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Abstract:  The main aim of this paper is to create ties between different kinds of documents. By adding a certain convolution 
operator involving hypergeometric functions, subclasses of harmonic univalent functions. In the open unit disk ℒ, we examine 
certain relations with Goodman-Salagean-Type harmonic univalent functions. 

Key words: Univalent functions, Starlike functions, convex functions, linear operator, Hypergeometric functions, Hadamard 
product. 
 
 
 

INTRODUCTION 

     Let ℒ = ݓ} ∈ ℂ ∶ |ݓ| < 1} be an οpen unit disc in ℂ. Let ܪ(ℒ) be the analytic functiοns class in ℒ and let ℒ[ܽ, ݅] 
be the subclass οf ܪ(ℒ) οf the fοrm  

  ℊ(ݓ)  =  ܽ +  ܽఐݓఐ +  ܽఐାଵ ݓఐାଵ  + · · ·  , 
 
where ܽ ∈ ℂ and ߡ ∈ ℕ = {1,2, … } with ܪ଴ ≡ ,0]ܪ 1] and ܪ ≡ ,1]ܪ 1]. Let Ψ denote the class of form's analytic 
functions: ℊ(ݓ) = ݓ + ෍ܽఐ ݓఐஶ

ఐୀଶ ,    (ܽఐ ≥ 0, ߡ ∈ ℕ = {1,2,3, … ݓ,{ ∈ ℒ).                            (1) 

 
The convolution operator Β(ܽ, ܿ;  ݀) has been introduced by Hohlov [12]: Ψ →  Ψ defined by 
 Β(ܽ, ܿ;  ݀)ℊ(ݓ) = ,ܽ)Εݓ ܿ;݀; (ݓ  ∗ ℊ(ݓ), 
 
where Ε(ܽ, ܿ;݀;  is a well known Gaussian hypergeometric function and defined by (ݓ 
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Ε(ܽ, ܿ;݀; (ݓ  = ෍ (ܽ)ఐ (ܿ)ఐ (݀)ఐ (1)ఐ ஶ
ఐୀ଴ ఐݓ  , (ܽ, ܿ,݀ ∈ ℂ  such that  ݀ ≠ 0,−1,−2, … ) 

 
In ℒ, a hypergeometric function Ε(ܽ, ܿ;݀;  is analytical and plays an important role in the theory of geometric (ݓ 
functions. See Branges[8], Ahuja[2], Carleson and Shaffer[6], Owa and Srivastava[16], Miller and Mocanu[15], 
Ruscheweyh and Singh[17], Srivastava and Manocha[18], and Swaminathan[19] for their studies. 
 
For a function ℊ ∈ Ψ given by Eqn. (1) and  Ι ∈ Ψ defined by 
(ݓ)߶  = ݓ + ෍ܿఐ ݓఐஶ

ఐୀଶ , ݓ) ∈ ℒ),                                                                 (2) 

 
we define the Hadamard product of  ℊ and ߶ by 
 ( ℊ ∗ (ݓ)(߶ = ݓ + ෍ܽఐ ܿఐ ݓఐஶ

ఐୀଶ , ݓ) ∈ ℒ).                                                                 (3) 

 
Let F be the family of all harmonic functions ℊ = ℎ + ߶ത, where 
 ℎ(ݓ) = ݓ + ෍ܣఐ ݓఐஶ

ఐୀଶ (ݓ)߶     ,  = ෍ܥఐ ݓఐஶ
ఐୀଵ , | ଵܥ|) < ݓ   ,1 ∈ ℒ)                        (4) 

 
are in class Ψ. We define the functions ߰ଵ = ,Ε(ܽଵݓ ܿଵ;݀ଵ; and ߰ଶ (ݓ  = ,Ε(ܽଶݓ ܿଶ;݀ଶ;  for  complex (ݓ 

parameters ܽଵ, ܿଵ,݀ଵ, ܽଶ, ܿଶ,݀ଶ ( ݀ଵ ,݀ଶ ≠ 0,−1,−2, … ).                                                                                         
 
We consider the following convolution operator to fit these functions 
 ℧ = ℧ ൬ܽଵ, ܿଵ, ݀ଵ ܽଶ, ܿଶ, ݀ଶ ൰ ∶ ℱ → ℱ,  
defined by ℧൬ܽଵ, ܿଵ, ݀ଵ ܽଶ, ܿଶ, ݀ଶ ൰  ℊ =  ℊ ∗ (߰ଵ + ߰ଶതതതത) = ℎ ∗ ߰ଵ + ߶ ∗ ߰ଶതതതതതതതതത 
 
for any function ℊ = ℎ + ߶ത, in ℱ. Letting 
 ℧൬ܽଵ, ܿଵ, ݀ଵ ܽଶ, ܿଶ, ݀ଶ ൰ Ε(ݓ) = (ݓ)ܪ + Φ(ݓ)തതതതതതത , 
 
we have (ݓ)ܪ = ݓ + ෍ (ܽଵ)ఐିଵ(ܿଵ)ఐିଵ(݀ଵ)ఐିଵ(1)ఐିଵ ఐஶݓ ఐܣ

ఐୀଶ  ,   Φ(ݓ) = ෍ (ܽଶ)ఐିଵ(ܿଶ)ఐିଵ(݀ଶ)ఐିଵ(1)ఐିଵ ఐஶݓ ఐܥ
ఐୀଵ ݓ)     , ∈ ℒ)             (5) 

 
We observe that ℧൬ܽଵ, 1, ܽଵ ܽଶ, 1, ܽଶ ൰  ℊ(ݓ) = ℊ(ݓ) =  ℊ(ݓ) ∗ ൬ 1ݓ ݓ− + 1ݓ −  ,തതതതതതതത൰ݓ
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it's the identity mapping method. 
 
In[4], the author described and studied this convolution operator ℧. Denote by ܵℱ  the subset of ℱ in ℒ that is 
uniform and sense-preserving. 
 

Note that ℊି஼భℊതതതതതଵି|஼భ|భ ∈ ܵℱ  whenever ℊ ∈ ܵℱ . We also let the subclass ܵℱ଴ of ܵℱ  

 ܵℱ଴ = {ℊ = ℎ + ߶ത ∈ ܵℱ ∶  ߶ᇱ(0) = ଵܥ = 0}. 
 
In [7], the classes ܵℱ଴ and ܵℱ  were first studied. We also let ܭℱ଴, ܵℱ∗,଴ and ܥℱ଴ denote the subclasses of ܵℱ଴ of harmonic 
functions that are convex, starlike and close-to-convex in ℒ, respectively. One can refer to ([5,7,10]) or [9] for 
definitions and properties of these classes. 
 
For 0 ≤ ߬ < 1, ߤ ∈ ℕ and ݉ ∈ ℕ଴ = {0,1,2, … } , let 
 

ℱܰ(߬) = ቊℊ ∈ ℱ ∶  ℛ݁ ℊᇱ(ݓ)ݓᇱ ≥ ݓ,߬ = ௜ఊ݁ݎ ∈ ℒቋ, 
 Φℱ(߬) = ቊℊ ∈ ℱ ∶  ℛ݁ ቊ൫1 + ௜ఏ൯݁ߩ Μఓℊ(ݓ)Μ௠ℊ(ݓ) − ௜ఏቋ݁ߩ ≥ ߠ   ,߬ ∈ ℝ,   ݓ ∈ ℒቋ, 
 
where ݓᇱ = డడఊ ݓ) = (ݓ)௜ఊ),ℊᇱ݁ݎ = డడఊ ℊ(݁ݎ௜ఊ). 
 
Define ܦ ℱܰ(߬) = Nℱ(߬) ∩ (߬)Φℱܦ and ܦ = Φℱ(߬) ∩ consists of the functions ℊ ܦ where ,ܦ = ℎ + ߶ത in ܵℱ  so that ℎ and ߶ are of the form ℎ(ݓ) = ݓ −෍|ܣఐ |ݓఐஶ

ఐୀଶ (ݓ)߶     ,  = ෍|ܥఐ |ݓఐஶ
ఐୀଵ .                                                 (6) 

 
In [1, 3,11], classes Nℱ(߬) and Φℱ(߬)were initially introduced and studied. A function in Φℱ(߬) is called the 
harmonic univalent function in ℒ of the Goodman-Salagean-type. 
 
We will also use the notations in this paper 
 ℧(ℊ) = ℧ ൬ܽଵ, ܿଵ, ݀ଵ ܽଶ, ܿଶ, ݀ଶ ൰ℊ ,   ܯఐିଵ = (|ܽଵ|)ఐିଵ(|ܿଵ|)ఐିଵ(|݀ଵ|)ఐିଵ(1)ఐିଵ   ,   ℱఐିଵ = (|ܽଶ|)ఐିଵ(|ܿଶ|)ఐିଵ(|݀ଶ|)ఐିଵ(1)ఐିଵ  

 
and a well-known formula Ε(ܽ, ܿ;݀;  1) = Γ(݀ − ܽ − ܿ)Γ(݀)Γ(݀ − ܽ)Γ(݀ − ܿ) ,ℛ݁(݀ − ܽ − ܿ) > 0. 
 
The main objective of this paper is to create some significant relations between the classes ܭℱ଴,  ܵℱ∗,଴, ,ℱ଴ܥ  Nℱ(߬) and Φℱ(߬) by applying the convolution operator. 
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MAIN RESULTS  

The following results are required for Lemma 2.1.[7], Lemma 2.2.[1] and Lemma 2.4.[4] to create ties between 
harmonic convex functions. 
 
Lemma 2.1. If  ℊ = ℎ + ߶ത ∈ = ଵܥ ℱ଴ where ℎ and ߶ are given by Eqn. (4) withܭ 0, then 
|ఐܣ|  ≤ ߡ + 12 |ఐܥ|      ,    ≤ ߡ − 12 . 
 
Lemma 2.2. Let ℊ = ℎ + ߶ത be given by Eqn. (4). If 
 ෍[(1 + ఓߡ(ݍ − ߬)௠ߡ + ఐ|ஶܽ|[(ݍ

ఐୀଶ + ෍[(1 + ఓߡ(ݍ − (−1)ఓି௠ߡ௠(߬ + ஶ[(ݍ
ఐୀଵ |ܿఐ| ≤ 1 − ߬,       (7) 

 
Then ℊ is sense-preserving, harmonic univalent functions of Goodman-Salagean-type in ℒ and  ℊ ∈ Φℱ(߬).  
 
Remark 2.3. In [1,14], ℊ = ℎ + ߶ത given by Eqn. (6) is also shown belongs to the ܦΦℱ(߬) family, if and only if the 
coefficient condition (7) holds. Moreover, if ℊ ∈  Φℱ(߬), thenܦ
|ఐܣ|  ≤ 1 − ߬(1 + ఓߡ(ݍ − ߬)௠ߡ + , (ݍ ߡ) ≥ 2), |ఐܥ| ≤ 1 − ߬(1 + ఓߡ(ݍ − (−1)ఓି௠ߡ௠(߬ + , (ݍ ߡ) ≥ 1). 
 
Lemma 2.4. If ܽ, ܿ,݀ > 0, then (i) Ε(ܽ + ݉, ܿ + ݉;݀ + ݉; 1) = (௖)೘ (ௗି௔ି௖ି௠)೘ Ε(ܽ, ܿ;݀;  1) , for ݉ = 0,1,2,3, …  , if ݀ > ܽ + ܿ + ݉. 
 (ii)  ∑ ߡ) − 1) (௔)ഈషభ (௖)ഈషభ (ௗ)ഈషభ (ଵ)ഈషభ ஶఐୀଶ = ௔௖ௗି௔ି௖ିଵ Ε(ܽ, ܿ;݀;  1) , if ݀ > ܽ + ܿ + 1. 
 (iii)  ∑ ߡ) − 1)ଶ (௔)ഈషభ (௖)ഈషభ (ௗ)ഈషభ (ଵ)ഈషభ ஶఐୀଶ = ቂ (௔)మ(௖)మ(ௗି௔ି௖ିଶ)మ + ௔௖ௗି௔ି௖ିଵቃ Ε(ܽ, ܿ;݀;  1) , if ݀ > ܽ + ܿ + 2. 
 (iv) ∑ ߡ) − 1)ଷ (௔)ഈషభ (௖)ഈషభ (ௗ)ഈషభ (ଵ)ഈషభ ஶఐୀଶ = ቂ (௔)య(௖)య(ௗି௔ି௖ିଷ)య + (௔)మ(௖)మ(ௗି௔ି௖ିଶ)మ + ௔௖ௗି௔ି௖ିଵቃ Ε(ܽ, ܿ;݀;  1) , if ݀ > ܽ + ܿ + 3. 
 (v) ∑ ߡ) − 1)ସ (௔)ഈషభ (௖)ഈషభ (ௗ)ഈషభ (ଵ)ഈషభ ஶఐୀଶ = ቂ (௔)ర(௖)ర(ௗି௔ି௖ିସ)ర + (௔)య(௖)య(ௗି௔ି௖ିଷ)య + (௔)మ(௖)మ(ௗି௔ି௖ିଶ)మ + ௔௖ௗି௔ି௖ିଵቃ Ε(ܽ, ܿ;݀;  1) , if ݀ > ܽ + ܿ + 4. 
 
Theorem 2.5. Let ܽ௜ , ܿ௜ ∈ ℂ ∖ {0},݀௜ ∈ ℝ and ݀௜ > |ܽ௜| + |ܿ௜| + 3 for ݅ = 1,2. If for some 0)ݍ ≤ ݍ ≤ 1) and ߬(0 ≤ ߬ < 1), when  ߤ = ݉ + 1,݉ = 1 the inequality 
 ΥଵΕ(|ܽଵ|, |ܿଵ|;݀ଵ;  1) + ΩଵΕ(|ܽଶ|, |ܿଶ|;݀ଶ; 1) ≤ 4(1 − ߬), 
 
is satisfied, then ℧(ܭℱ଴) ⊂ Φℱ(߬), where 
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Υଵ = (1 + (ݍ (|ܽଵ|)ଷ(|ܿଵ|)ଷ(݀ଵ − |ܽଵ| − |ܿଵ| − 3)ଷ + (4 + ݍ3 − ߬) (|ܽଵ|)ଶ(|ܿଵ|)ଶ(݀ଵ − |ܽଵ| − |ܿଵ| − 2)ଶ+ (5 + ݍ2 − 3߬) |ܽଵܿଵ|(݀ଵ − |ܽଵ| − |ܿଵ| − 1) − 2(߬ − 1)  , 
 Ωଵ = (1 + (ݍ (|ܽଶ|)ଷ(|ܿଶ|)ଷ(݀ଶ − |ܽଶ| − |ܿଶ| − 3)ଷ + (2 + ݍ3 + ߬) (|ܽଶ|)ଶ(|ܿଶ|)ଶ(݀ଶ − |ܽଶ| − |ܿଶ| − 2)ଶ+ (1 + ݍ2 + ߬) |ܽଶܿଶ|(݀ଶ − |ܽଶ| − |ܿଶ| − 1). 
 
Proof. Let ℊ = ℎ + ߶ത ∈ = ଵܥ ℱ଴  where ℎ and ߶ are of the form Eqn.(4) withܭ 0. We need to demonstrate that ℧(ℊ) = H + Φഥ ∈ Φℱ(߬), where analytic functions in ℒ  are H and Φ defined by Eqn.(5). In view of Lemma 2.2., we 

have to show the Λଵ ≤ 1 − ߬, where                                                  
 Λଵ = ෍[(1 + ఓߡ(ݍ − ߬)௠ߡ + [(ݍ ቤ(ܽଵ)ఐିଵ(ܿଵ)ఐିଵ(݀ଵ)ఐିଵ(1)ఐିଵ ఐቤஶܣ

ఐୀଶ + ෍[(1 + ఓߡ(ݍ − (−1)ఓି௠ߡ௠(߬ + ஶ[(ݍ
ఐୀଵ ቤ(ܽଶ)ఐିଵ(ܿଶ)ఐିଵ(݀ଶ)ఐିଵ(1)ఐିଵ  ఐ ቤܥ

 
Taking Lemma 2.1. and Lemma 2.4. into account, it follows that 
 Λଵ ≤ 12෍(ߡ + 1)[(1 + ఓߡ(ݍ − ߬)௠ߡ + ఐିଵஶܯ[(ݍ

ఐୀଶ + 12෍(ߡ − 1)ஶ
ఐୀଵ [(1 + ఓߡ(ݍ − (−1)ఓି௠ߡ௠(߬ +  ℱఐିଵ[(ݍ

= 12෍[(1 + ߡ)(ݍ − 1)ଷ + (4 + ݍ3 − ߡ)(߬ − 1)ଶ + (5 + ݍ2 − ߡ)(3߬ − 1) − 2(߬ − ఐିଵஶܯ[(1
ఐୀଶ  

 + 12෍[(1 + ߡ)(ݍ − 1)ଷ + (2 + ݍ3 + ߡ)(߬ − 1)ଶ + (1 + ݍ2 + ߡ)(߬ − 1)]ஶ
ఐୀଵ ℱఐିଵ                            

= 12ΥଵΕ(|ܽଵ|, |ܿଵ|;݀ଵ;  1) + 12ΩଵΕ(|ܽଶ|, |ܿଶ|;݀ଶ; 1) − (1 − ߬). 
 
Hence Λଵ ≤ 1 − ߬ that follows from the condition given. 
 
Lemma 2.6.[3] and Lemma 2.8.[2] need the following results in order to evaluate the relation between  ܦ ℱܰ(ߜ) and  Φℱ(߬). 
 
Lemma 2.6. If  ℊ = ℎ + ߶ത where ℎ and ߶ are given by Eqn.(6) with ܥଵ = 0, and suppose that 0 ≤ ߜ < 1. Then  
 ℊ ∈ ܦ ℱܰ(ߜ) ⟺෍ܣ|ߡఐ|ஶ

ఐୀଶ + ෍ߡஶ
ఐୀଵ | ఐܥ| ≤ 1 −  ߜ

 
Remark 2.7. If ℊ ∈ ܦ ℱܰ(ߜ), then 
|ఐܣ|  ≤ 1 − ߡߜ ≤ ߡ   ,    |ఐܥ|         ,     2 ≤ ߡ − ߡߜ ≤ ߡ     ,       1.       
 
Lemma 2.8. Let ܽ, ܿ ∈ ℂ ∖ {0}, ܽ ≠ 1, ܿ ≠ 1,݀ ∈ (0,1) ∪ (1,∞) and ݀ > ,0}ݔܽ݉ |ܽ| + |ܿ| − 1}. Then 
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෍ ߡ1 (|ܽ|)ఐିଵ (|ܿ|)ఐିଵ (݀)ఐିଵ (1)ఐିଵ 
ஶ
ఐୀଵ = (݀ − |ܽ| − |ܿ|)(|ܽ| − 1)(|ܿ| − 1) Ε(|ܽ|, |ܿ|;݀;  1) − (݀ − 1)(|ܽ| − 1)(|ܿ| − 1). 

 
Theorem 2.9. Let ܽ௜ , ܿ௜ ∈ ℂ ∖ {0}, ܽ௜ ≠ 1, ܿ௜ ≠ 1,݀௜ ∈ ℝ and ݀௜ > ,0}ݔܽ݉ |ܽ௜| + |ܿ௜| − 1} for ݅ = 1,2. If for some 0)ߜ ≤ ߜ ≤ 1) and ߬(0 ≤ ߬ < 1), when  ߤ = ݉ + 1,݉ = ߤ ,0 = ݉ + 1,݉ = 1 and ߤ = ݉ + 1,݉ = 2  the 
inequality 
 ΥଶΕ(|ܽଵ|, |ܿଵ|;݀ଵ;  1) + ΩଶΕ(|ܽଶ|, |ܿଶ|;݀ଶ; 1) 
 ≤ 2(1 − ߬) − 1)ߜ − ߬)(1 − (ߜ − [߬ + [ݍ ቈ (݀ଵ − 1)(|ܽଵ| − 1)(|ܿଵ| − 1) − (݀ଶ − 1)(|ܽଶ| − 1)(|ܿଶ| − 1)቉, 
 
is satisfied, then ℧൫ܦ ℱܰ(ߜ)൯ ⊂ Φℱ(߬) , where 
 Υଶ = (1 + (ݍ − (߬ + (ݍ (݀ଵ − |ܽଵ| − |ܿଵ|)(|ܽଵ| − 1)(|ܿଵ| − 1) , Ωଶ = (1 + (ݍ + (߬ + (ݍ (݀ଶ − |ܽଶ| − |ܿଶ|)(|ܽଶ| − 1)(|ܿଶ| − 1). 
 
Proof. Let ℊ = ℎ + ߶ത ∈ ܦ ℱܰ(ߜ)  where ℎ and ߶ are of the form Eqn.(6). With Lemma 2.2. in mind, it is necessary 

to demonstrate that  Λଶ ≤ 1 − ߬  and                                                                                                          
 Λଶ = ෍[(1 + ఓߡ(ݍ − ߬)௠ߡ + [(ݍ ቤ(ܽଵ)ఐିଵ(ܿଵ)ఐିଵ(݀ଵ)ఐିଵ(1)ఐିଵ ఐቤஶܣ

ఐୀଶ + ෍[(1 + ఓߡ(ݍ − (−1)ఓି௠ߡ௠(߬ + ஶ[(ݍ
ఐୀଵ ቤ(ܽଶ)ఐିଵ(ܿଶ)ఐିଵ(݀ଶ)ఐିଵ(1)ఐିଵ  ఐ ቤܥ

 
Using Remark 2.7. and Lemma 2.8. if ߤ = ݉ + 1,݉ = 0. Then 
 Λଶ ≤ (1 − ൭෍ቈ(1(ߜ + (ݍ − (߬ + ߡ(ݍ ቉ܯఐିଵஶ

ఐୀଶ + ෍ቈ(1 + (ݍ + (߬ + ߡ(ݍ ቉ஶ
ఐୀଵ ℱఐିଵ൱ 

     = (1 − ,|൫ΥଶΕ(|ܽଵ(ߜ |ܿଵ|;݀ଵ;  1) + ΩଶΕ(|ܽଶ|, |ܿଶ|;݀ଶ; 1)൯ − (1 − 1)(ߜ − ߬) 
              +(߬ + 1)(ݍ − (ߜ ቈ (݀ଵ − 1)(|ܽଵ| − 1)(|ܿଵ| − 1) − (݀ଶ − 1)(|ܽଶ| − 1)(|ܿଶ| − 1)቉ ≤ (1 − ߬) , 
 
by the hypothesis given. 
 
Now, if ߤ = ݉ + 1,݉ = 1, then 
 Λଶ ≤ (1 − ൭෍[(1(ߜ + ߡ(ݍ − (߬ + ఐିଵஶܯ[(ݍ

ఐୀଶ + ෍[(1 + ߡ(ݍ + (߬ + ஶ[(ݍ
ఐୀଵ ℱఐିଵ൱                             = (1 − ൭෍[(1(ߜ + ߡ)(ݍ − 1) − (߬ − ఐିଵஶܯ[(1

ఐୀଶ + ෍[(1 + ߡ)(ݍ − 1) + (߬ + ݍ2 + 1)]ஶ
ఐୀଵ ℱఐିଵ൱ 

 = (1 − ,|൫ΥଶΕ(|ܽଵ(ߜ |ܿଵ|;݀ଵ;  1) + ΩଶΕ(|ܽଶ|, |ܿଶ|;݀ଶ; 1)൯ − (1 − 1)(ߜ − ߬) ≤ (1 − ߬)            
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and  Υଶ = (1 + (ݍ |ܽଵܿଵ|(݀ଵ − |ܽଵ| − |ܿଵ| − 1) − (߬ − 1),  Ωଶ = (1 + (ݍ |ܽଶܿଶ|(݀ଶ − |ܽଶ| − |ܿଶ| − 1) + (1 + ݍ2 + ߬).   
Finally, if = ݉ + 1,݉ = 2 , then 
 Λଶ ≤ (1 − ൭෍[(1(ߜ + ଶߡ(ݍ − ߬)ߡ + ఐିଵஶܯ[(ݍ

ఐୀଶ + ෍[(1 + ଶߡ(ݍ + ߬)ߡ + ஶ[(ݍ
ఐୀଵ ℱఐିଵ൱                                                            = (1 − ൭෍[(1(ߜ + ߡ)(ݍ − 1)ଶ + (2 + ݍ − ߡ)(߬ − 1) − (߬ − ఐିଵஶܯ[(1

ఐୀଶ+ ෍[(1 + ߡ)(ݍ − 1)ଶ + (2 + ݍ3 + ߡ)(߬ − 1) + (1 + ݍ2 + ߬)]ஶ
ఐୀଵ ℱఐିଵ൱ 

              = (1 − ,|൫ΥଶΕ(|ܽଵ(ߜ |ܿଵ|;݀ଵ;  1) + ΩଶΕ(|ܽଶ|, |ܿଶ|;݀ଶ; 1)൯ − (1 − 1)(ߜ − ߬) ≤ (1 − ߬) 
 
and  Υଶ = (1 + (ݍ (|ܽଵ|)ଶ(|ܿଵ|)ଶ(݀ଵ − |ܽଵ| − |ܿଵ| − 2)ଶ + (2 + ݍ − ߬) |ܽଵܿଵ|(݀ଵ − |ܽଵ| − |ܿଵ| − 1) − (߬ − 1),  
  Ωଶ = (1 + (ݍ (|ܽଶ|)ଶ(|ܿଶ|)ଶ(݀ଶ − |ܽଶ| − |ܿଶ| − 2)ଶ + (2 + ݍ3 + ߬) |ܽଶܿଶ|(݀ଶ − |ܽଶ| − |ܿଶ| − 1) + (1 + ݍ2 + ߬). 
 
Next, we find similarities with Φℱ(߬) of classes ܥℱ଴, ܵℱ∗,଴ and ܦℱ଴ . We require, however, the following result first, 
which can be found in [5, 7,13] or [20] . 
 
Lemma 2.10. If  ℊ = ℎ + ߶ത ∈ = ଵܥ ℱ଴൯ where ℎ and ߶ are given by Eqn.(4) withܦ,ℱ଴ ൫ܵℱ∗,଴ܥ 0, then  
|ఐܣ|  ≤ ߡ2) + ߡ)(1 + 1)6 |ఐܥ|         ,        ≤ ߡ2) − ߡ)(1 − 1)6    .       
 
Theorem 2.11. Let ܽ௜ , ܿ௜ ∈ ℂ ∖ {0},݀௜ ∈ ℝ and ݀௜ > |ܽ௜| + |ܿ௜| + 4 for ݅ = 1,2. If for some 0)ݍ ≤ ݍ ≤ 1) and ߬(0 ≤ ߬ < 1), when  ߤ = ݉ + 1,݉ = 1 the inequality 
 ΥଷΕ(|ܽଵ|, |ܿଵ|;݀ଵ;  1) + ΩଷΕ(|ܽଶ|, |ܿଶ|;݀ଶ; 1) ≤ 12(1 − ߬), 
 
is satisfied, then ℧(ܥℱ଴) ⊂ Φℱ(߬), ℧൫ܵℱ∗,଴൯ ⊂ Φℱ(߬), (ℱ଴ܦ)℧ ⊂ Φℱ(߬), where 
 Υଷ = 2(1 + (ݍ (|ܽଵ|)ସ(|ܿଵ|)ସ(݀ଵ − |ܽଵ| − |ܿଵ| − 4)ସ + (8 + ݍ7 − 2߬) (|ܽଵ|)ଷ(|ܿଵ|)ଷ(݀ଵ − |ܽଵ| − |ܿଵ| − 3)ଷ+ (14 + ݍ7 − 7߬) (|ܽଵ|)ଶ(|ܿଵ|)ଶ(݀ଵ − |ܽଵ| − |ܿଵ| − 2)ଶ + (9 + ݍ2 − 7߬) |ܽଵܿଵ|(݀ଵ − |ܽଵ| − |ܿଵ| − 1) − 2(߬ − 1)  , 
 

060012-7



Ωଷ = 2(1 + (ݍ (|ܽଶ|)ସ(|ܿଶ|)ସ(݀ଶ − |ܽଶ| − |ܿଶ| − 4)ସ + (5 + ݍ7 + 2߬) (|ܽଶ|)ଷ(|ܿଶ|)ଷ(݀ଶ − |ܽଶ| − |ܿଶ| − 3)ଷ+ (4 + ݍ7 + 3߬) (|ܽଶ|)ଶ(|ܿଶ|)ଶ(݀ଶ − |ܽଶ| − |ܿଶ| − 2)ଶ + (1 + ݍ2 + ߬) |ܽଶܿଶ|(݀ଶ − |ܽଶ| − |ܿଶ| − 1). 
 
Proof. Let ℊ = ℎ + ߶ത ∈ = ଵܥ ℱ଴൯  where ℎ and ߶ are of the form Eqn.(4) withܦ,ℱ଴ ൫ܵℱ∗,଴ܥ 0. We need to demonstrate 
that ℧(ℊ) = H + Φഥ ∈ Φℱ(߬), where analytic functions in ℒ  are H and Φ defined by Eqn.(5). In view of Lemma 

2.2., we have to show the Λଷ ≤ 1 − ߬,  where                                                 Λଷ = ෍[(1 + ఓߡ(ݍ − ߬)௠ߡ + [(ݍ ቤ(ܽଵ)ఐିଵ(ܿଵ)ఐିଵ(݀ଵ)ఐିଵ(1)ఐିଵ ఐቤஶܣ
ఐୀଶ + ෍[(1 + ఓߡ(ݍ − (−1)ఓି௠ߡ௠(߬ + ஶ[(ݍ

ఐୀଵ ቤ(ܽଶ)ఐିଵ(ܿଶ)ఐିଵ(݀ଶ)ఐିଵ(1)ఐିଵ  ఐ ቤܥ
  
Taking Lemma 2.4. and Lemma 2.10. into account, it follows that 
 Λଷ ≤ 16෍(2ߡ + ߡ)(1 + 1)[(1 + ଶߡ(ݍ − ߬)ߡ + ఐିଵஶܯ[(ݍ

ఐୀଶ + 16෍(2ߡ − ߡ)(1 − 1)ஶ
ఐୀଵ [(1 + ଶߡ(ݍ + ߬)ߡ +  ℱఐିଵ[(ݍ

= 16෍൤2(1 + ߡ)(ݍ − 1)ସ + (8 + ݍ7 − ߡ)(2߬ − 1)ଷ + (14 + ݍ7 − ߡ)(7߬ − 1)ଶ+(9 + ݍ2 − ߡ)(7߬ − 1) − 2(߬ − 1) ൨ܯఐିଵஶ
ఐୀଶ                            

 + 16෍൤2(1 + ߡ)(ݍ − 1)ସ + (5 + ݍ7 + ߡ)(2߬ − 1)ଷ + (4 + ݍ7 + ߡ)(3߬ − 1)ଶ+(1 + ݍ2 + ߡ)(߬ − 1) ൨ஶ
ఐୀଵ ℱఐିଵ                              

= 16ΥଷΕ(|ܽଵ|, |ܿଵ|;݀ଵ;  1) + 16ΩଷΕ(|ܽଶ|, |ܿଶ|;݀ଶ; 1) − (1 − ߬).                                                                
 
Hence Λଷ ≤ 1 − ߬ that follows from the condition given. 
 
We create ties between ܦΦℱ(߬) and Φℱ(߬)  in the next Theorem. 
 
Theorem 2.12. Let ܽ௜ , ܿ௜ ∈ ℂ ∖ {0},݀௜ ∈ ℝ and ݀௜ > |ܽ௜| + |ܿ௜| for ݅ = 1,2. If for some ߬(0 ≤ ߬ < 1), when  ߤ =݉ + 1,݉ = 1 the inequality 
  Ε(|ܽଵ|, |ܿଵ|;݀ଵ;  1) + Ε(|ܽଶ|, |ܿଶ|;݀ଶ; 1) ≤ 2, 
 
is satisfied, then ℧൫DΦℱ(߬)൯ ⊂ Φℱ(߬). 
 
Proof. By using Lemma 2.2. and the definition of Λଶ in Theorem 2.9., we need to prove that Λଶ ≤ 1 − ߬. 
 
By Remark 2.3., it follows that 
 Λଶ = ෍[(1 + ఓߡ(ݍ − ߬)௠ߡ + [(ݍ ቤ(ܽଵ)ఐିଵ(ܿଵ)ఐିଵ(݀ଵ)ఐିଵ(1)ఐିଵ ఐቤஶܣ

ఐୀଶ + ෍[(1 + ఓߡ(ݍ − (−1)ఓି௠ߡ௠(߬ + ஶ[(ݍ
ఐୀଵ ቤ(ܽଶ)ఐିଵ(ܿଶ)ఐିଵ(݀ଶ)ఐିଵ(1)ఐିଵ  ఐ ቤܥ

 ≤ (1 − ߬)൭෍ܯఐିଵஶ
ఐୀଶ + ෍ℱఐିଵஶ

ఐୀଵ ൱ = (1 − ߬)൫Ε(|ܽଵ|, |ܿଵ|;݀ଵ;  1) + Ε(|ܽଶ|, |ܿଶ|;݀ଶ; 1)൯ − (1 − ߬) ≤ (1 − ߬). 
 
The proof is satisfied by the specified condition. 
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In the next results, we create ties between ܦΦℱ(߬) and Φℱ(߬). By diluting the drawbacks of Theorem 2.12. on the 
complex coefficients. 
 
Theorem 2.13. Let ܽଵ, ܿଵ < 0, ܽଵ, ܿଵ > −1, ݀ଵ > ,0}ݔܽ݉ ܽଵ + ܿଵ}, ܽଶ, ܿଶ ∈ ℂ ∖ {0} and ݀ଶ > |ܽଶ| + |ܿଶ|, then a 
sufficient condition for ℧൫DΦℱ(߬)൯ ⊂ Φℱ(߬) is that 
  Ε(|ܽଵ|, |ܿଵ|;݀ଵ;  1) − Ε(|ܽଶ|, |ܿଶ|;݀ଶ; 1) ≥ 0, 
 
for some 0)ݍ ≤ ݍ ≤ 1) and ߬(0 ≤ ߬ < 1), when  ߤ = ݉ + 1,݉ = 1. 
 
Proof. Let ℊ = ℎ + ߶ത ∈  Φℱ(߬) where ℎ and ߶ are of the form Eqn.(6). Thenܦ 

 ℧(ℊ) = ݓ −෍ (ܽଵ)ఐିଵ(ܿଵ)ఐିଵ(݀ଵ)ఐିଵ(1)ఐିଵ ఐஶݓ|ఐܣ| 
ఐୀଶ + ෍ (ܽଶ)ఐିଵ(ܿଶ)ఐିଵ(݀ଶ)ఐିଵ(1)ఐିଵ ఐஶݓ |ఐܥ|

ఐୀଵ
തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത.              

 
It is possible to rewrite this function as 

 ℧(ℊ) = ݓ + |ܽଵܿଵ|݀ଵ ෍ (ܽଵ + 1)ఐିଶ(ܿଵ + 1)ఐିଶ(݀ଵ + 1)ఐିଶ(1)ఐିଵ ఐஶݓ|ఐܣ| 
ఐୀଶ + ෍ (ܽଶ)ఐିଵ(ܿଶ)ఐିଵ(݀ଶ)ఐିଵ(1)ఐିଵ ఐஶݓ |ఐܥ|

ఐୀଵ
തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത.              

 
In view of Lemma 2.2., we have to demonstrate that Λସ ≤ 1  is where 
  Λସ = |ܽଵܿଵ|݀ଵ ෍ቈ(1 + ଶߡ(ݍ − ߬)ߡ + 1)(ݍ − ߬) ቉ (ܽଵ + 1)ఐିଶ(ܿଵ + 1)ఐିଶ(݀ଵ + 1)ఐିଶ(1)ఐିଵ ఐ|ஶܣ|

ఐୀଶ + ෍ቈ(1 + ଶߡ(ݍ + ߬)ߡ + 1)(ݍ − ߬) ቉ஶ
ఐୀଵ

(ܽଶ)ఐିଵ(ܿଶ)ఐିଵ(݀ଶ)ఐିଵ(1)ఐିଵ  | ఐܥ|
 ≤ |ܽଵܿଵ|݀ଵ ෍ (ܽଵ + 1)ఐିଶ(ܿଵ + 1)ఐିଶ(݀ଵ + 1)ఐିଶ(1)ఐିଵ ఐ|ஶܣ|

ఐୀଶ + ෍ℱఐିଵஶ
ఐୀଵ = −Ε(|ܽଵ|, |ܿଵ|;݀ଵ;  1) + Ε(|ܽଶ|, |ܿଶ|;݀ଶ; 1) + 1 ≤ 1, 

 
by the given condition. 
 
We present a condition on the parameters ܽଵ, ܽଶ, ܿଵ, ܿଶ݀ଵ,݀ଶ in the next theorem and obtain an operator 
characterization that maps ܦΦℱ(߬) on itself. 
 
Theorem 2.14. Let ܽ௜ , ܿ௜ < 0,݀௜ > ܽ௜ + ܿ௜  (݅ = 1,2), 0)ݍ ≤ ݍ ≤ 1) and ߬(0 ≤ ߬ < 1), when  ߤ = ݉ + 1,݉ =1,  then ℧൫DΦℱ(߬)൯ ⊂ DΦℱ(ݍ, ߬) if and only if 
  Ε(|ܽଵ|, |ܿଵ|;݀ଵ;  1) + Ε(|ܽଶ|, |ܿଶ|;݀ଶ; 1) ≤ 2. 
 
Proof. Let ℊ = ℎ + ߶ത ∈ ,ݍ)Φℱܦ  ߬) where ℎ and ߶ are of the form Eqn.(6). We need to demonstrate that ℧(ℊ) =H + Φഥ ∈ DΦℱ(ݍ, ߬), where analytic functions in ℒ  are H and Φ defined by Eqn.(5) Λସ ≤ 1,  where  
                                  Λସ = ෍ቈ(1 + ଶߡ(ݍ − ߬)ߡ + 1)(ݍ − ߬) ቉ ቤ(ܽଵ)ఐିଵ(ܿଵ)ఐିଵ(݀ଵ)ఐିଵ(1)ఐିଵ ఐቤஶܣ

ఐୀଶ + ෍ቈ(1 + ଶߡ(ݍ + ߬)ߡ + 1)(ݍ − ߬) ቉ஶ
ఐୀଵ ቤ(ܽଶ)ఐିଵ(ܿଶ)ఐିଵ(݀ଶ)ఐିଵ(1)ఐିଵ  .ఐ ቤܥ
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By using Remark 2.3., we get 
 Λସ ≤෍ܯఐஶ

ఐୀଵ + ෍ℱఐஶ
ఐୀ଴  ≤ Ε(|ܽଵ|, |ܿଵ|;݀ଵ;  1) + Ε(|ܽଶ|, |ܿଶ|;݀ଶ; 1) − 1. 

 
Hence Λସ ≤ 1 that follows from the condition given. 
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