J. of university of anbar for pure science : Vol.5:NO.1: 2011

ISSN: 1991-8941

H-C and H*-C Semi compactness in bitopological- space

Hamad M ohammed Salih
Al-Anbar University - College of Education for pure sciences

Received: 12/1/2011

Accepted: 15/6/2011

Abstract: In this paper we introduce two new concepts, namely H-C-Semi compact and H*- C-Semi compact in
bitopological space several propositions and examples about these concepts are introduced .
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I ntroduction
Let X be anon empty set. Let T1 and T2 be
two topolgies on X then the triple (X,T1,T2) is
caled a bitopological space, this concept was
first introduced by Kelly [1]
In this work, introduce new concepts namely H-
C- Semi compact and H* -C semi compact in
bitopological space.

Preliminaries
2-1 Remarks
i) If T1 is a topology on X and T2 is aso a

topology on X then T1 U T2 isnot necessarily
atopology on X

i) (T1 U T2 ) means the topology on X

generated by T1 U T2

Definition : [2]

Let (X, T1, T2) be abitopological- spacelet A
Sx , we say that A is N-open if and only if is

open in the space (X , T3) where T3 = (T1 U
T2) is the supremum topology on X containing
Tland T2. A & X iscaled S open if and
only if itis T1-openor T2 - open

2-3 Remarks and Example [2]

i ) The complement of N- open (S- open ) is
called N -closed (S- closed)

ii ) Each S-open in (X, T1,T2) is N- open but
the converse isnot necessarily true

i) X={a b, c}

T1={@, X ,{a}}

T2={ @, X, {b}}

1 Y12)=(2 X (a4 .{b} {ab}).

{ab} isN- open but not S - open

{a} isS open, hence it's dso N- open
{a,b}c ={c} N-closed

{a}c ={b,c} Sclosed

Definition [2] , [3]

A bitopological - space (X, T1, T2) iscalled N —

compact (S- compact) if every N- open cover (S
open cover) of X has afinite subcover.
Definition [2] , [3]

Let (X ,T) beatoplogical - space we say that
X is C- compact if : for each closed set A
S x

And each open cover

F={W& | & € O} of A, there exists

@1, @2 . %n suchthaA S Way
UWaoU Wa,

( that is, there exist a finite sub family whose
closures covers A)
3-H-C-Semi- compact- space

In this section, we introduce the concept of H-C-
Semi-compact space severa properties of this
concept are proved

First, we introduce the following definition
Definition

Let (X, T1, T2) be a bitopological—space let A
S x , we say that A is H- semi open in X iff it

issemi - open in the space ( X, (T1U T2))
Remarks and examples

i) The complement of H-semi- open is called
H- semi- closed.

ii) Every N- open is H- semi- open but the
converse is not necessarily true.

iii) Let X={a,b,c}

T1={ 3 X,{a }

T2={ @, X }

TV 12) ={ @ x (a)=T1

{ a} isN — open, Hence it will be H-semi —
open

{ac={ b, ¢} isH- semi —closed

Consider A={ a,c} ,Ais

H-semi — open but A is not N-open

Definition

Let (X ,T1, T2) be abitopological — space
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Let A gX
F={wa | e€Q}iscaled
H-semi — open cover of A if

1- W& s H- semi-open in X for each & € €

2-A < Vo WA

Definition

i ) A bitopological space (X, T1,T2) iscalled
H-semi compact iff every

H-semi open cover of X has afinite sub cover
i) 1 ASKS
compact iff every
H-semi open cover of A has afinite sub cover
Definition

Let ( X, T) be a topological-space, X is called
C-semi compact if :

We say that A is H- semi

Given a semi—closed subset A S X and given a
semi — open cover

F={W& | & € 9} of A
Then there exist

oy, A , %' n Such that A S
WaiUWarU = Way,
Definition

let (X, T1, T2) be abitopological space we say
that X is H-C-semi compac if given H — semi
closed set A & X and given

F={W&| @€} where Fisan H — semi
open cover of A

thenthereexit ® 1, @ 2, ..., & n such that
AS (H-sawa1)UH_sway
U . UmH_sdwn) whereH-sd W& =
thesmallest H-semi closed Set containing
W& 1)

Proposition

Every H- semi closed sub set of H-semi compact
space is H-semi compact

Proof

Let ( X ,T1,T2) be H-semi compact and let A
S X be H-semi closed subset of X let  F=
(W& | & € Q} beanH-semi open cover of
A.

Now A is H-semi closed, so AC =X-A isH -
semi open

Now F* = F U { Ac} is an H-semi open cover
of X , but X is H-semi compact so 7 @ 1, @ 2,
., %n

such that

X= w«& 1UW0‘ 2U ...UWa n U Ac

Hence AS w1 U wa o U U way,
which means that A isH- semi compact.

The proof of the following propositionis clear .
3.8 Proposition :

i) Every compact space is C-compact

ii) Every semi compact space is C-semi compact
iii) Every H-semi compact space is H-C- semi
compact .

iv) the converse of (iii ) isnot necessarily true.
as show by the following example.

Let (N,T1,T2) beabitopological space where
N= the set of natural numbers

T1=theindiscrete topology on N T2=F U {N
D }

where F={ Wn |[Wn ={1,2,...,n} ,n € N}
Now (N, T1, T2) isH- C- semi compact but
not H- semi compact

3.9 Proposition

Let (X, T1, T2) be H-C-semi compact then ( X
, T1) and (X ,T2) are C- semi compact space.
Proof

LetA S (X, T1) besemi closed and let F={

W | € Q) peaTl semi open cover of A
.Now A isH-semi closed subset of ( X, T1, T2
) and F is an H-semi open cover of A

But (X, T1,T2)isH—-C-semi compact so E|

1,2 ..., An suchthat

AS(H-sdaw21) UH_saw a2

U...U(H—scIWan). Now H — tl

Walng-scIWal
H—scIWalng—scIWan

soA € (Ti—sawa 1)U U

(T1-scl W& p)

So (X ,T1) isC-semi compact

Similarly we prove that ( X , T2 ) is C- semi

compact .

3-10 Remark

The converse of proposition (3-9) is not
necessarily true as shown in the following

Example
Let ( N, T1,T2) be a bitoplogical space, let

T1=P(0+) Y{ N}

andT2=P(E+) U { N}

where P ( O +) is the power set of O+ = set of
al odd natural numbers and P(E+) is the power
set of

E+ = set of al even natural numbers then ( N ,
T1l)and (N, T2) are C- semi compact but (N,
T1,T2) isnot H-semi compact space

3-11 Definition

Let f: (X, T1,T2) — (Y, T1T2)

Be a function , we say that if is H- semi
continuous if the inverse image of H- semi
openset inY is H- semi open in X

3-12 Proposition:

The H- semi continuous image of an H-C-semi
compact space is also H-C- semi compact
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Proof :

Let (X, T1, T2) be H- C- semi compact we
have to prove that (Y, T'l, T'2) is aso H-C-
semi compact

LetA S Y be H- semi closed Now B= f-1(A)
isH-semi closed in X

Let F={ WX | @ € )} pe anH- semi open
cover of A

Hence F*={f-1 (WX | ® € Q 1} isanH-
semi open cover of

B=f-1(A)
But X isH — C- semi of compact
Sod ag,a2 ... ,Qn 2

S (H-scl f-1WX 1)

U. U friwan)
Hence

A=f(B)g(H—scIWO‘1)

U Uh_sawan)

Hance Y isH-C-semi compact

4- H*- C- compact space

In this section we introduce the concept of H*-
C- compact space

Definition

A sub set A of bitopological space ( X, T1,T2)
is said to be H*- sime open if it is T1 — semi
open or T2 semi open

The complement of H*- sime open set is called
H*- semi closed

Definition
Let(X,T1, T2) beabitopological space, let A
- X. A sub collection of the

family T1 U T2 is called H* - semi open cover
of A if the union of members of this sub
collection contains A.

Definition

A bitopological space(X, T1, T2) is said to
be H*-semi compact if every H*- semi open
cover of X has finite sub cover .

4-4 Definition

A bitopological space (X , T1,T2) is said to be
H*-C-semi compact if give H*- semi closed set

A S X and givenF={ W& | @ € )}
Which is H*- semi open cover of A then E
1, a2 .. %n suchthat

A - (H*-sclw & 1)U"'U (H*-scl W& n)
The proof of the following propositions is
similar to the previous one.

Proposition
Every H*- semi closed subset of H*-semi
compact space is H*-semi  compact.
Proposition
Every H*- semi compact space is H*- C - semi
compact.
Proposition
Let ( X,T1,T2) be an H*- C- semi compact
space, then (X, T1) and (X, T2) are both C- semi
Compact
Example
Let(X,T1,T2) be a bitopological space where
X=10,1] and

1

T1= {x, 6401 U0, Mne Ny T2=(x, 6,
1

o1 Yi(n, 111n€ Ny Then (x,T2) and
(X,T2) are C-semi compact but (X ,T1,T2) is
not H*- C- semi compact

Remark

Let (X, T1,T2) be ahitopological space and let

A gX then
i) H-scl A - H*-scl A
ii) H- Scl A ng—scI A

iii) H- scl A gT2- scl A
The proof of the following proposition is clear
4-10 proposition
Every H-C-semi compact space is H*-C-semi
compact
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