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Abstract: The main aim of this paper is to create ties between different kinds of documents. By adding a certain convolution
operator involving hypergeometric functions, subclasses of harmonic univalent functions. In the open unit disk £, we examine
certain relations with Goodman-Salagean-Type harmonic univalent functions.

Key words: Univalent functions, Starlike functions, convex functions, linear operator, Hypergeometric functions, Hadamard
product.

INTRODUCTION
Let L = {w € C: |w| < 1} be an open unit disc in C. Let H(L) be the analytic functions class in £ and let L][a, i]
be the subclass of H(L) of the form
gw) =a+ aw'+ awtt +---,

where a € Candt € N = {1,2,...} with H, = H[0,1] and H = H[1,1]. Let ¥ denote the class of form's analytic
functions:

gw)=w+ z aw', (a, =20,ieN={1,23,..},we L). €))

=2
The convolution operator B(a, ¢; d) has been introduced by Hohlov [12]: ¥ — W defined by
B(a,c; d)g(w) = wE(a, c;d; w) * g(w),

where E(q, c; d; w) is a well known Gaussian hypergeometric function and defined by
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- (@), (©),

———w',(a,c,d € C suchthat d # 0,—1,-2,...)
2 (@), (D,

E(a,c;d; w) =
L

In £, a hypergeometric function E(a, ¢; d; w) is analytical and plays an important role in the theory of geometric
functions. See Branges[8], Ahuja[2], Carleson and Shaffer[6], Owa and Srivastava[16], Miller and Mocanu[15],
Ruscheweyh and Singh[17], Srivastava and Manocha[ 18], and Swaminathan[19] for their studies.

For a function g € W given by Eqn. (1) and [ € W defined by

ow) =w+ Z cwh, (w e D), (2)
we define the Hadamard product of g and ¢ by
(g+PW) =w+) acw, (web) ©)
=2
Let F be the family of all harmonic functions ¢ = h + ¢, where

h(w)=w+ZALw‘, ¢(w)=zqw‘, (C 1 <1, weL) )
=2 =1

are in class W. We define the functions 1, = wE(aq,c;;dy; w) and Y, = wE(a,, ¢cy;dy; w) for  complex
parameters aq, ¢;,dq, Ay, C3,dy (dy ,dy #0,—1,—-2,...).

We consider the following convolution operator to fit these functions

a,, ¢, dy

v=0 (az; Cy  dy

) cF > F,
defined by

U(al’ o 2) g=g* W1 +P)=h*P + 1,

az, C2,

for any function g = h + ¢, in F. Letting

U(al' ‘v ‘f;z)E(w) = H(w) + dw),

a,, Cy
we have
(a1)-1(c1),- 1wt _ (a2)1—1(52)1—1 .
How = w +Z @ Y P Ly L, e er ®

We observe that

(% 18 g =g = g s (Tt ),
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it's the identity mapping method.

In[4], the author described and studied this convolution operator U. Denote by Sz the subset of F in L that is
uniform and sense-preserving.

g—Cig
1-|Cq|*

Note that € Sy whenever g € Sz. We also let the subclass S2 of Sy

Sp={g=h+¢eSy: ¢'(0)=C, =0}
In [7], the classes S2 and Sy were first studied. We also let K2, S° and C2 denote the subclasses of S2 of harmonic
functions that are convex, starlike and close-to-convex in L, respectively. One can refer to ([5,7,10]) or [9] for

definitions and properties of these classes.

ForO0<t<1l,ueNandme N, ={0,1,2,..}, let

Nz(7) = {g EF: Regvgv) >t,w=re? € L},
 MEgw)
i) ={geF: 1 Wy_“- ~ _pelfl>7 geR, weLll
7(T) {g F ﬁe{( + pe )Mmg(w) pe }_r 0 w L}

’ _i _ ) ! _i i
where w' = 3 (w=rev),g'(w) = ayg,(re”’).

Define DNz(t) = Nz(t) N D and D® (1) = ®x(t) N D, where D consists of the functions ¢ = h + ¢ in Sz so that
h and ¢ are of the form

hW) =w =Y [Adwt, $w) = D 1C, 1w ©)

In [1, 3,11], classes N¢(7) and ®x(t)were initially introduced and studied. A function in ®x(7) is called the
harmonic univalent function in £ of the Goodman-Salagean-type.

We will also use the notations in this paper

a;, ¢, dl) (laiDi=1(leiDi—s _ (azDi=1(cz i
4 =1 AN 1y

U(g)=u(a2, c dp B (|d1|)1—1(1)1—1 P T = (ldzl)L—l(l)l—l

and a well-known formula
I'd—a—-c)r(d)

E(a,c;d; Dzl"(d—a)l"(d—c) ,Re(d—a—c)>0.

The main objective of this paper is to create some significant relations between the classes Ky, S}’O, €2, Nz(7) and
@£ (1) by applying the convolution operator.
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MAIN RESULTS

The following results are required for Lemma 2.1.[7], Lemma 2.2.[1] and Lemma 2.4.[4] to create ties between
harmonic convex functions.

Lemma 2.1.If g = h + ¢ € K7 where h and ¢ are given by Eqn. (4) with C; = 0, then

+1 -1
al< o<t
2 2

Lemma 2.2. Let g = h + ¢ be given by Eqn. (4). If

DA+ =@+ lla) + Y [0+ = D+ llal < 1-7, ()

Then g is sense-preserving, harmonic univalent functions of Goodman-Salagean-type in £ and g € ®¢(7).

Remark 2.3.In [1,14], ¢ = h + ¢ given by Eqn. (6) is also shown belongs to the D®«(7) family, if and only if the
coefficient condition (7) holds. Moreover, if g € D® (1), then

1—1 1—-1
Al < ,(=2), Cl| < ,
S s e carpe RGN G s Ty G § s Y coapey

(t=1).

Lemma 2.4.1fa,c,d > 0, then

(i)E(a+m,c+m;d+m;1)=%

P Era— E(a,c;d; 1), form =0,1,2,3,... ,ifd >a+c+ m.

ac

P o Py o
W) 2z =D g S ~ aaen

1E(a,c;d; 1),ifd>a+c+1.

© _ 2 @-1 (-1 _ (a)2(c)2 ac . :
(i) T2, - D G0 = [0 4 L ]E(a,cid; 1),ifd >a+c+2.

; o (43 @Di—1 (i1 _ [ (@3(c)3 (@)2(0)2 ac . .
(iv) X2, —-1) Dty = |Gmacen; T acacea; T d—a—c—l] E(a,c;d; 1),ifd > a+c+ 3.
© _ 4 (@—1(0)—1 (a)4(c)g (a)3(c)3 (a)2(c)2 ac . :
(v) 22— 1) @Dty = Gacen; T acacens T acace; T d—a—c—l] E(a,c;d; 1),ifd > a+c+ 4.

Theorem 2.5. Let a;,c; € C\ {0},d; € R and d; > |a;| + |¢;| + 3 for i = 1,2. If for some q(0 < g <1) and
7(0 <t <1),when u =m+ 1,m = 1 the inequality

YiE(laql, leg s dy; 1) + ©E(lazl, [cal; dy; 1) < 4(1 — 1),

is satisfied, then U(K7) c ® (1), where
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(la;Ds (e Ds (la; D2 (e D2

=1+ +(@A+3q—1
D Tl =Tl -3, T3 D@ - lel -2
a C
+ (5 + 2q — 37) a1l -2(z-1),
(d1_|a1|—|C1|_1)
(|a2|)3(|02|)3 (|a2|)2(|02|)2
Q=01+ +(Q2+3q+7
S Dy oy o v s WIS 2N oAy o oy o gy
a,C
+(1+29+1) ]

(dy = laz| = lea| = 1)

Proof. Letg = h + ¢ € K2 where h and ¢ are of the form Eqn.(4) with C; = 0. We need to demonstrate that
U(g) = H + ® € ®;(7), where analytic functions in £ are H and @ defined by Eqn.(5). In view of Lemma 2.2., we
have to show the A; < 1 — 7, where

(az)i—1(c2) i1

@)r (Do C“

(al)z—l(Cl)l_l it -
m‘qz| +;[(1+q)l#_(_1)u Mt + q)]

Ay = ) [+ @k = (@ + )]
=2

Taking Lemma 2.1. and Lemma 2.4. into account, it follows that

1

Z(t+1)[(1+q)w—tm(r+q) EZ — D[+ = (D™ + P

Z A+ —-12+¢@+3¢q-10-1)*+6B+2¢-30D)0—-1) —-2(t— DIM,_,

l\JI»—\
8||

NI»—\

Z[u FDM=-1P+2+3¢+ D =12+ 1 +2¢+ (- D]F,_,

1 1
= EY1E(|‘11|: leilsdy; 1) + §Q1E(|a2|; lcal;da; 1) — (1 —1).

Hence A; < 1 — 7 that follows from the condition given.

Lemma 2.6.[3] and Lemma 2.8.[2] need the following results in order to evaluate the relation between DNz(8) and
(7).

Lemma 2.6. If ¢ = h + ¢ where h and ¢ are given by Eqn.(6) with C; = 0, and suppose that 0 < § < 1. Then
g € DN#(5) @quu +Zl|q| <1-5
=2 =1

Remark 2.7. If ¢ € DNz (§), then

1-6 t1—90
A<

|AL|S L ;l>2 ) B 1 > 1.

Lemma 2.8. Leta,c € C\ {0},a # 1,c # 1,d € (0,1) U (1,00) and d > max{0, |a| + |c| — 1}. Then

060012-5



[oe]

1(aD s GeDis _ (@ lal = le] @D
2T @ = Gl D~ 0 b4 D~ g gy

Theorem 2.9. Let a;,¢c; € C\ {0}, a; # 1,¢; # 1,d; € R and d; > max{0, |a;| + |c;| — 1} for i = 1,2. If for some
6(0<8<1) and t1(0<7<1), when pu=m+1m=0, u=m+1,m=1 and uy=m+1,m=2 the
inequality

YZE(layl, e l; dy; 1) + QE(lazl, |czl; das 1)

J20-9-8a-9 -1 (-1
= 1-95) D CEDRCEDCED

is satisfied, then U(DNf (6)) C ®x(1), where

(d1—|a1|—|C1|) _ (d2_|a2|—|C2|)
(al-Dlal-n’ B=0+O+C+0q —Hig— o

Y,=0A+q)—(+q)

Proof. Letg = h + ¢ € DNz(5) where h and ¢ are of the form Eqn.(6). With Lemma 2.2. in mind, it is necessary
to demonstrate that A, <1 —17 and

[oe]

D [0+ Qi = (D + )]

=1

(a),—1(c1)i—1
@)D ¢

Ay = ;[(1 + @t =™+ q)] @)D, &

(az),—1(c2)1—1 |

Using Remark 2.7. and Lemma 2.8. if y = m + 1,m = 0. Then

A <(1-0) (Z [(1 +9)- (qu)] Moyt ) [(1 +o)+ (qu)]:ﬂ_l>

= (1 =8 (VLE(ayl lesl; dy; 1) + QE(las ], eyl dy; 1)) — (1= 8)(1 — 1)

5 dy—1) d,—-1)
+T+q)(1-9) [(|a1| —D(cl =1 (lazl = D] = 1)

<(1-1)),

by the hypothesis given.

Now, ifu =m+1,m =1, then

£ < (1-6) (Z[(l F U= @+ DMy + ) [+ Qe+ (T +)) f)

=(1-9) (Z[(l FOE=1D = @ = DMy + D [+ = 1D+ @ +2q + 1] ?)

=2 =1

= (1 -8 (LE(ayl, lesl; dy; 1) + QE(lagl, eyl dy; 1)) - (1 —=8HA-1) < (1—1)

060012-6



and
la;cl layc,|
C(r=1),Q,=(1+
& —Tal-lal =D ¢ =+ ) G T — ol =D

Y2=(1+q)( +(1+2q+71).

Finally, if =m + 1,m = 2, then

h<(1-8) (Z[cl FOE =T+ DMy + ) [+ Q8+ + )] f)
1=2 =1

=1-9 (Z[(l FOU=1D?+@+q =001~ @= DIM,

=2

+ Z[u L OU=1)2+Q2+3¢+D0—1) + 1 +2q + 1] fH)

=1

=1 -8)(LE(ayl lerl; dys 1) + QE(las ] lezl;dp D) —(1=8)A—-1) < (1—1)

and
_ (lai D)2 (le1D); _ layc | o
B 7 P et ) R (7 PR A DR
Q=>0+q) SCEDECEDE +Q2+3q+7) 42| +(1+2q+7).

(dy = laz| = el = 2), (dy = laz| = lea| = 1)

Next, we find similarities with ®x(7) of classes Cﬁ,S}'O and D?. We require, however, the following result first,
which can be found in [5, 7,13] or [20] .

Lemma 2.10.If g = h + ¢ € C2 (S;°, D2) where h and ¢ are given by Eqn.(4) with C; = 0, then

1Al <

Qe+D0+1)
— IC.l <

2e-D0-1)
. .
Theorem 2.11. Let a;,¢; € C\ {0},d; € R and d; > |a;| + |¢;| + 4 for i = 1,2. If for some q(0 < g < 1) and
7(0 <7< 1), when u = m+ 1,m = 1 the inequality
Y:E(lail, legl; dys 1) + Q3E(lazl, lel; dp; 1) < 12(1 — 1),
is satisfied, then U(CP) € @ (1), U(S57°) € @£ (1), V(DY) € @5 (1), where

(laiDa(lc1Da (la;D3(eiDs
@ —lal—lal-0, T O 720G o~ 1al-3),
+ (14 + 7q - 77) (aiD2(eiD2 +(942q—71) la;cl _
(dy —lag| = les| = 2), (dy —lagl = le ] = 1)

Y; =2(1+¢q)

2(t—-1),

060012-7



(|a2|)4(|cz|)4 (|a2|)3(|(:2|)3
@ ol — el =8, T C I G g = e -3,
(|a2|)2(|52|)2 |a252|
S AL sy iy oy s WL L 7 By oy Py g

Q;=2(1+¢q)

Proof. Letg = h + ¢ € C? (S -0 Dg?) where h and ¢ are of the form Eqn.(4) with C; = 0. We need to demonstrate
that U(g) = H + @ € @z (1), where analytic functions in £ are H and @ defined by Eqn.(5). In view of Lemma
2.2., we have to show the A; < 1 — 7, where

(ar),—1(c1)i—1 A

(az)—1(c2) 11 |
(dl)L—l(l)L—l '

+ ;[(1 + @t — (=D ™M (T + q)] mq

A= Y [+ = M@+ )]

Taking Lemma 2.4. and Lemma 2.10. into account, it follows that

A; < %Z(ZL + D+ DA +q)® =t +qQ)IM,_, + %Z(ZL -De-D[A+%+u(t+ QIF,_,

B li [2(1 +O-D*+B+7¢-200 -1+ (14 + 79 - 70)( - 1)2] M
_6L=2 +9+29q-7)t—1)—-2(t—1) -1

IO 201+ )= D* + (5 + 7q + 200 = 1)% + (4 + 7q + 30) (1 — 1)?2
+€;[ +(1+2g+7)—1) ]T‘—l

1 1
= 6Y3E(|a1|' leil;dy; 1) + EQ3E(|‘12|: lcal;dy; 1) — (1 —1).

Hence Az < 1 — 7 that follows from the condition given.
We create ties between D®#(7) and ®#(t) in the next Theorem.

Theorem 2.12. Let a;,¢; € C\ {0},d; € R and d; > |a;| + |¢;| for i = 1,2. If for some 7(0 < 7 < 1), when u =
m + 1, m = 1 the inequality

E(lail, lesl; di; D) + E(lazl, 215 d2; 1) £ 2,
is satisfied, then U(D®# (1)) € @z (7).
Proof. By using Lemma 2.2. and the definition of A, in Theorem 2.9., we need to prove that A, <1 — 1.

By Remark 2.3, it follows that

(oo}

D 1A+ Qi = (=D + )]

=1

(ar),-1(c1)i—1

(dl)t—l(l)t—l ¢

(dz)t—l(l)t—l '

4,

A, = Z[(l + Ot — (T + )] (az)-1(c2) 1 |

<(1-1) (Z M_;+ ZTL—1> =1- T)(E(|a1|» lcil;dy; 1) + E(lazl, |cals da; 1)) -1-9D=1-1).

The proof'is satisfied by the specified condition.

060012-8



In the next results, we create ties between D®#(7) and @ (7). By diluting the drawbacks of Theorem 2.12. on the
complex coefficients.

Theorem 2.13. Let a;,¢; < 0,ay,¢; > —1, dy > max{0,a, + ¢,},a,,¢, € C\ {0}and d, > |a,| + |c,|, then a
sufficient condition for U(D(D:p (r)) C ®x(7) is that

E(lal less dy; 1) — E(lagl, lezl;dz; 1) =0,
forsome q(0 <g<1l)andt(0 <7< 1),when u=m+1m=1.

Proof. Letg = h + ¢ € D, (1) where h and ¢ are of the form Eqn.(6). Then

C (ar),—1(c1)i—1 C (az)i-1(c2) i1
— ——— A W'+ ——F—|C,| Wt
2 @, M l

U(g’) =w ~ (dz)L—l(l)L—l

It is possible to rewrite this function as

layc | (a; + 1) 5(c; + 1), . (az).-1(c2),-1

AW+ ) —————|C| W
di & (di+ 12Dy ‘ £ (dy) i1 (D

U(g) =w+

In view of Lemma 2.2., we have to demonstrate that A, < 1 is where

IC. |

_layal N A+ —uwr+q))(a+ 1), ,(c; + 1), N (1+ @) + 1z + q)] (@), -1(c2). 1
“‘dlg[ T ) i D W+;[ CRr B Ko

< layci O (ag +1),(c + 1),
T od — (dy +1),,(1),—4

14,1 +ZT¢_1 = —E(la1], le1l; di; D) + E(laz] [ezl;dp; D +1 <1,
=1

by the given condition.

We present a condition on the parameters ay,a,,c;,c,d;,d, in the next theorem and obtain an operator
characterization that maps D ®(7) on itself.

Theorem 2.14. Let a;,¢c; <0,d; >a;+¢;(i=12),q(0<q<1) and 1(0<7t<1), when pu=m+1m=
1, then U(D®(7)) < DP#(q,7) if and only if

E(lasl, le1l; di; 1) + E(laz], [c;l5 dg; 1) < 2.

Proof. Letg = h+ ¢ € D®x(q, ) where h and ¢ are of the form Eqn.(6). We need to demonstrate that U(g) =
H + ® € D®x(q, ), where analytic functions in £ are H and ® defined by Eqn.(5) A, < 1, where

C

3 [+ q)? =it +q)
“‘;[ ( @)

1-1)

(a1)-1(c1) -1 C A+ +ut+q)
‘+;[ (

(d1)i-1 (1) 4 1-1)

(az)—1(c2) 1 |

060012-9



By using Remark 2.3., we get

A< ) Mo+ ) F < E(allalids D+ Elallohds D - 1

=1 =0

Hence A, < 1 that follows from the condition given.

10.

11.

12.

13.

14.

15.

16.

17.
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