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Abstract: Let P(G,\) be the chromatic polynomial of a graph G. Two graphs G and H
are said to be chromatically equivalent, denoted G ~ H, if P(G,\) = P(H,\). We write
[G] = {H|H ~ G}. If [G] = {G}, then G is said to be chromatically unique. In this paper,
we first characterize certain complete 5-partite graphs G with 5n + ¢ vertices for i = 1,2,3
according to the number of 6-independent partitions of G. Using these results, we investigate
the chromaticity of G with certain star or matching deleted. As a by-product, many new
families of chromatically unique complete 5-partite graphs G with certain star or matching

deleted are obtained.
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§1. Introduction

All graphs considered here are simple and finite. For a graph G, let P(G, A) be the chromatic
polynomial of G. Two graphs G and H are said to be chromatically equivalent (or simply
Xx—equivalent), symbolically G ~ H, if P(G,\) = P(H,)\). The equivalence class determined
by G under ~ is denoted by [G]. A graph G is chromatically unique (or simply xy—unique) if
H = G whenever H ~ G, i.e, [G] = {G} up to isomorphism. For a set G of graphs, if [G] C G
for every G € G, then G is said to be x—closed. Many families of x-unique graphs are known
(see [3,4]).

For a graph G, let V(G), E(G), t(G) and x(G) be the vertex set, edge set, number of
triangles and chromatic number of G, respectively. Let O,, be an edgeless graph with n vertices.
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Let Q(G) and K(G) be the number of induced subgraph Cy and complete subgraph Ky in G.
Let S be a set of s edges in G. By G — S (or G — s) we denote the graph obtained from G by
deleting all edges in S, and (S) the graph induced by S. For ¢ > 2 and 1 < n; < n2 < -+ < ng,
let K(ni,ne, - ,n:) be a complete t—partite graph with partition sets V; such that |V;| = n;
for i = 1,2,--- ,¢. In [2,5-7,9-11,13-15], the authors proved that certain families of complete
t-partite graphs (¢t = 2,3,4,5) with a matching or a star deleted are x-unique. In particular,
Zhao et al. [13,14] investigated the chromaticity of complete 5-partite graphs G of 5n and 5n+4
vertices with certain star or matching deleted. As a continuation, in this paper, we characterize
certain complete 5-partite graphs G with 5n + i vertices for ¢ = 1, 2,3 according to the number
of 6-independent partitions of G. Using these results, we investigate the chromaticity of G with
certain star or matching deleted. As a by-product, many new families of chromatically unique
complete 5-partite graphs with certain star or matching deleted are obtained.

82. Some Lemmas and Notations

Let K=%(n1,ne, -+ ,n;) be the family {K(ni,ne,---,n;) — S| S C E(K(ni,ng, - ,n))

and |S| = s}. For n; > s+ 1, we denote by K;JKI’S(nl, na, - ,ng) (respectively, KZ-T;KZ (n1, no,
,m¢)) the graph in K~*(ny, ng,--- ,n;) where the s edges in S induced a K; s with center

in V; and all the end vertices in V; (respectively, a matching with end vertices in V; and V).

For a graph G and a positive integer r, a partition {4, As, -+, A, } of V(G), where r is
a positive integer, is called an r-independent partition of G if every A; is independent of G.
Let o(G,r) denote the number of r-independent partitions of G. Then, we have P(G,\) =

P a(G,r)(N)y, where (A), = AA = 1)(A—=2)--- (A —r +1) (see [8]). Therefore, a(G,r) =
a(H,r) for eachr=1,2,--- ,if G ~ H.

For a graph G with p vertices, the polynomial o(G,z) = Y>.7_, a(G,r)z" is called the
o-polynomial of G (see [1]). Clearly, P(G,\) = P(H, A) implies that (G, z) = o(H, z) for any
graphs G and H.

For disjoint graphs G and H, G + H denotes the disjoint union of G and H. The join of
G and H denoted by G V H is defined as follows: V(GV H) = V(G)UV(H); E(GV H) =
EG)UEH)U{zy |z € V(G),y € V(H)}. For notations and terminology not defined here,

we refer to [12].

Lemma 2.1 (Koh and Teo [3]) Let G and H be two graphs with H ~ G, then |V(G)| =
[V(H)|, |[E(G)| = |E(H)|, t(G) = t(H) and x(G) = x(H). Moreover, a(G,r) = «(H,r) for
r=1,234,---, and 2K(G) — Q(G) = 2K(H) — Q(H). Note that x(G) = 3 then G ~ H
implies that Q(G) = Q(H).
Lemma 2.2(Brenti [1]) Let G and H be two disjoint graphs. Then

o(GV H,z) =0(G,z)o(H,zx).

In particular,

o(K(ni,na, - ,ng),x) = HU(On”x)
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Lemma 2.3(Zhao [13]) Let G = K(n1,na,ns,ng,ns) and S be a set of some s edges of G. If
H ~ G — 8, then there is a complete graph F = K (p1,p2,D3,D4,05) and a subset S’ of E(F) of
some s’ of F such that H=F — 5" with |S'| = ¢ =e(F) — e(G) + s.

Let 21 < 29 < w3 < 24 < x5 be positive integers, {x;,, Tiy, Tig, Tiy, Tis } = {1, T2, T3, Tq,T5}.
If there exists two elements z;, and z;, in {z1,22, 23, 24,25} such that z;, — z;;, > 2, H =

K(xy + 1,25, — 1,24, 24,, %) i called an improvement of H = K (x1, 22, %3, T4, 25).

Lemma 2.4 (Zhao et al. [13]) Suppose 1 < 29 < 3 < 24 < 5 and H' = K(z;, + 1,24, —

1,@is, iy, Tig } 18 an improvement of H = K (1,22, T3, T4, T5), then
a(H,6) — a(H',6) = 27272 — 27—t > 9%u—1
Let G = K(n1,n2,n3,n4,n5). For a graph H = G — S, where S is a set of some s edges of
G, define o/ (H) = a(H, 6) — a(G, 6). Clearly, o/ (H) > 0.

Lemma 2.5 (Zhao et al. [13]) Let G = K(ny,ng,n3,na,ns). Suppose that min {n;|i =
1,2,3,4,5} > s+1>1and H=G — S, where S is a set of some s edges of G, then

s<d(H)=a(H,6)—a(G,6) <2°—1,

and o/ (H) = s iff the set of end-vertices of any r > 2 edges in S is not independent in H, and
o (H) =2° =1 iff S induces a star K1,s and all vertices of K1 s other than its center belong to

a same A;.
Lemma 2.6(Dong et al. [2]) Let n1,ng and s be positive integers with 3 < ny < na, then
(1) K;QKI’S(nl,ng) is x-unique for 1 < s < ng — 2,
(2) K;fl’s(nl,ng) is x-unique for 1 < s <ny—2, and
(3) K—%K2(ny,ngy) is x-unique for 1 < s <nyp — 1.
For a graph G € K~ *(ny,na,--- ,nt), we say an induced Cy subgraph of G is of Type 1
(respectively Type 2 and Type 3) if the vertices of the induced Cjy are in exactly two (respectively

three and four) partite sets of V(G). An example of induced Cy4 of Types 1, 2 and 3 are shown
in Figure 1.

FIGURE 1. Three types of induced Cy
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Suppose G is a graph in K~ %(ni,ng, -+ ,ny). Let S;; (1 <i<¢,1<j<t)bea subset
of S such that each edge in S;; has an end-vertex in V; and another end-vertex in V; with
|S1J| = Sij 2 0

Lemma 2.7 (Lau and Peng [6]) For integer t > 3, Let F = K(ny,na,---,n) be a complete
t-partite graph and let G = F — S where S is a set of s edges in F. If S induces a matching in
F, then

Qe) = P - ¥ (ni—1>(nj—1>sij+<;)— S s

1<i<j<t 1<i<j<I<t
ng
E SijSkl + E Sij g 9 + E SijSki,
1<i<j<t 1<i<i<t k¢ {i,j} 1<i<j<t
1<k<I<t 1<i<k<I<t
i<k J & {k,1}

and

K@) = KF)- Y, [SJ > nknl}—l— > $ijSkl-

1<i<j<t 1<k<I<t 1<i<j<t
{i, i} n{k,1} =0 1<i<k<l<t
j ¢ ik 1}

By using Lemma 2.7, we obtain the following.

Lemma 2.8 Let F' = K(nq,n2,ns,nq,ns) be a complete 5-partite graph and let G = F — S

where S is a set of s edges in F. If S induces a matching in F, then

QG) = QF) - Z (ni — 1)(nj — 1)s;5 + (;) — s12(813 + S14 + S15 + S23

1<i<j<h

+524 + S25) — 513(S14 + S15 + S23 + 534 + S35) — S14(S15 + S24 + S34 + Su5)
—515(S25 + S35 + S45) — S23(S24 + S25 + 534 + S35) — S24(S25 + 534 + Sa5)

n
—525(535 + 845) — 834(835 + 845) — S35545 + Z [Sij Z ( 2k>:| ’

1i<G<5E kg{ig)

K(G) = K(F)- Z [Sij Z nknl} + s12(834 + 835 + 8a5)
1<i<j<5h 1<k<i<5
{5,j}n{k, 1} =0

+513(824 + S25 + Sa5) + S14(S23 + S25 + S35) + S15(523 + S24 + S34) + 523545

+524835 + S25534.-

Moreover, these equalities hold if and only if each edge in S joins vertices in the same two

partite sets of smallest size in F.

§3. Characterization

In this section, we shall characterize certain complete 5-partite graph G = K(n1, na, ns, ng, ns)

according to the number of 6-independent partitions of G where ns — ny < 4.
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Theorem 3.1 Let G = K(ny,na,n3,ng,n5) be a complete 5-partite graph such that nq + ns +
ng +mn4+mns =5n+1 and ns — ny < 4. Define (G) = [a(G, 6) — 2T — 2" +5]/27=2. Then

(i) 6(G) =0 if and only if G = K(n,n,n,n,n+1);
(i) 0(G) =1 if and only if G=K(n—1,n,n,n+1,n+1);
(i) 0(G)=2if and only if G=K(n—1,n—1,n+1,n+1,n+1);
(iv) 0(G) =23 if and only if G = K(n—2,n,n+1,n+1,n+1);
(v) 0(G) =3 if and only if G = K(n — 1,n,n,n,n+2);
(vi) (G) =4 if and only if G = K(n—1,n—1,n,n+1,n+2);
(vii) 6(G) = 4% if and only if G = K(n—3,n+1,n+1,n+1,n+1);
(viii) 0(G) = 4% if and only if G = K(n —2,n,n,n + 1,n+ 2);
(ir) 6(G) =5% if and only if G = K(n—2,n—1,n+ 1,n+1,n+2);
(x) 6(G) =T ifand only if G=K(n—1,n—1,n—1,n+2,n+2);
(zi) 6(G) = 7% if and only if G = K(n—2,n— 1,n,n+2,n+2);
(zii) (G) =9 if and only if G = K(n—2,n—2,n+1,n+2,n+2);
(ziii) 0(G) =10 if and only if G = K(n—1,n—1,n,n,n+ 3);
(ziv) 0(G) =11 if and only if G=K(n—1,n—1,n—1,n+1,n+ 3).

Proof In order to complete the proof of the theorem, we first give a table for the f-value

of various complete 5-partite graphs with 5n 4 1 vertices as shown in Table 1.
(i) G is the improvement of Go and G with 0(G2) = 1 and 0(G3) = 3;

(11) GQ is the improvement of Gg, G4, G5, G6 and G7 with Q(Gg) = 3, 9(G4) = 2, 9(G5) = 4,
0(Gs) = 21 and 6(G7) = 43;

(iii) Gs is the improvement of G5, G7, Gg and Gg with 8(G5) =4, 0(G7) =4
and 0(Gy) = 103;

1 and 6(Gg) = 10

(iv) Gy is the improvement of G5, Gg and G1p with 0(G5) =4, 6(Gs) = 25 and 0(G19) = 5%;

1

2

(V) G5 is the improvement of G77 Gg, G107 G117 G12, G13 and G14 with 9(G7) = 4%, G(Gg) =
10, 6(G1o) = 53, 0(G11) = 7, 0(G12) = 11, 6(G13) = 74 and 0(G14) = 113;

(vi) Gg is the improvement of G7, G1o, G5 and Gig with 6(G7) = 41, 0(G10) = 51, 0(G15) =
4% and H(Glﬁ) = 6%;
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Gi (1<i<21) 0(Gy) | G (22 <i<41) 0(G:)
Gi1 = K(n,n,n,n,n+1) 0 Go=Kn-2,n—2,n+1,n+2,n+2) 9
Go=K(n-1,n,n,n+1,n+1) 1 Gas=K(n—-2,n—2,n+1,n+1,n+3) 13
Gz =K(n—1,n,n,n,n+2) 3 Gy =K(n-3,n—1,n+1,n+2,n+2) 9%
Gi=Kn-1,n—1,n+1,n+1,n+1) 2 Gas =K(n—3,n—1,n+1,n+1,n+3) 13%
Gs=K(n—-1,n—1,nn+1n+2) 4 Gz =K(n—2n-1n—1n+2n+3) | 143
Ge=K(n—-2nn+1,n+1,n+1) 23 Gor=Kn—-2,n—1,n—1,n+1,n+4) 261
Gr=K(n-2,nnn+1,n+2) 4% Gas =K(n—2,n—2,n,n+2,n+3) 15
Gg:K(nfl,nfl,n,n,nJrB) 10 Gag = K(n—3,n—1,n,n+2,n+ 3) 151
=K(n—-2,n,n,n,n+3) 10% Gzo=Kn—-—-4,n+1,n+1,n+1,n+2) 8%
Gm:K(n—2,n—1,n+1,n+l,n+2) 5% Gzgr=K(n—-—4,n,n+1,n+2,n+2) 10%
Gii=Kn—-1,n—-1,n—1,n+2,n+2) 7 Gzo=K(n—4,n,n+1,n+1,n+3) 14%
Gi2=Kn—-1,n—1,n—1,n+1,n+3) 11 Gzz3 =K(n—4,n,n,n+2,n+3) 16%

Gis=Kn-2,n—1,nn+2,n+2)

-
=
Q
S
Il
=

n—3n—2n+2n+2,n+2) 123

(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(

(
(
(

Guu=Kn-2,n—-1,nn+1,n+3) 114 Gss = K(n—3,n—2,n+1,n+2,n+3) 163
=Kn-3,n+1,n+1,n+1,n+1) 41 Gss = K(n—4,n—1,n+2,n+2,n+2) 131
=K(n—-3,nn+1,n+1,n+2) 65 Gzgr =K(n—4,n—1,n+1,n+2,n+3) 17%

:K(n—3,n,n,n+2,n+2) 8% Gss=K(n—-5n+1,n+1,n+2,n+2) 12%
s=K(n—-3,nn,n+1,n+3) 1241 Gzg=K(n—-5n+1,n+1,n+1,n+3) 16
9=K(n-1,n—1,n—1,n,n+4) 25 Gioo=K(n—-5nn+2n+2n+2) 144
o=Kn-2,n—1,n,n,n+4) 25% Gy =K(n—-5nn+1,n+2,n+3) ISE
1 =K(n—-3,n,n,n,n+4) 26%

Table 1 Complete 5-partite graphs with 5n + 1 vertices.

By the definition of improvement, we have the followings:

(Vll) G7 is the improvement of Gg, GlO; Glg, G14, Glﬁ, G17 and Glg with G(Gg) = 10

0(G1o) = 53, 0(G13) = 7%, 0(G1a) = 113, 0(G16) = 61, 0(G17) = 82and 6(G1s) = 124,
(Vlll) Gg is the improvement of Gg, Glg, 67'147 Glg and G20 with H(Gg) = % H(Glg) = 11,

9(G14) = 11%, 9(G19) =25 and 9(G20) = 25%,

(ix) Gg is the improvement of Gi4, G1s, Gao and Ga1 with 6(G14) = % 0(Gs) = 2%,
0(Goo) = 253 and 0(Ga1) = 261;

(x) Gho is the improvement of Gi3, Gia, Gis, G22, Gas, Gaa and G5 with 0(Gi3) = 7
0(G1a) = 113, 0(G1s) = 6%, 0(G22) =9, 0(G2s) = 13, 0(Gas) = 95 and 0(Gas) = 13%;

1
2
(xi) Gh1 is the improvement of G2, G13 and Gag with 8(G12) = 11, 8(G13) = 7% and 0(Gag) =
143;
27

(Xll) G12 is the iIIlpI‘OVGHlth of G14, Glg, Ggg and G27 with 9(G14) = 11%, G(Glg) = 25,
0(G26) = 143 and 6(Gar) = 263;

(xiv) Gis is the improvement of Gi6 and Gzg with 6(G16) = % and 0(Gsp) = %;
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(XV) Glﬁ is the improvement of G17, Glg, G24, G25, (;307 Ggl and G32 with 9(G17) = 8%
H(Glg) = 12%, 6‘(G24) = 9%, 6‘(G25) = 13%, 9(G30) = 8%, 9(G31) = 10% and 6‘(G32) = 14%,

(XVi) G17 iS the improvement Of Glg, G24, Ggg, G31 and G33 Wlth 9(G18> = 12%, 9(G24) = 9l
H(Ggg) = 15%, H(Ggl) = 10% and 6‘(G33) = 16%;

(XVii) GQQ is the improvement of G23, G24, GQg, G34 and G35 with 9(G23) = 13, 9(G24) = 9%,
9(G28) = 15, 9(G34) = 12% and 9(G35) = 16%,

(xviii) Gas is the improvement of Gas, Gag, Ga1, Gas, Gss, Gsg and Gsr with 6(Gas) = 131,
0(Gag) = 151, 6(Ga1) = 10L, 6(Gaa) = 123, 0(G35) = 163, 6(Ga6) = 131 and 6(Gar) =
17%;
(xix) G3p is the improvement of Gs1, Gs2, Gsg and Gs9 with 6(Gs1) = 10%7 0(Gs2) = 14%,
0(Gss) = 124 and 0(Gag) = 165x;

(XX) Ggl is the improvement of G32, Ggg, G36, G3,77 Ggg, G40 and G41 with 9(G32) =14
6‘(G33) = 16%, 9(G36) = 13%, 6‘(G37) = 17%, 9(G3g) = 12%6’ 6‘(G40) = 14%6 and 6‘(G41)
18%.

1
87

Hence, by Lemma 2.4 and the above arguments, we know (i) to (xiv) holds. Thus the proof is
completed. g

Similarly to the proof of Theorem 3.1, we can obtain Theorems 3.2 and 3.3.

Theorem 3.2 Let G = K(n1,n2,n3,n4,n5) be a complete 5-partite graph such that ny + na +
n3+n4+ns = 5n+2 and ns —ny < 4. Define 0(G) = [a(G,6) —3-2" — 2"~ +5]/2"=2. Then

(i) 6(G) =0 if and only if G = K(n,n,n,n+1,n+1);

(i) 0(G) =1 if and only if G=K(n—1,n,n+1,n+1,n+1);

(i) 0(G) =2 if and only if G = K(n,n,n,n,n+ 2);

(iv) (G) =23 if and only if G=K(n—2,n+1,n+1,n+1,n+1);

(v) 6(G) =3 if and only if G = K(n— 1,n,n,n+1,n+2);

(vi) (G) =4 if and only if G = K(n—1,n—1,n+1,n+1,n+2);
(vii) 6(G) =45 if and only if G = K(n—2,n,n+1,n+1,n+2);
(viii) 8(G) =6 if and only if G = K(n—1,n—1,n,n+2,n+ 2);

(iz) 0(G) = 6% if and only if G = K(n —2,n,n,n+2,n+ 2);

(x) 0(G) =71 if and only if G =K(n—2,n—1,n+1,n+2,n+2);
(zi) 0(G) =9 if and only if G = K(n — 1,n,n,n,n+ 3);

(zii) 0(G) =10 if and only if G = K(n—1,n—1,n,n+1,n+ 3);
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(ziii) 0(G) =11 if and only if G = K(n —2,n—2,n+2,n+2,n+ 2);
(ziv) 0(G) =13 if and only if G=K(n—1,n—1,n—1,n+2,n+ 3).
Theorem 3.3 Let G = K(ni,na,ng,na,ns) be a complete 5-partite graph such that ni+
n2 +n3 +ng +ns = 5n+ 3 and ns —ny < 4. Define 0(G) = [a(G, 6) — 2"T2 + 5]/2"71. Then
(i) 6(G) =0 if and only if G = K(n,n,n+ 1,n+1,n+1);
(i) 6(G) = 1 if and only if G = K(n—1,n+1,n+1,n+1,n+1);
(i) 0(G) =1 if and only if G = K(n,n,n,n+ 1,n+ 2);
(iv) 0(G) =13 if and only if G = K(n—1,n,n+1,n+1,n+2);
(v) 0(G) =2L if and only if G = K(n—2,n+1,n+1,n+1,n+2);
(vi) 0(G) =25 if and only if G = K(n — 1,n,n,n+2,n+2);
(vii) (G) =3 if and only if G =K(n—1,n—1,n+1,n+2,n+2);
(viii) 6(G) = 3% if and only if G = K(n —2,n,n+1,n+2,n+2);
(iz) 0(G) =4 if and only if G = K(n,n,n,n,n+ 3);
(x) 0(G) =431 if and only if G = K(n—1,n,n,n+1,n + 3);
(zi) 6(G) =43 if and only if G = K(n—2,n—1,n+2,n+2,n+2);
(zit) 0(G) =5 if and only if G=K(n—1,n—1,n+1,n+1,n+3);
(ziii) 0(G) =6 if and only if G = K(n—1,n—1,n,n+2,n+ 3);

(ziv) 6(G) =93 if and only if G =K(n—1,n—1,n—1,n+3,n+3).

84. Chromatically Closed 5-Partite Graphs

In this section, we obtained several y-closed families of graphs from the graphs in Theorem 3.1
to 3.3.

Theorem 4.1 The family of graphs K~%(ny,na, n3, ng, n5) where ny+ng+nsz+ng+ns = d5n+1,
ns —n1 <4 andny = s+ 5 is x-closed.

Proof By Theorem 3.1, there are 14 cases to consider. Denote each graph in Theorem 3.1
(1), (#),-- -, (ziv) by G1,Ga,- - ,G14, respectively. Suppose H ~ G; — S. It suffices to show
that H € {G; — S}. By Lemma 2.3, we know there exists a complete 5-partite graph F =
(p1,D2, P3, P4, ps) such that H = F — S’ with |[S'| = s’ =e(F) —e(G) + s > 0.
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Case 1. Let G = Gy with n > s+ 2. In this case, H ~ F — S € K~*(n,n,n,n,n+1). By
Lemma 2.5, we have

a(G - S,6) = a(G,6) + /(G- S) with s <o/ (G - S5) <2° -1,

a(F = 5',6)=«a(F,6)+ o (F—S)with0 < s’ <o (F—-95).

Hence,
a(F —8',6) —a(G —8,6) = a(F,6) — a(G,6) + o'(F — S") — /(G - 9).

By the definition, «(F,6) — a(G,6) = 2"72(0(F) — 0(G)). By Theorem 3.1, §(F) > 0. Suppose
6(F) > 0, then

a(F - 5',6) — a(G — S,6) 2" 2 L o/(F - 8")—d/ (G- 09)

>
> 2°4+d(F-9)-2°+12>1,

contradicting a(F' —S5’,6) = a(G—S,6). Hence, 0(F) =0 and so F' = G and s = s’. Therefore,
HeK *n,n,n,nn+1).

Case 2. Let G =Gy withn > s+ 3. Inthiscase, H~F —-Se K *(n—1,n,n,n+1,n+1).
By Lemma 2.5, we have

a(G - S,6) = a(G,6) + /(G- S) with s <a/(G - S5) <2° -1,

a(F —5',6) = a(F,6) + o/ (F —S") with0 < s’ <o/ (F—9").

Hence,
al(F —8,6) —a(G - 5,6) = a(F,6) — a(G,6) + o/ (F - §') — /(G - 9).
By the definition, a(F,6) — a(G,6) = 2" 2(0(F) — 0(G)). Suppose §(F) # 0(G). Then,
we consider two subcases.

Subcase 2.1 0(F) < 6(G). By Theorem 3.1, F = Gy and H = G — 5" € {G1 — S’}. However,
G — S ¢ {G1 — S’} since by Case (i) above, {G1 — S’} is x-closed, a contradiction.

Subcase 2.2 0(F) > §(G). By Theorem 3.1, a(F,6) — (G, 6) > 2""2. So,

a(F —S5",6) —a(G —S,6) 2" 2 L o/(F - 8)—d(G-8)

>
> 2°+d(F-9)-2°+12>1,

contradicting a(F — 5’,6) = a(G — S,6). Hence, §(F) —0(G) =0 and so F = G and s = §'.
Therefore, H € K~*(n — 1,n,n,n+1,n+1).

Using Table 1, we can prove (iii) to (xiv) in a similar way. This completes the proof. [
Similarly, we can prove Theorems 4.2 and 4.3.

Theorem 4.2 The family of graphs K~%(ny,na, n3, ng, n5) where ny+ng+nsz+ns+ns = 5n+2,
ns —n1 <4 andny = s+ 6 is x-closed.
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Theorem 4.3 The family of graphs K~%(ny,na, n3, ng, n5) where ny+ng+ns3+ng+ns = 5n+3,
ns —n1 <4 andny = s+ 6 is x-closed.

§5. Chromatically Unique 5-Partite Graphs

The following results give several families of chromatically unique complete 5-partite graphs
having 5n + 1 vertices with a set S of s edges deleted where the deleted edges induce a star

K s and a matching sK5, respectively.

Theorem 5.1 The graphs K;JKl‘S(nl,ng,ng,ml, ns) where ny + ng + ng +ng +ny = dn + 1,
ns —n1 <4 andny > s+ 5 are x-unique for 1 <i# j <5.

Proof By Theorem 3.1, there are 14 cases to consider. Denote each graph in Theorem 3.1
(1), (#),-- -, (ziv) by G1,Ga,- -, G4, respectively. The proof for each graph obtained from
G; (i =1,2,---,14) is similar, so we only give the detail proof for the graphs obtained from
G5 below.

By Lemma 2.5 and Case 2 of Theorem 4.1, we know that K;jKl‘S (n—1n,nn+1,n+1)
= {K;jKl““(n —Lin,nn+1,n+1)|(475) € {(1,2),(2,1),(1,4),(4,1),(2,3),(2,4),(4,2),(4,5)} is x-
closed for n > s+ 3. Note that

Kis

t(KiTj (n—1,nn,n+1,n+1)) =t(G2) — s(3n+2) for (i,5) € {(1,2),(2,1)},

HK (= 1,n,n,n + 1,0+ 1)) = H(G2) — s(3n + 1) for (i,5) € {(1,4), (4,1),(2,3)},
HK; " (n—Ln,n,n+ 1,n+1)) = t(G2) — 3sn for (1,5) € {(2.4), (4,2)},
HEL S (n = 1,n,m,n 4 1,0+ 1)) = ¢(Ga) — s(3n — 1).

By Lemmas 2.2 and 2.6, we conclude that U(K;]Kl’s(n —Ln,nn+1,n+1))# U(KJTiKl‘S(n -

1,n,n,n+ 1,n + 1)) for each (4,5) € {(1,2),(1,4),(2,4)}. We now show that Kz_fl(n -
1I,n,n,n+ 1,n + 1) and KiTjKl’s(n —Lin,n,n+ 1,n+ 1) for (¢,5) € {(1,4),(4,1)} are not

x-equivalent. We have
n—1 49 n+1
2 2
n n+1
2
()-("2)

(n—l,n,n,n—i—l,n—i—l)) =0

3

Q(K;?l‘s(n— Ln,n,n+1,n+1))=Q(G2) —s(n—1)*+ (;) + s

QUE, ' (n—1nnn+1,n+1)) = Q(Gs) — sn(n—2) + <;> +s

4]

for (i,7) € {(1,4), (4,1)} with
Q(Kié(l’s(n —Lnnn+1n+ 1)) - Q(KiKLS

1,7

since s;; = 0 if (4,7) # {(1,4), (4,1), (2,3)}. We also obtain

KKy (n—1nnn+1ln+1) = K(G2)—s(3n®+2n—1);
K(K, [ (n—1,nnn+1n+1) = K(Ga)—s(3n?+2n)
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for (i,7) € {(1,4), (4,1)} with

K(K;);(I’S(n—1,n,n,n+1,n+1)> —K(K-*-Kl’s(n—1,n,n,n+1,n+1)) =5

]

since s;; = 0 if (¢,7) # {(1,4),(4,1),(2,3)}. This means that 2K(KfK1‘S(n —1,n,n,n +

Ln+n)—Qma“wn_men+Ln+1»¢2K@3§%n_Lﬁmn+Ln+1»_
Q(K;f”(n —1,n,n,n+1,n+1)) for (4,5) € {(1,4), (4,1)}, contradicting Lemma 2.1. Hence,
KiTjKl’s(n —1,n,n,n+ 1,n+ 1) is y-unique where n > s+ 3 for 1 < i # j < 5. The proof is
thus complete. O

Theorem 5.2 The graphs K;;Kz (n1,n2,n3,n4,n5) where ny + na + n3g + ng +ns = dn + 1,

ns —n1 <4 and ny = s+ 5 are x-unique.

Proof By Theorem 3.1, there are 14 cases to consider. Denote each graph in Theorem 3.1
(1), (#),-- -, (ziv) by G1,Ga,- - ,G14, respectively. For a graph K(pi,p2,ps,pa,ps), let S =
{e1,e2,- -+ ,es} be the set of s edges in F(K (p1,p2,ps, P4, ps)) and let t(e;) denote the number
of triangles containing e; in K(p1,p2,ps,pa,ps). The proofs for each graph obtained from
G; (1 =1,2,---,14) are similar, so we only give the proof of the graph obtained from G; and
G5 as follows.

Suppose H ~ G = K;;Kz (n,n,n,n,n+1) for n > s+ 2. By Theorem 4.1 and Lemma 2.1,
HeK*(n,n,n,n,n+l)and o/ (H) = ¢/(G) = s. Let H = F—S where F = K(n,n,n,n,n+1).
Clearly, t(e;) < 3n+1 for each e; € S. So,

HH) > t(F) — s(3n +1),

with equality holds only if t(e;) = 3n + 1 for all ¢; € S. Since t(H) = t(G) = t(F) — s(3n + 1),
the equality above holds with t(e;) = 3n + 1 for all e; € S. Therefore each edge in S has an
end-vertex in V; and another end-vertex in V; (1 < i < j < 4). Moreover, S must induce a
matching in F. Otherwise, equality does not hold or o/(H) > s. By Lemma 2.8, we obtain

2(5)+("3)

QH) = Q(F)—s(n— 1)2 + (;) — $12(813 + S14 + S23 + S24 + S34)

QG) = QF) ~stn =17+ (3) 5

whereas

—513(S14 + S23 + 524 + S34) — S14(523 + 524 + 534) — S23(524 + 534) — 524534

2(5)+("3")

= Q(G) — s12(513 + 514 + 523 + S24) — S13(514 + 523 + S34) — S14(524 + 534)

+s + S12834 + S13S24 + S14523

—523(824 + 534) — 524834
Moreover, K(G) = K(F) — s(3n? + 2n) whereas

K(H) = K(F)—s(3n*+2n)+ 512534 + 513524 + 514593
= K(G) + $12834 + S13524 + S14523.
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Hence,

2K(H) - Q(H) = 2K(G)—Q(G) +2(s12534 + 513524 + 514523) +
s12(513 + S14 + S23 + S24) + S13(S14 + S23 + S34) + S14(S24 + S34) +

523(824 + S34) + S24534,

and that 2K (H) — Q(H) = 2K(G) — Q(G) if and only if s = s;; for 1 < ¢ < j < 4. Therefore,
we have (S) = sK, with H = G.

Suppose H ~ G = Ki§K2(n —1,n,n,n+1,n+1) for n > s+ 3. By Theorem 4.1 and
Lemma 2.1, H e K*(n—1,n,n,n+1,n+1) and o/(H) = ¢/(G) = s. Let H = F — S where
F=K(n-1nmnn+1,n+1). Clearly, t(e;) < 3n+ 2 for each ¢; € S. So,

tH(H) > t(F) — s(3n + 2),

with equality holds only if ¢(e;) = 3n+ 2 for all e; € S. Since t(H) = t(G) = t(F) — s(3n + 2),
the equality above holds with t(e;) = 3n + 2 for all e; € S. Therefore each edge in S has
an end-vertex in V; and another end-vertex in V; (2 < j < 3). Moreover, S must induce a
matching in F'. Otherwise, equality does not hold or o/(H) > s. By Lemma 2.8, we obtain

(5) ("3 )
() ("3

and the equality holds if and only if s = s1; (2 < j < 3). Moreover, K(G) = K(H) =
K(F)—s(3n?4+4n+1). Hence, 2K (G) — Q(G) # 2K (H) — Q(H) and the equality holds if and
only if (S) & sK», with H 2 G. Thus the proof is complete. O

Q6) = QF) = st~ =2 + (5] +»

whereas

> — 512813+ S

Similarly to the proofs of Theorems 5.1 and 5.2, we can prove Theorems 5.3 to 5.6 following.

Theorem 5.3 The graphs KZTJ-KI’S(TLLTLQ,TL&TM, ns) where ny + ng + ng +ng + ny = bn + 2,
ns —n1 <4 and ny > s+ 6 are xy-unique for 1 <i # j <5.

Theorem 5.4 The graphs K;JKl‘S(nl,ng,ng,n4, ns) where ny + ng + ng + ng + ny = 5n + 3,
ns —n1 <4 and ny > s+ 6 are xy-unique for 1 <i # j <5.

Theorem 5.5 The graphs K;;Kz (n1,n2,n3,n4,n5) where ny + na + n3 + ng + ns = dn + 2,

ns —n1 <4 andny = s+ 6 are y-unique.

Theorem 5.6 The graphs K;;KQ (n1,n2,n3,n4,n5) where ny + ng + n3 + ng + ns = dn + 3,

ns —n1 <4 andny = s+ 6 are y-unique.

Remark 5.7 This paper generalized the results and solved the open problems in [9,10,11].
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