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Abstract: No doubt, a notion of the amply supplemented module can constitute a very important situation in
the module theory, because a generalization of supplemented module depend on some types of modules as
amply supplemented module. Here we introduce a characterization of the relations between amply supplemented

and some concepts as, semi-perfect, perfect rings, Rad -supplemented and lifting modules. We prove that if
M be a nonzero R -module is linearly compact then M is amply supplemented. Also we prove that if Rbe a
semi-local ring with every simple R -module has a flat cover then M is amply supplemented. Let R be a Bass
ring and let M be Rad -supplemented R-module then M is amply supplemented. Any liting R -module
M is amply supplemented module.
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1. Definition and Notions

All the rings in this paper are considered to be associative with identity and all modules are unitary left
R-module. A sub-module N of M is called small in M (N[l M) if for every sub-module of M,
N+L=Mthen L=M. A sub-moduleNofMis called a supplement of KinM if
N + K =M and N is minimal with respect to this property [11]. A module M is called supplemented
if any sub-module N of M has a supplement in M . Let Rbe aring and let N be sub-module of an
R-module M such that N is supplement and lies above a direct summand of M then Ris perfect
ring. In [6], Abed and Ahmad defined amply supplemented modules and related it with Rad -
supplemented. Here we use local property to obtain amply supplemented module. Moreover If M is
projective and local also it is amply supplemented. Also if M is(Dl) module then it is amply

supplemented because every N supplement sub-module of M lies above a direct summand of M
this implies R is perfect ring and so supplemented and finally M is amply supplemented module.
Also if M is projective and semi-perfect then it is supplemented module. If any module M has no
maximal sub-module this means M = Rad(M) such that Rad(M )is the intersection of all maximal
sub-modules of M . Aring R is called left Bass if Rad(M) is smallin M such that M =0 [4]. A

module M is called hollow if every proper sub-module N of M is smallin M . A module M is said
to have the summand intersection property (briefly (SIP)) if the intersection of any two direct
summands is again a direct summand. An R-module M is called semi-simple if any exact sequence
of R-modules 0> N —M — N, = 0 splits. For integral domain R, an R-module M is called

torsion free if Ann(a) =0, for each 0= ae M. This article divided into 5 sections. In section 2 we

study some properties of amply supplemented module and the relation between linearly compact
property and amply supplemented module. In section 3 we introduce some results about the relation
between amply supplemented module and semi-perfect and perfect ring. In section 4 we study the

relation between Rad -supplemented module and amply supplemented. In section 5 we conclude
some results which it explain the relation between lifting module and amply supplemented module.

2. Some Properties of Amply Supplemented Module

A module M is called amply supplemented if for any two sub-modules H and Kwith H+K,K

contains a supplement of Hin M Also, we say that a sub-module N of the R-module M has
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ample supplements in M if, for every K <M with N+K=M , there is a supplement L of N with
L = K . Therefore if every (finitely generated) sub-module of M has ample supplements in M | then
we call M amply (finitely) supplemented. A sub-module N is a supplement of KinM if and only if
N+K=M gng KNANSN pocause it N be a supplement of Kin M such that N+K=M

Suppose (KAN)+A=Ny, AcN enN+K=M =K+(KNN)+A=K+A

Since N has minimal property then A=N  Therefore (KMN) is small in N. fN+K=M gpq
(KMN) is small in N if M=K+B for some (BN N), then by (Modular Law) we can say
N=MAN=(K+B)AN=(KNAN)+B i cetore B=Npecause KMNSN g ihis

means Nis a supplement of Kin M . A module M is called local if it has a largest proper sub-
module, equivalently, a module is local if and only if it is cyclic nonzero and has a unique maximal

proper sub-module. If an R-module M is local, then M is hollow module.

r some

Lemma 2.1. Every local R-module M is supplemented module.

Proof: Since M is local module then for every proper sub-module Aof M| Ac Rad(M)[) M .

Therefore ALl M Then M is hollow module, therefore M be an R-module and Abe a sub-

module of M . Then A+M =M | By definition of hollow module we have ANM = Al M . Thus

M is supplemented module.

Remark 2.2. Let M be an amply supplemented R -module, then:
(1) every factor module of amply supplemented module is also amply supplemented.

(2) A module M is amply supplemented if and only if every maximal sub-module has ample
supplements in M.
Some modules are not amply supplemented especially when M is not satisfy the conditions

supplemented module. For example, Z -module such that Z every nonzero proper sub-module has
no supplements. But we can give some modules are amply supplemented, for example an Artinian
module is amply supplemented and semi-simple module is amply supplemented therefore every

injective R_module has ((S P) ) property is semi-simple modules and so amply supplemented.

Note that if M is amply supplemented R_module then it is supplemented, therefore we can easily
introduce the following lemma:

Lemma 2.3. Let M be an R-module. Then M is a supplemented module if and only if it is amply
supplemented module.

x eM

A module M is called linearly compact if for every family of co-sets X+ M}y and sub-

M

modules M; =M (with ( M; ) finitely cogenerated) such that the intersection of any finitely many of

these cosets is not empty, the intersection is also not empty.

Theorem 2.5. Let N be a linearly compact sub-module of an R_module M . Then N has ample
supplements in M.
Proof: Suppose N , KSM>N is linearly compact and let M_N_,K, We take 77={

Ky S K | N, Kl= M }. Since Ken then 7% 0 . Let (K} a chain in 7. We can consider it is an
inverse family of sub-modules K, since {K:} is a chain. Now nk, is a lower I bound for

K.} and by definition of linearly compact module we get N +(mK/1) N (N +K’1)=|\/I .
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Thusm Kien By Zorn’s Lemma we have L is minimal element in 77 such that M =N + L and this
means L isa supplement of N and LK, Therefore N has ample supplements in M.

Theorem 2.6. Every direct sum of two submodules linearly compact of M has ample supplements in
M.

Proof: Let N_ N, +N, be linearly compact and let

K=K+ K, M (N + N +(K +Kz) =M . If inverses of sub-modules Ki of (K +k) such
that (Ki+k;)+K; =M , then we get (N +N,) + 01K = (N, +N,) + K =M . Then we have

{(L+ L) e (Kt Ko) (N +Np) + (L + L) =M} is inductive and by (Zorn’s Lemma) this set has

N, +N

a minimal element. Hence 2 has ample supplements in M

Remark 2.7. We can easily generalization last theorem for any linearly sub-modules N, of M such
that Nji=1..n ( N has ample supplement).

Now we can use the linearly compact property for any module in order to obtain amply supplemented
module and also we make a generalization of linearly compact property of the module M.

Theorem 2.8. Let M be a nonzero R-module. Let M to be linearly compact then M s amply
supplemented.

Proof: Let M be linearly compact then every sub-module N of Mis linearly compact and then
N has ample supplementsin M . Then M is amply supplemented [Remark 2.2 (2)].

Theorem 2.9.1f M - M, +M, be linearly compact. Then M s amply supplemented module.

N, + N2) be sub-module of M . By [Theorem

N, +N

Proof: Let M = M, +M, be linearly compact and let (

2.5 ]. since every sub-module (N1+N2) of Mis linearly compact, then (

supplements in M  Then M is amply supplemented module.

2) has ample

Theorem 2.10. For an R-module M | it M js supplemented and 7 -projective then M is amply
supplemented.

Proof: Let M =N, Kand A pe a supplement of Nin M Let gbelong to endomorphism of
M (End(l\/I )) such that Img(g) subset of Kand Img(1—9) subset of N since we have
9 (N subsetof N, M _N 9 Byang 9 (NN B)_N19 By (since "=9(b)then we can
say P-N=(1-9ybye N gng be N ) ginee NOB I A NN IAD 9(A) and this

means Y ( A) is a supplement of N such that g(A) subset of K Then M is amply supplemented
module.

Corollary 2.11. Let M be an R-module. IfM is projective and local then M s amply supplemented.

f f

Proof: Let M pe projective module. Let  be epimorphism. Here we must show that ° is split. Let

L be identity mapping. Since M is projective module then there exists a mapping Ytrom M into

U ev) such that fog =1"’I and this means f is split and hence Mis 7t -projective. Now we have
M is local module then if M be an R-module. Therefore for every proper sub-module N of M ,
N < Rad ( M )H M Hence NI M and Mis hollow and if Kbe a sub-module of M . Then
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K+M -M and since, K NAM_KI M . Therefore M is supplemented. Now M is 77 -projective
and supplemented then by [Theorem 2.10] M is amply supplemented module.

Proposition 2.12. Let M be an R-module. IfM is a 7 -projective 5-supplemented, then M s
amply o -supplemented module.

Proof: Let N , K sub-module of M such that M = N, K. we have Mis 7 -projective module,
then there exists a mapping 8 from M into M such that B( M ) sub-module of N and (1—'3)( M )
sub-module of K. We know that (1-'8)( N ) sub-module of N Let Ltobea 5-supplement of N'in
M Then M =B (M yra-FyM)=B (M y(1-ByN 4Ly sub-module of N +(1-P)(L) sub-
module of M | also M =N +(1—ﬂ) (L). Note that (1—'3)( L) sub-module of K. Suppose that N
belong to N m( 1—ﬂ)(|—). Then N belong to N and n=(1—'B) (S)=S—ﬂ(s) for some S belong to
L. From now we consider S=n+ﬂ(5) belong to N | so that N belong to (1—ﬂ) (N n L). But
NO LD & Lyimpliesthat N N 1=8y (L)=(1=-By (NN L) (18 (L). Therefore (1-5)

(|—) is a 5-supplement of Nin M and hence M is an amply J -supplemented module.

Definition 2.13. Let M be an R-module and K<N <M ;N_KI M_K then we say
N jies above K. Therefore, N jies above a sub-module K of M if and only if K Nand for
every sub-module Lof M suchthat N+ L= M then K4L_-M

Lemma 2.14. Every sub-module of M lies above a supplement sub-module of M if and only if for
any  sub-module Nof M, there exists sub-modules Kand K,of Nwith Kis

supplemented, N =K +K,and K, [I M.

Proof: Let N be a sub-module inM . Since N lies above a supplement sub-module Ain M
Suppose that Ais a supplement of Bin Mthen M_A,B_N,B. Again by hypothesis B lies
above a supplement sub-module KinM . Hence M =AB_A.K Since Ais a supplement
of B,AN KO M Furthermore since Kis a supplement in M ANKD Kand Kis a

supplement of for any Ky <Ywith N4 Kl= M , since N jies above Aand Kis a supplement of

A A, Kl= M and Kl= K. Thus Kis a supplement of N Finally, M is supplemented therefore by
[Lemma 2.3 ] M is amply supplemented module.

Corollary2 .15. Let M pe an R-module. Then every sub-module of M lies above a supplement sub-
module of M | if and only it M is amply supplemented.

Corollary 2.16. For an R-module M it every cyclic sub-module lies above a direct summand; then
M is amply finitely supplemented and every supplement is a direct summand.

3. Amply Supplemented Property over Perfect and Semi-local Rings
In this section we study amply supplemented module over some rings which is commutative as semi-

local, semi-perfect and perfect ring. A ring Ris called semi-perfect if every finitely generated R-
module has a projective cover. A module M is called semi-perfect if every factor module of M has a
projective cover. A ring Ris called perfect if every R-module M has projective cover. Also in this
section we study amply property over ring R is called semi-local.

Lemma 3.1. [2, Theorem 2.4]. For every ring R if every finitely generated free R_module is @-
supplemented. Then Ris semi-perfect.
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Lemma 3.2. [13, Corollary 3.15].The following statements are equivalent for a ring R.
(1) Ris aleft perfect.

(2) Every R-module is supplemented.

(3) Every projective R-module is supplemented.

Theorem 3.3. Let Rbe a Noetherian ring. If Ris semi-perfect ring, then every finitely generated left
R_module is amply supplemented module.

Corollary 3.4. Let Rpe a Noetherian ring. If every finitely generated free R-module M is @-
supplemented then M s amply supplemented.

Theorem 3.5. Let Rbe a ring and let M pe an R-module such that it is strongly @-supplemented.
Then M is amply supplemented.

Proof: Since Mis strongly-@-supplemented module then Ris perfect ring and so M is
supplemented and hence M is amply supplemented.

Let Aand Bbe sub-modules of an amply supplemented module M such that M =A+ B Then

there exist sub-modules Aiand Blof M > A&g A, Blg Band AL B, are supplements of each
otherin M | for example:
Let R=LO Glpgine ring of all upper triangular N*N matrices with entries in G, where G is a

field. It is clear that Ris a right perfect ring and hence Ris an amply supplemented right R-module.
0 G

¢ G [ ]
Consider the right R-modules A= [ o 0 ] and B0 Gl qpen Re_ A+ B On the other hand,

R[S Cle ]y o] o o]
supplements of each other in RR

(

A ring Ris called semi-local if
many maximal ideals.

. Now we can take AL= Aand Bl: <B, Clearly Aland B‘1are

R
Jac(R)

)

is a semi-simple ring. Also R is semi-local if R has finitely

Theorem 3.6. Let Rbe a semi-local ring and every simple R_module has a flat cover then M is
amply supplemented.
R

( Jac(R)

)

Proof: Let Rbe semi-local and consider =El@"'69En with E simple R-modules.

Every simple R-module is isomorphic to one of the all E . By hypothesis every E has a flat cover L .

L=L®..®L
s

Thu " is a flat cover of R/J8C (R). Hence we obtain the following:

R

—
L JHE(R) 0
That can be extended by a homomorphism 9.R—> L Since f is a small epimorphism and of is
epimorphism, 9 must be epimorphism with Ker (9)< Ker (gf )=JaC(R). Hence Ris a projective

cover of the flat module L. By [9], L ~ Rand hence all L must be projective. Thus each simple R-
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module has a projective cover and so Ris semiperfect. Therefore we have Rsemi-perfect with M is
finitely generated (simple module) then M is amply supplemented module.

Theorem 3.7. Let Rbe a semilocal Bass ring. Then any R-module M is supplemented.

R
( Too(R )
Theorem 3.8. Let Rbe a ring such that ac(R) is Artinian. Then Rhas the lifting property of
simple modules as a right or left R-module if and only if Ris semi-perfect.

Corollary 3.9. For any ring R, it M is R-module and satisfy the following:
1. Every left R-module M is semi-local.

2. Every simple R-module M has a flat cover.

Then M is amply supplemented.

Corollary 3.10. Let Rpe a left perfect ring. Then any R -module M is amply supplemented.

Corollary 3.11. Let Rpe a semi-local Bass ring. Then any R_module M is amply supplemented
module.

Corollary 3.12. Let Rpe semi-perfect ring then any finitely generated R-module ('VI is simple) is
amply supplemented.

4. Amply Supplemented Module and Rad-Supplemented Module

Let Rbe a Rad -supplemented ring and has hereditary property then Ris semi-perfect ring. Let
M be an R-module. 1f M = Rad ( M ) then M js Rad -supplemented. Any local module with Bass
ring, are satisfying a condition of amply supplemented module. It M is hollow module then every
proper sub-module of M is smallin M and this means every sub-module of M is supplement in M
so Mis supplemented and hence Mis Rad -supplemented module. Therefore if M is a hollow
module, then M is Rad -supplemented.

Theorem 4.1. Let Rbe a commutative Bass ring and let M pe an injective R-module, then M is
supplemented.

Proof: Since M is injective R-module then it is radical module (Rad ('VI )=|VI ) and this implies
M is Rad -supplemented. Now M is Rad -supplemented and RBass ring. Let M pe a Rad

supplemented module and Npe a proper sub-module of M There exists
K<M>M_N,Kag NN K<Rad(K) But Ris left Bass ring, Rad (K)J K. Then

(l\I NK )ﬂ K', and this means Kis a supplement of Nin M . Therefore, M is supplemented.

Corollary 4.2. Let Rpe a Bass ring and let M be Rad -supplemented R-module then M is amply
supplemented.

Corollary 4.3. Let Rpe a left Bass ring and let M be be injective R_module then M is amply
supplemented.

Proof: Since M is local module then for every proper sub module N ot M ,N < Rad (M)D M
Therefore N ' M and then M is hollow. Now M is hollow module and this implies Mjs Rad.
supplemented and hence M is amply supplemented module.

Theorem 4.4. Let Rbe a semi-simple and Bass ring. If Mpe @ -supplemented, then M is amply
supplemented.

Proof: Since Ris semi-simple with M is @ -supplemented then M is injective R-module, but Ris
Bass ring then M supplemented and hence it is amply supplemented.
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Lemma 4.5. Let Rbe a Dedekind domain, then every torsion free divisible R _module is Rad .
supplemented.

Corollary 4.6. If M is torsion free divisible R-module and let Rbe a ring such that satisfying the
following conditions:

1) Ris Dedekind domain;

2) Ris Bass ring;

then M is amply supplemented module.

Theorem 4.7. Let Rpe a ring. If M s projective R-module and is Red ( M )-semiperfect, then
M is amply supplemented module.

Proof: Suppose that M is projective R-module. We must prove that Ris perfect ring. Since M is
Rad ( M )-semiperfect therefore we need prove Rad ('VI )D M in order to we get Rperfect ring..
Let N be a submodule of M such that M = Rad ( M )+ N Then, M_L®K , Where L <N ang
KNN < Rad (M ). Then N=L®(Kﬂ N)andso M =Rad (M), L since Lis asummand of

M, there exists a submodule " of RAD (M) such that M =Nt ®L o161 Then Rad (Niy _

N () F‘)""d(l\/I )= Nl. Since N, is projective and Nl=0 then M-N 5o Ris perfect ring and
hence by [Corollary 3.10] M is amply supplemented module.

Theorem 4.8. Let Rbe a left Bass ring. If every sub-module of R-module M is supplemented
inM | then M is amply supplemented.

Proof: Since every supplemented module is amply supplemented then we must prove that M is
supplemented. Let Rad (|VI )7 O then there exists a nonzero element N€ Rad ( M ). We have Rn
is a supplement that is RN, N_M ang RN Rnfor some NEM_  Since
ne Rad(M ),Rn SMand NoM  Thys RN L Rn, and this impossible and then Rad ('VI )=0.

Let N<M since N isa supplement N, Nl=|\/I and N NN N for some N, subset of M .
Then N NN, subset of Rad('\/I )=0 therefore N I\I1= 0.S0o M- N® Nland M is semi-
simple, then every sub-module of M is supplement in M and this means M is supplemented.
SoMis amply supplemented.

Corollary 4.9. If Ris hereditary Rad -supplemented ring, then any finitely generated R_module
M is amply supplemented.

Corollary 4.10. fRpe a Red -supplemented ring and has hereditary property. Then Ris semi-
perfect ring and so amply supplemented module.

5. Amply Supplemented Module and Lifting Property

A module M is called lifting or satisfies ( I:)1), if for every sub-module N of M there exists a direct
summand Kof M such that Kis a coessential sub-module of Nin M . Let M be an R-module
such that M is projective and lifting then Ris perfect ring and is amply supplemented. Any R.
module M having no factor module is amply supplemented because any module have this property is

lifting module. A module Mis called (Dlz) if for every sub-module Kof M there exist a direct

M M
_ - () Ker(6)D (5)
summand N of M and an epimorphism 5:M_N K™ with N A module M is

T ()
said to satisfying ( 1) if for every sub-module Kof M | where N s isomorphic to a co-closed
M

sub-module of M , every homomorphism H-M = N jftstoa homomorphism Bim M
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Lemma 5.1. Any lifting R-module M is amply supplemented module.

Theorem 5.2. Foran R-moduleM | it M s ( Dl) module then M is amply supplemented and every
supplement sub-module is a direct summand.

Proof: Since M is (Dl) module then every sub-module of M Jies above a direct summand; then
M is obviously supplemented and every sub-module N cM is of the form N =A+B with A a
direct summand of M and Bl M | Since Ais again supplemented it follows, from that M is amply
supplemented. The converse true because if M is amply supplemented module then for Ac M et

K be a supplement in M and Aa supplement of Kin M with A N. Then M _APA (o

suitable direct summand Y < M _ since NN K1 M , this Aisa supplement of A+( N 1K)
= Nand hence N n AD Aﬁ

M

Definition 5.3. A module M is called hollow-lifting if every sub-module Nof Mwith N is hollow
has a coessential sub-module that is a direct summand of M . Equivalently for an indecomposable

module M , the module M is hollow-lifting if and only if Mis hollow, or else M has no hollow factor
modules [8].

Proposition 5.4. Let N and N2 be hollow modules. if M =Nt ® Nz g on that Mg hollow-lifting

then Mis lifting module and so M is amply supplemented module.
Proof: We must prove that M is lifting module. Let L sub-module of M and let the two projections

the first @+ M — Nland the second #°M — N, Suppose & (L )# N, and ﬂ:( L) NZ,
M

therefore Lis smallin M | Now, let & ( I—) = Nl. Therefore M =L, N, and then N is hollow.
L

Thus there exists a direct summand Kof M such that K sub-module of Land K’ is small in

(M

K™ Therefore M is lifting module and then M is amply supplemented module [ Lemma 5.1].
Proposition 5.5. Let M be an R-module. Then the following statements are equivalent:

1. Mis Prmodule.
2. Mis lifting module.
3. M is hollow-lifting module.
4. M is amply supplemented module.
Lemma5.6. Let M be a projective module. Then the following statements are equivalent:
(i) Every factor module of M has a projective cover;
(i) M is lifting.
We will say that Kisa strong supplement of Nin M it Kisa supplement of Nin M and K NN is
a direct summand of N .
Theorem 5.7. Let M be a finitely generated module over a commutative ring R.1tMis hollow-lifting
then M is lifting.
M M

Proof: Let Nbe a sub-module of M such that N is cyclic. Since Ris local, N is a local
module. Then N has a strong supplement in M andso M is lifting.

45



Oriental Journal of Scientific Research 2,2 (2013)

f

A module M is called finitely lifting, or * -lifting for short, if every finitely generated sub-module of

M lies above a direct summand. Let Rbe a V -ring. An R-module M is lifting if and only if it is
semi-simple.

Lemma 5.8. [12, Theorem 3.3] If M is cf -lifting then M is f -lifting.

Theorem 5.9. For Noetherian R-moduleM | it M s f-Iifting then M is amply supplemented
module.

Proof: Since M is Noetherian, every sub-module of M is finitely generated so M is lifting and by [

Lemma 5.1] M is amply supplemented.

Theorem 5.10. Let N, and N, be hollow modules. Then the following are equivalent for the module

M_N@N, Mg -hollow-lifting module then M is amply supplemented.
Proof: We must proof M is f-lifting module. Let Npe a finitely generated sub-module of M .

Consider the two natural projections maps &M — R a(Ny= N,
and'B( N )# NZ. Then by our assumption & ( N )L N, and 'B(n2 i nz, so by [22, Lemma (1.2)],

a(N)ﬂ( rIZ)D N, @ NZ. Now claim that N subset of a(Nl)@ 'B(NZ), to see that, let

n __ N

NeNpen NeM_MN@® N2 o4 hence o™, ™) where M e Nigng e N Now, & (n)

ca MMy s Mg BB (™ ™)™ This implies that N= (@ (M), B (n)) and we get
N subset of & ( N )@ 'H( N) and N<M ThysM s f -lifting module. Then M is amply
supplemented supplemented module

Corollary 5.11. If M is cf -lifting module then Mis then M is amply supplemented.

Corollary 5.12. Let Rpe a V-ring. An R-module M is semi-simple then Mis amply
supplemented supplemented module.

Corollary 5.13. Let Rpe a right perfect ring. Then any projective R-module M is lifting and so
amply supplemented.

Theorem 5.14. If M is a strongly ®-supplemented module. Then M is amply supplemented
module [2]

Proof: Let Mbe a strongly @-supplemented module. Then from definition of strongly-@-

supplemented we get M s lies above a direct summand of M and this mean M is (Dl) module
and by [Theorem 5.2] M s lifting module. So M s amply supplemented.
Any module M is called a weak lifting module provided, for each semi-simple sub-module N otM ,
N M

) )
there exists a direct summand Kof M such that K< Ngagng K" K equivalently, there
exists a decomposition M - M, ® MZ, such that Mi<N and Mo N MZ.
Theorem 5.15. Every amply supplemented R-module M is weak lifting.
Proof: Let A be a semi-simple sub-module of M . Then there exists B < M with M = ALB and
AN B smallin B. Now there exists C <M suchthat M = C+Band CM Bgmalin C< A

Since Cis semi-simple CNB. 0and hence M = C ® B Thus M is weak lifting.
Remark 5.16. Weak lifting module not implies amply supplemented, but the converse is true.

Example 5.17. The ring Z is weak lifting but not amply supplemented module.
At the end of the paper we can review the most important results that give a clearer view:

1. M linearly compact =M s amply supplemented.
2. M supplemented module and 7 -projective =M amply supplemented module.
3. Rperfect ring = Mis amply supplemented module.
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4. M I:)1-module = Mis amply supplemented module and ( I:)12)- module.

5. Mis amply supplemented module with ( Dy, )-module and L= M discrete = M quasi-discrete.
6. M having no factor module = M amply supplemented module.
7. M hollow-lifting= M Lifting module= M amply supplemented module= M weak lifting module.
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