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ABSTRACT,

CubicTrigonometric B-spline method is used to sdenjamin-Bona-Mahony-Burger equation (BBM-Burger)
with appropriate initial and boundary conditionbe tmethod based on Crank-Nicolson scheme for time
integration and cubic trigonometric b-spline fomep integration. The stability of method describgdusing
von Neumann (Fourier) method. Comparisons betwe@teand suggested solution is used to illustrage t
accuracy and efficiency of suggested method.

Keywords: Cubic Trigonometric B-spline method, Benjamin-Bdviahony-Burger equation (BBM-Burger,
Crank-Nicolson scheme.

INTRODUCTION

Phenomena nonlinear play important roles in enginge problems, physics and applied mathematics, i
which each parameter varies depending on diffeeators. Solving nonlinear equations may guide agdesrs
to know the described process deeply and sometimésow some facts which are not clearly understood
through joint observations [1]. In this paper,colltion method represented by Trigonometric CubgpBae is
applied to get the numerical solution of BBM-Burgequation:

V. +ov, +w, -V, —Av, =0 xO[a,b] ,tO[0,T] 1)
with the initial and boundary conditions

V(x,0)= f (x) xOJa,b] )

v(a,t)=v(b,t)=0 (3)

where & and A are constants. In the physical case, the dissipatfect is an alternative model for the

Korteweg-de Vries-Burgers (KdVB) equation and whikbh same as the Burgers equation, while the disgeer
effect of (1) is the same as the Benjamin-Bona-NMghequation [2].During the few years past, many erical
methods have been used by research to solve thestians. Yong-Xuet al. [3] used the quadratic B-spline
finite element scheme in order to gain approxinsatetion for the BBM-Burgers equation. Taai,al. [1] used
Variational Iteration method (VIM) and Homotopy Reyation method (HPM) in order to get approximate
explicit solution for BBM-Burgers equation. Aroehal.[4] used Quartic B-spline collocation schemedtve
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this equation .The scheme is based on Crank-dbooformulation for time integration and quartisgline
basis function for space integration. Zarebstial. in [5] used cubic B-spline collection method farmerical
solution of the BBM-Burgers equation. Kanetll [6] used adomian decomposition method (ADM) inesrtb
gain approximate solution of this equation. FakHhafifind approximate explicit solution of BBM-Buegs
equation by homotopy analysis method (HAM). Omrahial. in [8] used Crank — Nicolson type finite
difference method to solve this equation. Gabal. in [9] used Exp-function method to solve this adpn. In
this paper, we suggest the Cubic Trigonometric Bispmethod to solve nonlinear BBM-Burgers equation
also, we study Von- Neumann stability analysishid equation.

Cubic Trigonometric B-Spline Collocation Method:
In this section, we define the cubic trigonomelrésis function as follows.

a’(x), XU[X, X,1)

TB4(X):1 a(x)(ak )bk, b .;)ak,, )+b k., )d %, ), xO %X, ,) @
| Z 1b(x,,)(atk., ) bk, bk, )ak,, ) ta & )B &), xO k., X.5)
b (%..4), XO[ X3 %]

Where,

ao)=si 55 ) bt s 52X 2= s ) sit) o)

whereh =(b-a)/n andTB, (X)is a piecewise cubic trigonometric function with me geometric

properties Iik@zcontinuity, non-negativity and partition of unityl(, 11].The values af|3]4(x) and its

derivatives at nodal points are required and tldesvatives are tabulated in Table 1. Secondlydiseuss the
cubic trigopnometric B-spline collocation method {®8M) for solving the Benjamin-Bona-Mahony-Burgers
equation (1).

4
Table 1: Values ofTa (X) and its derivatives.

X X Xis1 X X3 X
TB, 0 2 P2 2 0
TBI’ 0 P, 0 Ds 0
TBi" 0 Ps Pe Ps 0
where
sin? (hj
plz—z,pf#,psz_ 3 b= —3
sin(h) sm(3hj 1+2cogh) 4S|n( 3h) 4sin(3hj
2 2 2
h
3(1+ 3cogh)) B 3cos (2)

o5 zefl)s %)) e st

Governing Equation and Numerical Method:
This section discusses the cubic trigonometric Bispcollocation method for solving numerically the

BBM-Burgers equation. The solution domaig x<bis equally divided by knots intoN subintervals
[%,%,.],1=0,1,2,...n— ‘wherea=x, <X, <...<X, =b. Our approach for BBM-Burger equation using
cubic trigonometric B-spline is to seek an appratensolution as [13]:

V,(xt)= Z D, ()TB* (%) (5)
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WhereDj (t) is to be determined for the approximated solutih/rjnéx,t) to the exact solution at the point

(X,t).The approximation?s/ji at the point(X;,t;) over subinterva[x;, x.,] can be defined as:

oo
Vi =Y DTB{(x) (6)
k=j-3
wherej =0,1,2,...n. So as to get the approximations to the soluttbe, values ofB3yj(X) and its

derivatives at nodal points are required and thieseatives are tabulated using approximate funeti@!) and

(6), the values at the knots bfj and their derivatives up to second order are:

(V), = pDjs+ P,Dj_,+ PDj_,
YA i i
(&l = pDjs+p.Dj )

A | . .
[yj = psD}—3+ peD}—2+ [oF ;—1

i
The approximations for the solutions of BBM-Burgguation (1) dtj . thtime level can be given as:
Vn+1 _Vn Vn+l _Vn .

— =4 0 +(1-6)g] = 0 8)(

At At
where g} = (W,)] +3(V,)] —A(v,)] and the subscript§] and N+1 are successive time levels,

n=0,1,2,. and At is the time step. By using the following formuls]:
(Wx)n+1 :Vn+1v>r<1 +VnV:+1_Vn+JV: (9)
The equation (8) with putting the values of nodgalues V and derivatives using (7) becomes the

following difference equation with variablé)j ,j =-3,...,n— 1 and noted the equation a Crank-Nicolson

when6?=1
2
wD["3 + WD, +w,D" =D} +zD] +z Pl (10)
where
At At At
w=p|l+—V' |[+—\V"+I)p.+(-1-— A
(1450 [+ 5 @ o+ -5,
At At
W= p,| 1+ —Vv; |+ (-1-—A
1 pz( 2 xj ( 2 )pﬁ
%=QP*EW)¢¥M+&W+GPAUW5
2 2 2 (11)
At At

At
Z=p, +(_1+E/1)p6

At At
Z,= p1_75p4+(_1+3/]) Ps

when simplify (10) the system consists ofN +1)linear equation in (N +3) unknown

D' =[D7;...,D]_;] at the time levelt =t;,,, by apply equation (6) to obtain unique solutiam the

boundary conditions (3) as following:
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p1D2—3+ p2D2_2+ P, ;—1:0 j=0 (12)
pDjs+p,Dj_,*+pD|;=0  j=N

From equations (10-12) the system conslsts- 3% N + 3 in the following form:

M N+3xN+3 lnx:i = NN+3xN+3 TX,M
where
BB p, pp O . . 0
w w w, 0 . . O
0 . . . . . 0
M =
0O O wooww,
10 O . S R N
and
0 0 0 O 0]
z z z, O 0
0 . 0
N =
0 O zZ 7z Z,
0 0 . .0 0 O0f
D"=[D%,D",...,Dy_]
Initial state:

The initial vectoD® is been computed from the initial conditions, #pproximate squtioP\/ji+1 at a

particular time can be calculated repeatedly thmurrence relation [13]30 can be obtained from initial
condition and boundary values of the derivativethefinitial condition as follows [14]:

(\/jo)x = fO(XJ) J =0
VP = f(x)) j=0,1,...,N (13)
V), = fax;) j=N

Thus the system of equations in (13) can be reptedeas a matrix of ord® +3X N + 3, of the form:

AF°=d

where
p, O p, O . . O]
T
o . . . . .0

A=
... 0 . .
O 0 . . p P P
100 . . p; 0 p,|

F®=[D%,D%,... Dyl
d=[f (o), (o) F(X0),..F (), (% )T
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Sability Analysis:

In this section we investigate the stability anelys the proposed scheme by using Von Neumannadeth
This approach studied by many researchers [12, 13].

Now, substituting the approximate solution V, weda

=J"exp(imhy) (14)
where | :\/I , M is the mode number and h is the element size.ppdyahis method, we have
linearized the nonlinear tervV, by considerV as constant ag in equation (8) we get the equation:
ao™ exp(i(m- 3) hu *+bo™* exp(i(m 2)r ¥co™* exp(i(m Dp
=a,0" exp(i(m- 3)hy }+bo" exp(i(m 2)lu yco" exp(i(m Lh

where

At At
= pl"’? p3(5+ Z) +(_1_/]_2) Ps

(15)

At
= p2+(_1_/13) Ps
At At
C=p +E p4(5+ Z) + (—1—/1—2)[35
At At (16)
a = p1_7 p3(5+ Z) +(/]_2_1) Ps

At
b1: pz_(/‘7_1)p6

6= P =S P+ D)+ ~Dps

Divided both sides of (15) bgxp(i(m— 2) hy ) we get
" (aexp(it 1)hu }b+c exp(ibu )
=0"(a, exp(it- ) hu b, +c, exp(ilu

We can rewrite equation (17) as following
_ X, -iY
X, 1Y
Where

x1=(2p1+2(—1—%A)p5)cos(m ¥ (o+ 4 %U )

(17)

(18)

= (2p,+ 26 1-Dp)cos(tu ¥ B+ 4~ D
Y =Atp,(0+2z)sin(hy)

2
We note thatX, < X so |5| =00~= § :izz <1

Therefore the linearized numerical scheme for BBM¢d#&r equation is unconditionally stable.

Numerical Illustrations:
To illustrate the accuracy and efficiency of progbsnethod, two examples are given in this sectidh w

n
L, andL,error norms are calculated bl :m_ax|ui —Vi| andL, = h(Z‘Jui —Vi|2j. Then compare the
I -

numerical solutions obtained by test cubic trigortiin B-spline collocation method for BBM-Burgeruadion
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(1) with the exact solutions and those numericahags which were exiting in literature. Numericesults are
computed at different time levels.

Example 1:
Consider the BBM problem [5] with =1.0andA =0,

v, +Vv, +wW, -V, =0 x0[-40,60] tO[OT ]

with initial conditions

~ £ ()= ofl]C vy -
v(x,0)=f (x)=3c seh > 1+c(( X ) ,— 4&X< 6

and boundary conditions as follows:
V(-40,t)= 0y (60t )= (

The exact solution of this problem is

_ (1] ¢ B _
u(x,t) = 3csed E‘/ché( FHeci-x)

withC = O.land)(0 =0. The proposed method is applied to calculate t@emical solutions of BBM-

Burger equation (1)-(3) witht = 0.0lat several values df The absolute errors at different time levels with
h=1/300 andAt =0.01 is illustrated in Table 2. Figure 1 illustrates@mparison between the exact and

approximate solutions &t =21.0with h =1/300At = 0.0.Figure 2. illustrates the comparison between

exact and numerical solutions at different timeelevwithh=1/300At = 0.0. We see that the

numericalresults of this problem by proposed metammore accurate than the results obtained big &b
spline method (CuBS) which developed by ZarebnthRarvaz [5].

Table 2: Absolute errors at different time-levels for Exdenp

Present method CuBS [5

X t=05 t=1.0 t=1.50 t=0.5 t=1.0 t=15
-40 5.88E-06 4.98E-06 4.22E-06 0 e emmemen e
-30 -1.64E-07 -2.75E-07 -3.46E-07 2.12E-04 1.99E-04 5.42E-05
-20 -4.51E-06 -7.23E-06 -8.79E-06 1.06E-03 1.00E-03 2.72E-03
-10 -4.12E-04 -6.35E-04 -7.25E-04 3.57E-03 3.52E-03 1.00E-03
0 -7.71E-04 -3.00E-03 -6.46E-03 7.45E-04 1.20E-03 .596-04
10 6.67E-04 1.66E-03 3.06E-03 3.91E-03 4.06E-03 5B-@3
20 7.15E-06 1.82E-05 3.50E-05 1.36E-03 1.50E-03 I
30 2.32E-07 5.51E-07 9.84E-07 2.81E-04 3.12E-04 78-06
40 1.11E-08 2.61E-08 4.62E-08 e e e
50 5.42E-10 1.28E-09 2.26E-09 = seeeeeeeee e e
60 1.97E-10 2.32E-08 2.74E-08 = e e e

Space—Time graph of approximate solution at t=1.5

Space—Time graph of Exact solution at t=1.5

vk

Fig. 1: Spatial-time exact and approximate solution forrggke 1 withn = 300, At = 0.01
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Exact and Aproximte solutions at t=0 Exact emdr iprmumate solutions at t=0.5
vl
¥(x1)

030 03

0.10

-20 0 20 40 60 ) 0 0 50

Exact and Aproximate solutions at t=1.0 Exact and Aproximate sohtions at t=1.3
w(xt) viEt)

0.30 |
]
]

Fig. 2: The approximate and exact solutions for Examplediferent time levels.

Example 2;
Consider the Benjamin-Bona-Mahony Burger problejwfish  =1.0andA =1.0,

V. +v, +w, -v, -V, =0 x0[-12,12] tO[O]T ]
with initial conditions

v(x,0)=f (x)=sed?’(x/ 4 - 1Zx< 1

and boundary conditions as follows:

v(-12t)=set’(- 3t/ By (12,3 s&t( -3/ )

The exact solution of this problemuéx, t) = sech? (x/ 4-t/ 3.

The cubic trigopnometric B-spline method is empbbye compute the numerical solutions of this proble
The absolute errors at different time levels wits 1/ 200 andAt = 0.01are given in Table 3 and Table 4.
Figure 3 illustrates the numerical solutions wiiffedent time levels. Figure 4 illustrates the spditne exact
and approximate solutions ht= 2.0and found to be similar in comparison to CuBS [5].

Table 3: Absolute errors at different time-levels for Exalm?2

X Present method CuBS [5

t=0.2 t=0.5 t=0.7 t=0.2 t=0.5 t=0.7
-12 6.50E-16 -3.80E-16 4.11E-16 3.33E-11 -2.23E-10 3B:31
-10 -1.41E-03 1.44E-03 -3.75E-03 2.29E-02 1.98E-02 H-02
-5 -1.34E-02 -3.02E-02 -3.93E-02 2.56E-01 2.24E-01 6R2-01
0 1.39E-02 2.18E-02 1.87E-02 9.78E-01 9.33E-01 80YE-
5 2.99E-03 1.30E-02 2.38E-02 3.19E-01 3.80E-01 4 QBE-
10 -1.30E-03 -3.53E-03 -3.04E-03 3.04E-02 3.97E-02 28-02
12 -1.73E-18 0.000000 -3.46E-18 2.00E-10 6.66E-11 62-60

Table 4: Absolute errors at different time-levels for Exalm

X Present method CuBS [5

t=10 t=15 t=20 t=1.0 t=15 t=2.0
-12 1.06E-15 -3.57E-16 6.58E-16 1.33E-11 -1.26E-10 B-66
-10 -4.53E-03 -5.13E-03 -5.14E-03 1.54E-02 1.19E-02 6B-03
-5 -5.01E-02 -6.16E-02 -6.67E-02 1.82E-01 1.49E-01 3H-21

0 3.14E-03 -4.45E-02 1.01E-02 8.38E-01 7.33E-01 6-G1E
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5 4.61E-02 9.92H2 1.66E-02 4.87E-01 5.89&t 6.76E-01
10 -7.63E-03 -1.1282 -1.25E-02 6.05E-02 8.86&2 1.25E-01
12 0.000000 -6.93H8:8 0.000000 1.13E-09 -3.33K -1.01E-16
vix,tl
1CH

Approximate solution at time [~ 0.2
Approximate solution at time [ 0.5 \

0.€r Approximate solution at time [ 0.7

Approximate solutior at timet [11.0

Approximate solutior at timet [11.5

Approximate solutior at timet [12.0

&

0.€r

041

DiO ‘ ‘ ‘ ‘ E‘S ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘ 5 ‘ ‘ ‘ ‘ 10
Fig. 3: The approximate solutions for Example 2 at difféténe levels

Fig. 4: Spatialtime exact and approximate solution for Exampleith n = 200, At = 0.01

Conclusions:

In this paper cubic trigonometric-spline method is proposed to find the solutionBenjamin-Bona-
Mahony Burger equation. The comparison betweemthmerical and exact solution are illustrated anoast
that the cubic trigonometric Bpline is more accurate than the method suggéstéthrebnia etal. in [5]. Th
von Neumann method used to check stability anabfsike proposed method to get unconditionallyIste
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