differential  

Operator       

 

 

 

 

 

 

 

 

 

 

 

 

 

1.Introduction 

 Let    be the class of functions f of the form  

                   ( )     ∑     
  

   , (   )                                               (1.1) 

which are  holomorphic and  normalized in the unit disk   *    | |   +. 

Definition:1.1. Let   ( ) be  holomorphic and univalent in   and f  also  holomorphic  in  , then f is 

subordinate to g if there be a Schwartz  functions w(z) it is also holomorphic   in   with w(0)= 0 and 

│w(z)│          such that   ( ) =   (w(z)). 
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ABSTRACT 

 
      The purpose of this  paper, is to  present  differential  operator for the 

univalent    functions  employ a Faber Polynomial . In addition, we will introduce 

some inclusion properties of the operator that were obtained employ the principle 

of subordination between holomorphic  functions. 
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   This denoted by f     Furthmore, assume   is univalent in  . Then the next part holds,        -  

f      ( )   ( )      ( )    ( )  

For the function f of the form (1.1) ,we will present result the following: f is  starlike and  convex, 

respectively, with respect to the  origin, if and only if 

  {
   ( )

 ( )
}           

and  

  {  
    ( )

  ( )
}           

f is  starlike and convex, respectively, of order   if only and if    

     {
   ( )

 ( )
}                 

and 

   {  
    ( )

  ( )
}                 

Remark1.1 The function f is convex, if and only if  z  ( ) is starlike. This is according to the 

Alexander
,
s Theorem[3]. 

Definition:1.2.Let f   and   is starlike of order      i.e.     ( )  then f   (   )  if and only if, 

  2
   ( )

 ( )
3         we named this function closed-to-convex function of order            For 

f     the next subclasses of starlike, convex and closed-to-convex functions   (   )  (   ) and 

K( ,     )  of order   ,with many authors have studied,        -  and respectively defined by:   

  (   )= 2    
 

   
.
   ( )

 ( )
  /   ( )    3 

C(   )  2     
 

   
.  

    ( )

  ( )
  /   ( )    3 

               K(η, ;  , )  2     
 

   
.
   ( )

 ( )
  /   ( )         ( )      (   )3 

From (1.1),we have 

f( )    0   (       
     

   )  
 (   )

  
(       

     
   )   1 
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    4    

 (   )

  
  
 5     4    

 (   )

  
      

 (   )(   )

  
5     

 4    
 (   )

  
(        

 )  
 (   )(   )

  
   

      
 (   )(   )(   )

  
5           

                   =       
        

        
      

definition we give ( ( )) by 

                                                   ( )     ∑   ( ) 
      

   .                                             (1.2) 

Thus as              

 ( )    ∑    
  

 

   
 

For f                     differential operator     
          is defined 

                   
    ( )   (    

      ( ) ) .
  (   )

   
/ (    

      ( ) )  
   

   
z(    

      ( ) )
 
      (1.3) 

= .
  (   )(   )

   
/
 

   ∑ .
  (   )(     )

   
/
 

 
     ( ) 

     , 

and  

where (                 * +         )  For more details see, -  

From equation (1.3),we get 

    
      ( )  4

  (   )

   
5(    

    ( ))  
   

   
(    

    ( ))
 
 

   

   
z(     

    ( ))
 
=    

      ( )   .
  (   )

   
/ (    

    ( ))                                         (1.4) 

We indicate by                all function   which are  holomorphic  and univalent in   each of 

them  ( ) is convex such that  ( )          ( ( ))         

  In this paper, we present differential operator from in relation to (1.1) and (1.2).We must use the 

principle of subordination between  holomorphic functions to present the subclasses of starlike, convex 

and close-to-convex functions   (   )  (   ) and   (       ) of order    respectively, for the 

function         which are defined by: 

       

      
   (   )   { ( )         

    ( )      (   )} 

      
   (   )   { ( )         

    ( )    (   )}  

      
   (        )  { ( )         

    ( )    (        )}  
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Next ,we will give  introductory results that will be used  in the show that of the main results of the 

paper.  

 

Lemma:1.1.,      - Let   be convex, univalent in   with  ( )    and   *  ( )   +        
   f   is holomorphic in   with  ( )     then 

 (z) + 
   ( )

  ( )  
    ( )            ( )   ( )       

 

Lemma:1.2.,    - Let   be  convex, univalent in   and  w be  holomorphic  in   with  e(w(z))     
If   is  holomorphic  in      with    (0) =   ( )  then 

 ( )   ( )   ( )    ( )    , means  ( )   ( )      

We will introduce some inclusion properties of the operator     
    ( )  by the principle of 

subordination. 

2.Main Results 

Theorem:2.1 Let f   and let     with   4(   ) ( )    
  (   )

   
5     Then, 

      
     (   )         

   (   ) 

Proof: Let f( )         
     ( )  and let 

  ( )  
 

   
(
 (    

     ( ))
 

    
     ( )

  )                                           (   )  

Applying (1.5) in (2.1), we get: 

 ( )   
 

   
:
    
      ( )  .

  (   )

   
/ (    

     ( ))

   

   
    
     ( )

  ; 

:
     

      ( )  .
  (   )

   
/ (     

    ( ))

   

   
     

    ( )
  ;   (   ) ( ) 
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:
    
       ( )  .

  (   )

   
/ (    

    ( ))

   

   
     

    ( )
;    (   ) ( )     

:
    
       ( )

   

   
     

     ( )
 
.
  (   )

   
/ (     

    ( ))

   

   
     

     ( )
;   (   ) ( )     

    
       ( )

   

   
     

     ( )
  (   ) ( )    4

  (   )

   
5                                    (   ) 

Differentiating (2.2) logarithmically with respect to z  

    :
    
       ( )

   

   
     

    ( )
;     ((   ) ( )    

  (   )

   
) 

 

   .     
     

 ( )/     (
   

   
    
   
  ( ))     ((   ) ( )    

  (   )

   
) 

(     
      ( ))

 

(     
      ( ))

 
.
   

   
/ .    

     ( )/
 

.
   

   
/ .    

     ( )/
 

(   )  ( )

(   ) ( )  
  (   )

   

 

(     
      ( ))

 

(     
      ( ))

  
(    

     ( ))
 

(     
    ( ))

 
(   )  ( )

(   ) ( )  
  (   )

   

                          (   ) 

On the other hand: 

(    
     ( ))

 

(     
    ( ))

  
(   ) ( )   

 
                                  (   ) 

using (2.3) and (2.4)   

(     
      ( ))

 

(    
       ( ))

  
(   ) ( )   

 
 

(   )  ( )

(   ) ( )  
  (   )

   

 

(    
       ( ))

 

(    
       ( ))

 
(   ) ( )

 
 
 

 
 

(   )  ( )

(   ) ( )  
  (   )
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(     
      ( ))

 

(     
      ( ))

 
 

 
 
(   ) ( )

 
 

(   )  ( )

(   ) ( )  
  (   )

   

 

 .     
     

 ( )/
 

.     
     

 ( )/
   

(   ) 6 ( )4(   ) ( )    
  (   )

   
57     ( )

0(   ) ( )    
  (   )

   
1

 

  

 

   
 (
 (    

       ( ))
 

(    
       ( ))

  )  

 ( ) 4(   ) ( )    
  (   )

   
5

4(   ) ( )    
  (   )

   
5

 
   ( )

4(   ) ( )    
  (   )

   
5

 

 

 

   
(
 (     

      ( ))
 

(     
      ( ))

  )   ( )  
   ( )

4(   ) ( )    
  (   )

   
5

                   (   ) 

Applying Lemma (1.1) to (2.5),we get 

  *  ( )   +     

     ( ( ))      

Since   convex, order   

  {  
    ( )

  ( )
}      

    ( )

  ( )
                        

  8(   ) ( )    
  (   )

   
9          

(   )  ( ( ))    
  (   )

   
      ( )      ( ( ))         

(   )    
  (   )

   
     

then 

 ( )  
   ( )

(   ) ( )    
  (   )

   
 
    ( )            ( )   ( )      

     i.e. f(z)       
     ( ). 

Thus, 

                                               
      ( )          

    ( )                                                         □ 

 

Theorem:2.2. Let f    and let     with    2(   ) ( )    
  (   )

   
 3           
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      ( )          

    ( )  

 

Proof: From Remark 1.1, we have: f        starlike and convex, respectively, order    if and  only if  

  {
   ( )

 ( )
}                 

and 

  {  
    ( )

  ( )
}                 

A function  f    is  uniformly starlike and  uniformly convex, respectively, of  order    if and only if 

[5] 

  {
   ( )

 ( )
}     

   ( )

 ( )
          

and 

  {  
    ( )

  ( )
}    

    ( )

  ( )
          

where                        

The relation between the classes of  starlike and convex functions, obviously ,led us to the next 

relation .  

         
     (   )              

     (   )  

From Theorem 2.1,we get 

          
     (   )              

     (   )          
   (   ) 

              
   (   ) 

                 
   (   )  

Thus, 

      
     (   )           

   (   )                               

□ 

The function  ( )  
    

    
  is  holomorphic  and satisfies  ( )    Thus,we get the next corollaries: 

Corollary:2.1.Let f          
    

    
          in Theorem 2.1.Then:   

      
     (     )          

    (     ). 

Corollary:2.2.Let f          
    

    
          in Theorem 2.1.Then:    

      
     (     )            

   (     )         
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Theorem:2.3 Let f                         2(   ) ( )     
  (   )

   
3     Then: 

      
     (        )            

   (        )        

Proof : Let f           
      (        )  and let           

     (   ) such that: 

  {
 (     

      ( ))
 

    
       ( )

}         

 

The next should, we get 

 

   
(
 (     

      ( ))
 

    
       ( )

  )         

Let    

 ( )  
 

   
:
 (    

       ( ))
 

    
       ( )

  ;                                                          (   )  

 

(
 (    

       ( ))
 

    
       ( )

  )   (   ) ( ) 

 (     
      ( ))

 

    
       ( )

  (   ) ( )     

From (1.6),we get 

     
      ( )  .

  (   )

   
/ (    

     ( ))

   

   
    
     ( )

 (   ) ( )    

    
       ( )  .

  (   )

   
/ (     

    ( ))

   

   

 ,(   ) ( )   - (    
     ( )) 

    
       ( )

 
   

   

 
.
  (   )

   
 /

   

   
 

.    
     ( )/  ,(   ) ( )   - .     

    ( )/  
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Mean that 

(    
       ( ))

 

   

   
 

 4
  (   )

   
 5 (    

     ( ))
 
 ,(   ) ( )   -(    

     ( ))
 
 

                                             [(   )  ( )](    
   

  ( )) . 

 (   )

   
(     

      ( ))
 
 .

  (   )

   
/  (    

     ( ))
 
 ,(   ) ( )   - (    

     ( ))
 
  

                                                             

                                                                   [(   )   ( )](    
   

 ( ))             (   ) 

Also, by Theorem 2.1,          
     (   )         

   (   )   

Thus, let  

 ( )  
 

   
(
 (    

    ( ))
 

    
    ( )

  )                                                     (   ) 

Using (1.6) in (2.8),we get  

(
 (     

    ( ))
 

     
    ( )

)  (   ) ( )    

    
       ( )  .

  (   )

   
 / (     

    ( ))

 
   

   
     

    ( )
  (   ) ( )     

    
       ( )

 
   

   
     

    ( )
 
.
  (   )

   
 / .     

    ( )/

   

   
      

    ( )
 (   ) ( )    

                              
    
       ( )

 
   

   
     

    ( )
 (   ) ( )    

(  (   ))

   
                                   (   ) 

And further, from (2.7) and (2.9), we get 

   

   
(     

      ( ))
 

   

   
 
    
       ( )

     
    ( )

 
.
(  (   ))

   
 /  (     

    ( ))
 
 ,(   ) ( )   - (     

    ( ))
 

0(   ) ( )    
(  (   ))

   
 1

 

 
,(   )   ( )-(     

    ( ))

0(   ) ( )    
(  (   ))

   
 1
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 1
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 1
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Algebraic manipulation in (2.10 ) gives: 

   (    
       ( ))

 

 (    
       ( ))

    ,(   ) ( )-  
,(   )   ( )-

0(   ) ( )     
(  (   ))

   
1
 

 

   
( 
   (    

       ( ))
 

 (    
       ( ))

  )   ( )  
,   ( )-

0(   ) ( )    
(  (   ))

   
 1
  

               So, we get 
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 ( )  
 

0(   ) ( )    
(  (   ))

   
1
 

Applying Lemma 1.2, we get 

 ( )     ( )                   
     (       )                             □ 

 

 

3. Conclusion: In this article we concluded that in this case of applying the      differential operator 

for univalent function using a Faber polynomial it remains preserving it's geometric properties and 

there are other conditions added to obtain results inside the  unit disk. 
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