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Abstract

A new approach is proposed for classifying the problems of determining the maximum common
fragments (MCF ) for two connected structures included in the T -digraph, based on the type of
the maximum common fragment. A tree of classification the problems of determining the maximum
common fragments (MCF ) for two structures tiG, tjG (MCF (tiG, tjG)) included in the T -digraph
is proposed. Examples are given for a digraph tG with three types of its fragments (parts), and
for five connectivity types of digraphs. The formulation of six basic problems of determining the
maximum common fragments (MCF ) for two connected structures included in the T -digraph is
given. A classification is proposed for an isomorphic embedding of a digraph into another.

Keywords: temporal digraph, maximum common fragment, maximum common subgraph,
spanning subgraph, induced subgraph, classification of maximum common fragments, Isomorphic
embedding.

1. Introduction

Currently, topical research in theoretical and applied graph theory is the study of dynamic di-
graphs, that is, digraphs whose structure changes with time [1] − [16]. In such digraphs, called
temporal digraphs ( T -digraphs), the analyzed set of vertices, or arcs, or both vertices and arcs, can
change at different times. The structure of the T -digraph helps to study, predict and optimize the
behavior of dynamical systems.
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As one of the central theoretical problems in [1], the problem of determining the maximum
common fragment (MCF ) of the structures of a T -digraph, which does not change with time, is
singled out. The MCF can be a subgraph of a digraph, or a spanning subgraph of a digraph, or
an induced of a digraph [17]. Below we propose a classification of the types of maximum common
fragments that can be the result of solving a problem, and which determine the variety of types
of problems for determining the maximum common fragment of a T -digraph. The highlighted
problem has not only theoretical, but also broad applied interest, for example, in a new area of
management related to the management of social networks, its structures [10] . Currently, work
on the structural analysis of corporate social networks is relevant, in particular on the analysis of
networks of intracorporate communications of the company’s employees [18]. The determination and
analysis of stable, non-changing with time, communities of employees of the company on formal and
informal connections helps the head of the company to create a single team of employees united by
a common aim. Solving the problem of determining the maximum subsets (basic, most significant)
of the company’s employees who are in constant working interaction throughout the entire period
of execution of one or more important projects (tasks) will allow the head of the company to make
informed management decisions.

2. Basic definitions

G =
〈
V (t), E(t), T

〉
we call a temporal digraph ( T -digraph), where V (t) is the set of vertices of

the graph at time t and
∣∣V (t)

∣∣ = p(t) (number of vertices), T = 1 . . . N is the set of natural numbers

defining (discrete) time, E(t) is the set of arcs (the family of correspondences or mappings) Γt ∈ E(t)

of the set of vertices V (t) into itself at time t ∈ T [4]. We denote by tG the T - digraph at time t.
The vertex vi is reachable from the vertex vj in the digraph tG, if there is a path from vj to vi.

A digraph tG is called strongly connected or strong if any two of its different vertices are mutually
reachable [19][20][21]. A digraph tG is called unilaterally connected or unilateral, if for any two
different vertices at least one is reachable from the other [22] . A connected digraph tG is called
weakly connected, if it contains pairs of different vertices with unilateral connection [23]. A digraph
tG is not connected, if it contains at least two different unreachable vertices.

A digraph tG is called strongly connected or strong, if for any two different vertices there is at
least one path connecting these vertices. This also means that any two vertices of a strong connected
graph are mutually reachable.
As follows from the above introduced definitions, each strong digraph tG is unilateral, and every
unilateral digraph tG is weak, but the converse statements are not true.

When removing one or several vertices and incident arcs in tG, we obtain an induced subgraph
of the digraph tG, an example of an induced subgraph of tG is shown in fig. 1−A. When removing
one or several arcs in tG, we obtain a spanning subgraph of the digraph tG, thus, the spanning
subgraph has the same set of vertices as tG, but the set of its arcs is a subset of the set of arcs of
tG, an example of a spanning subgraph of tG is shown in fig. 1 − B, and when removing vertices
and incident arcs in tG, and then removing arcs from the resulting part, leads to the selection of a
subgraph of the digraph tG, an example of a subgraph of tG is shown in fig. 1−C. In fig. 1, shows
an example of a digraph tG and three types of its fragments (parts).



Classification of problems of determining the maximum common fragments 12 (2021) No.
1, 869-875 871

Figure 1: An example of a digraph tG and three types of its fragments (parts) (A− is an induced subgraph of a tG
-digraph, B - is a spanning subgraph of a tG -digraph, C - is a subgraph of a tG digraph)

In fig. 2 examples are shown to demonstrate the five connectivity types of digraphs.

Figure 2: Examples of five connectivity types of digraphs

A digraph t1G =
〈
V (t1), E(t1), T

〉
is isomorphic to the digraph t2G =

〈
V (t2), E(t2), T

〉
(denoted by

t1G ≈ t2G), if there exists a mapping ϕ : V (t1) → V (t2), such that(
∀vi, vj ∈ V (t1)

) (
〈vi, vj〉 ∈ E(t1) ↔ 〈ϕ (vi) , ϕ (vj)〉 ∈ E(t2)

)
where ϕ (vi) , ϕ (vj) ∈ V (t2). The set of all isomorphisms of the digraph tG onto itself forms a group
by multiplication of permutations ϕ and is denoted by Aut(tG). The order of the group is denoted
by |Aut(tG)|. The order of this group is called the symmetry number of the digraph. A digraph tG
is called identical, if |Aut(tG)| = 1.

3. Isomorphic embedding of a digraph into another digraph

A digraph t1G =
〈
V (t1), E(t1), T

〉
is isomorphically embedded into a digraph t2G =

〈
V (t2), E(t2), T

〉
as a fragment, if t2G contains a fragment f, such that f ≈ t1G (denoted by t1G ⊆f t2G

)
. As we
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explained above that the fragment of any directed graph is classified into three types (subgraph, span-
ning, induced subgraph), and this classification is according to the process of removing the vertices
and arcs. Therefore, we can classify the isomorphic embedding of a digraph t1G =

〈
V (t1), E(t1), T

〉
into a digraph t2G =

〈
V (t2), E(t2), T

〉
as follows:

1- If a fragment f is a subgraph in t2G, then a digraph t1G =
〈
V (t1), E(t1), T

〉
is isomorphically

embedded into a digraph t2G =
〈
V (t2), E(t2), T

〉
as a subgraph and denoted by t1G ⊆S t2G.

2- If f is a spanning subgraph in t2G, then a digraph t1G =
〈
V (t1), E(t1), T

〉
is isomorphically

embedded into a digraph t2G =
〈
V (t2), E(t2), T

〉
as a spanning subgraph, and denoted by

t1G ⊆SS t2G.

3- If f is an induced subgraph in t2G, then a digraph t1G =
〈
V (t1), E(t1), T

〉
is isomorphically

embedded into a digraph t2G =
〈
V (t2), E(t2), T

〉
as induced subgraph, and denoted by t1G ⊆IS

t2G.

4. The maximum common fragment for two structures of T -digraph

By the maximum common fragment (MCF ) for two structures t1G, t2G of T -digraph (MCF (t1G, t2G)) ,
we mean a fragment f1 = t1,2G

∗ =
〈
V (t1,2), E(t1,2), T

〉
, such that t1,2G

∗ ⊆f t1G and t1,2G
∗ ⊆f t2G.

Since each fragment is one of three types (subgraph, spanning subgraph, induced subgraph), it
is possible to determine the maximum common fragment (MCF ) for two structures t1G, t2G of T
-digraph according to its type, as follows:

1. 1- If a fragment f1 is a subgraph, then the maximum common subgraph ( MCS ) for t-
wo structures t1G, t2G of T -digraph (MCS (t1G, t2G)) is denoted by t1,2G

∗ and t1,2G
∗ =〈

V (t1,2), E(t1,2), T
〉
, such that t1,2G

∗ ⊆S t1G and t1,2G
∗ ⊆S t2G.

2- If a fragment f1 is a spanning subgraph, then the maximum common spanning subgraph
(MCSS) for two structures t1G, t2G of T -digraph (MCSS (t1G, t2G)) is denoted by t1,2G

∗

and t1,2G
∗ =

〈
V (t1,2), E(t1,2), T

〉
, such that t1,2G

∗ ⊆SS t1G and t1,2G
∗ ⊆SS t2G.

3- If a fragment f1 is an induced subgraph, then the maximum common induced subgraph
(MCIS) for two structures t1G, t2G of T -digraph (MCIS (t1G, t2G)) is denoted by t1,2G

∗

and t1,2G
∗ =

〈
V (t1,2), E(t1,2), T

〉
, such that t1,2G

∗ ⊆IS t1G and t1,2G
∗ ⊆IS t2G.

5. Classification of problems of determining the maximum common fragments (parts)
for two structures of one T-digraph

In fig. 3 , a classification tree is proposed for the problems of determining the maximum common
fragments (parts) for two structures tiG, tjG (MCF (tiG, tjG)) included in the T -digraph.
The classification is based on four parameters:

A) The type of the maximum common part (subgraph, spanning subgraph, induced subgraph);

B) The type of connection of the maximum common part (connected, disconnected, weakly con-
nected, strongly connected, unilaterally connected);

C) The number of determined maximum common parts (one; all);

D) The number of connected components of the maximum common part (1, 2, . . . , n).
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Figure 3: A tree of classification the problems of determining the maximum common fragments (parts) for two
structures tiG, tjG (MCF (tiG, tjG)) included in the T -digraph.

Classification sections (A− the type of MCF,B− the type of connection of MCF,C− The number
of determined MCF,D− The number of connected components of MCF .)

Now, on the basis of the type of MCF , we can give the formulation of the six basic problems
of determining the maximum common fragments of two connected structures of the T -digraph.

Problem 1.1. Given a temporal digraph G =
〈
V (t), E(t), T

〉
, T = {t1, . . . , tn} , consisting of

non-isomorphic structures (t1G, t2G, . . . , tnG) . It is necessary to determine only one maximum com-
mon connected subgraph of the T -digraph, that is, find a connected MCS (t1G, t2G, . . . , tnG) ,
such that MCS = t1,2,...,nG

∗ =
〈
V (t1,2,...,n

)
, E(t1,2,...,n), T

〉
, and t1,2,...,nG

∗ ⊆S t1G, t1,2,...,nG
∗ ⊆S t2G

. . . , t1,2,...,nG
∗ ⊆S tnG.

Problem 1.2. Given a temporal digraph G =
〈
V (t), E(t), T

〉
, T = {t1, . . . , tn} , consisting of

non-isomorphic structures (t1G, t2G, . . . , tnG) . It is necessary to determine all non-isomorphic max-
imum common connected subgraphs of the T -digraph, that is, find all connected non- isomorphic
MCS (t1G, t2G, . . . , tnG).

Problem 2.1. Given a temporal digraph G =
〈
V (t), E(t), T

〉
, T = {t1, . . . , tn} , consisting of non-

isomorphic structures (t1G, t2G, . . . , tnG) . It is necessary to determine only one maximum common
connected spanning subgraph of the T -digraph, that is, find a connected MCSS (t1G, t2G, . . . , tnG) ,
such that MCSS = t1,2,...,nG

∗ =
〈
V (t1,2,...,n), E(t1,2,...,n), T

〉
, and t1,2,...,nG

∗ ⊆SS t1G, t1,2,...,nG
∗ ⊆SS

t2G, . . . , t1,2,...,nG
∗ ⊆SS tnG.

Problem 2.2. Given a temporal digraph G =
〈
V (t), E(t), T

〉
, T = {t1, . . . , tn} , consisting of non-

isomorphic structures (t1G, t2G, . . . , tnG) . It is necessary to determine all non-isomorphic maximum
common connected spanning subgraph of the T -digraph, that is, find all connected non-isomorphic
MCSS (t1G, t2G, . . . , tnG).

Problem 3.1. Given a temporal digraph G =
〈
V (t), E(t), T

〉
, T = {t1, . . . , tn} , consisting of non-

isomorphic structures (t1G, t2G, . . . , tnG) . It is necessary to determine only one maximum common
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connected induced subgraph of the T -digraph, that is, find a connected MCSS (t1G, t2G, . . . , tnG) ,
such that MCIS = t1,2,...,nG

∗ =
〈
V (t1,2,...n), E(t1,2,...,n), T

〉
, and t1,2,...,nG

∗ ⊆IS t1G, t1,2,...,nG
∗ ⊆IS

t2G, . . . , t1,2,...,nG
∗ ⊆IS tnG.

Problem 3.2. Given a temporal digraph G =
〈
V (t), E(t), T

〉
, T = {t1, . . . , tn}, consisting of non-

isomorphic structures (t1G, t2G, . . . , tnG) . It is necessary to determine all non-isomorphic maximum
common connected induced subgraphs of the T -digraph, that is, find all connected non-isomorphic
MCIS (t1G, t2G, . . . , tnG).
In fig. 4, shows an example of a T -digraph G, consisting of all non-isomorphic connected digraphs
tG with the number of vertices p = 3.

Figure 4: An example of a T -digraph G, consisting of all non-isomorphic connected digraphs tG with the number of
vertices p = 3.

6. Conclusions and Future Work

The paper considers the actual problem of analyzing temporal digraphs associated with deter-
mining its maximum common fragment that does not change with time. Four parameters are dis-
tinguished, on the basis of which a classification of problems of determining the maximum common
fragments for two structures tiG, tjG included in the T -digraph is proposed. A classification tree
is given, which includes N = 30 × nCC, where nCC is the number of connectivity components in
the required maximum common fragment of two analyzed tG. The existence of all three types of
connectivity of the maximum common fragment (MCF ) of the result is substantiated when ana-
lyzing any combination of pairs of connected tiG, tjG out of three types of their connectivity. Six
basic classes of problems of determining the maximum common fragments of structures included in
the T -digraph, which do not change with time and characterize its resistance to external influences,
have been identified. The formulation of basic problems is presented. Also, based on the type of the
maximum common fragment, a classification of an isomorphic embedding of a digraph into another
is given, so any digraph can be isomorphically embedded into another digraph as a subgraph, an
induced subgraph, and as a spanning subgraph.
Further research will be devoted to the actual analysis of the T -digraph and the solution of two
problems associated with the determination of the maximum common connected induced subgraph
(MCIS) of two structures of the T -digraph.
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