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GENERALIZATION OF RAD-D{;-MODULE

MAJID MOHAMMED ABED, ABD GHAFUR AHMAD AND A. O. ABDULKAREEM

ABSTRACT. This paper gives generalization of a notion of supplemented mod-
ule. Here, we utilize some algebraic properties like supplemented, amply sup-
plemented and local modules in order to obtain the generalization. Other
properties that are instrumental in this generalization are D;, SSP and SIP.
If a module M is Rad-D11-module and has D3 property, then M is said to be
completely- Rad-D11-module (C-Rad-D11-module). Similarly it is for M with
SSP property. We provide some conditions for a supplemented module to be
C-Rad-D11-module.

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper all rings are unital and modules are considered to be right
modules. A submodule N of M is small in M (N <« M) if for every submodule L
of M with N+ L =M, L =M. In [1], we have that any module M is called hollow
module if every proper submodule of M is a small in M. The direct summand
plays vital role in generalization of supplemented module. A submodule N of M is
called supplement of K in M if N+K=M and N is minimal with respect to this
property. A module M is called supplemented if any submodule N of M has a
supplement in M.

In [2], Y. Talebi and A. Mahmoudi studied C-Rad-D1;1-module through Rad-&p-
supplemented modules and D3 property to get C-Rad-D1;-module. Here we use
other algebraic properties such as supplemented, amply supplemented and local
modules to get generalization of Rad-D1;-module.

Also summand sum property (SSP) and summand intersection property (SIP)
are very important in generalization of supplemented module (see Definition 3.1).
From [2], if M is a Rad-D1;-module and has SSP property, then M is a C-Rad-
Dii1-module. If M; and My are direct summands of M with M = M; + M and
My N Ms is also direct summand of M and so M has D3 property. Note that,
the D3-module with Rad-D11-module already gives a C-Rad-D11-module. There is
another module called T7-module which has relationship with C-Rad-D11-module.
If for every submodule K of M such that M/K is isomorphic to a co-closed sub-
module of M and every homomorphism u : M — M/K lifts to a homomorphism
B:M — M in this case M is called Tj-module [4]. If M is a local module then
it is a C-Rad-D1i1-module. On the other hand, M is C-Rad-Dyi-module if it is
projective, supplemented and has D3 properties. There have been different notions
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of generalization of supplemented module conducted by many researchers. These
generalizations are motivated by different properties of supplemented module. How-
ever, in this study we try to give another notion of generalization for supplemented
module. It is interesting to note that several properties of supplemented module
have been harnessed to give important properties of the generalization considered.

In Section 2, we give some properties of C-Rad-D11-module. We proved that
if M is a projective and local module with Do property then it is a C-Rad-D11-
module. Necessary condition for a supplemented module to have a generalization
of rank three is also given. In section 3, we study three properties (injective, SSP
and SIP) of supplemented module over Rad-Dq1-module. An easy to follow proof
of the consequence of each property is provided. Using unique closure (UC) and
extending properties of a module, we give necessary and sufficient condition for
Rad-D11-module to be C-Rad-D11-module

2. ALGEBRAIC PROPERTIES AND C-RAD-D;; MODULE

In this section, we utilize some algebraic properties in order to obtain rank
three generalization of supplemented module. Let M be an R-module. From [5], a
module is said to be a D;-module) if it satisfies D; (i=1, 2, 3) condition. A module
M is called D if for every submodule A of a module M, there is a decomposition
M = M, @ M; such that My € A and AN My < Mo.

Equivalently, any module M is called lifting if for all N submodule of M there is a
decomposition

M:H@GaHeNandNﬂHSM

A module M is called Dy if A < M such that M /K is isomorphic to a summand
of M and this implies that A is a summand of M.
For N and L are submodules of M, L is a radical supplement (Rad-supplement) of
N in M if

N+ L=M and NN L < Rad(L).

On the other hand from [6], M is called D;;-module if every submodule of M
has supplement which is a direct summand of M. Therefore, any module M is
called a Rad-D1i-module if every submodule of M has a Rad-supplement that is
a direct summand of M. Also, a module M is called semiperfect if every factor
module of M has a projective cover.

Definition 2.1. A module M is called C-Rad-D11-module if every direct summand
of M is Rad-D11-module.

In [7], N.O. Ertas, gives the direct sum of additive Abelian groups AP B, A
and B are called direct summands. The map

ale%A@B

defined by the rule a(a) = a @0 is called the injection of the first summand and
the map

pr: A @ B— A
defined by p1(a @ b) = a is called the projection onto the first summand. Similar
maps aa, po are defined for the second summand B. Equivalently, the direct sum
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of objects A; with a € I is denoted by A = @ A, and each A, is called direct
summand of A.

Remark 2.2. Let A and B be two direct summands of an Abelian group S such
that A+ B = 5. Then the intersection of A and B is not a direct summand of S.
An example is given by

S=K,PKs, A=((1,1)) and B = ((0,1)).
Then S is the direct sum of A and ((1,4)) and of B and ((1,0)). The intersection is
((0,2)) = Ky,

which is not a direct summand of S because S is not isomorphic to K4 @ K4 or to
Ko P Ko P K4. The group generated by A and B is S because it contains (0, 1)
and (1,0) = (1,1) — (0,1).

From the definitions of Dy and D3 properties, it is obvious that Dy implies Ds3.
Other properties like supplemented, amply supplemented and local modules are
inherited by summands property. Also Rad-Di;-module take the same inherited
property. It is a fact that there is an equivalence between supplemented and amply
supplemented module. Finally, we say that:

(*) If M is a Rad-D11-module with Dy property then it is a C-Rad-D1;-module.

Lemma 2.3. Let M be an R-module. If M has largest submodule then it is a
supplemented module.

The next theorem whose proof shall be given at the end of this section is one of
the main results of this study.

Theorem 2.4. Let M be an R-module, if M satisfies the following conditions;
1. M 1is a projective module,

2. M is local module,

3. M is Da-module,

then M is a C-Rad-Dy1-module.

Lemma 2.5. Let M be an R-module. If M is a projective and supplemented then
it is a Rad-D11-module.

Proof. Since M is a projective module with M = N + K then M is a w-projective.
But M is a supplemented module. Therefore M is amply supplemented. Since a
projective module with amply supplemented property is a semiperfect module, we
infer that M is a Rad-D11-module. [l

Theorem 2.6. Let M be a projective and local module. If M is Dy-module then it
is a C-Rad-D11-module.

Proof. Let M be a projective and local module. Then from Lemma 2.5 we get M
is a Rad-Dy1-module. Now we must show that B is a Rad-supplemented. In other
word, B has a Rad-supplement in A that is a direct summand of A. Let A be a
direct summand of M and B, submodule of A. Since M is a Rad-D11-module, then
there exists a direct summand C of M > M = B+ C and BN C < Rad(C).

So,
A=B+(ANCQC).
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But from definition of Do-module, if A < M such that M = A is isomorphic to
a summand of M, then A is a summand of M. Thus, M has D3 property and

therefore ANC is a direct summand of M. Hence M7 N Ms is also direct summand
of M.

Thus,
BN(ANC)=BnNC, BNC < Rad(M) and BNC < ANC.
So
BnNnC < (ANCNRad(M)) = Rad(ANC).
Consequently, by Definition 2.1, M is a C-Rad-D1;-module. O

Theorem 2.7. ([8]) Let R be a ring. Then the following statements are equivalent.
1. R is a left perfect.

2. Every R-module M is a supplemented.

3. Fvery projective R-module is amply supplemented

The following theorem gives necessary condition for a supplemented module to
possess a ran three generalization.

Theorem 2.8. Let M be projective supplemented module with Do property. If
every supplement submodule of M is a direct summand, then M has generalization
of rank three.

Proof. Since every supplement submodule of M is a direct summand, M is a Dy;-
module. But M is a supplemented module then it is a strongly-Dii;-module and
thus, R is a perfect ring. From Theorem 2.7 we get M is amply supplemented. But
M is projective module. Hence, M is Rad-D1i-module. As a consequent of (*), M
has a generalization of rank three (C-Rad-D11-module). O

Theorem 2.9. Let M be a Rad-D11-module with Dy property. If M = My @ M,
is a direct sum of submodules My and Ms, then My and My are relatively projective
and so M is a C-Rad-D11-module.

Proof. By [9] and Lemma 2.5. O

Theorem 2.10. Let M be an R-module. If M satisfies the following conditions:
1. M 1is a projective module;

2. M is a semiperfect module;

3. M is D3-module;

then M is a C-Rad-D11-module.

Proof. Let A < M. Then by assumption, there exists a projective cover ¢ : P —
M/K and there is an epimorphism ¢ : M — M /K.
Since M is projective then there exists a homomorphism

w:M—=>P3>pou=g.

Also since ¢ is small and is an epimorphism, p splits (P is projective). We have a
homomorphism

g:P—>M>3>pog=1pand p=popuog=4dog.

Since

M = Ker(u) @g(P) and Ker(u) < A;thenM = A+ g(p).
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Let « be the restriction of ¢ to g(p). Then p=a and so « is an epimorphism. Also
since ¢ is small, « is also small. That is

Ker(a) = ANg(p) < g(p)

then g(p) is a supplement of A. Thus M is Rad-Di;-module. But M has Ds
property. Then if M; and My are direct summands of M with

M = Ml + M2 andM1 n MQ.
is also direct summand of M. Thus M is a C-Rad-D11-module. [l

The following is an example of matrix over Rad-D1;-module which gives C-Rad-
Dq1-module.

Example 2.11. Let Myy4 be a matriz over field F' such that it satisfies Do property.

a 0 0 0
iy b0 o0
M=10 01 o

00 z 0

such that a, b, x, y in F.

Corollary 2.12. Let A and B submodules of projective R-module M. If B is a
minimal with respect to the property A+ B = M then M is C-Rad-D11-module.

Proof. Let A and B be submodules of M and let A be supplement of B in M. Then
M is a supplemented module. We need to show that the homomorphism S from M
into M is a split homomorphism. Let 13, be identity mapping. Let M be projective
module then there exists a mapping from M into A@ B such that S oy = 1.
This means f is split (M is a m-projective). Let g belongs to endomorphism of
M such that Im(g) C A and Im(l — g) C B with M = A+ B. Since g(A) C A,
M = A+g¢(B) and g(ANB) = ANg(B) such that n = g(b) then b—n = (1 —g)(b)
and b € A. Since ANB <« A and ANg(A) < g(A) where g(A) is a supplement of
A and g(A) C B, M is C-Rad-Dy;-module. O

Corollary 2.13. Let M be a Rad-D11-module. If M is a Ti-module then it is a
C-Rad-D11-module.

Remark 2.14. We are now ready to prove the main result of this section, Theorem
24l This theorem further emphasizes the role of D;-modules in our rank three
generalization of supplemented module.

Proof of Theorem[2} Let M be a projective module with M = N+ K. Then M is
m-projective. Since M has largest submodule then M is a local module. M contains
all proper submodules such that A C Rad(M) < M and so A < M. Hence M is
a hollow module (A submodule of M then A+ M = M). Again by definition of
hollow module we get AN M = A. We have A < M therefore A supplement in
M and so M is a supplemented module. Hence M is amply supplemented, with
projective property, implies that M is semiperfect and so is a Rad-Dj;-module.
Since M has D5 property, then it is Ds-module. Thus by Lemma 2.5 M is a
C-Rad-D11-module. O
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3. INJECTIVE, SSP AND SIP PROPERTIES OVER
RAD-D,1,-MODULE

In this section,our attention is drawn to three properties of supplemented mod-
ules; injective, SSP and SIP. Here we investigate these properties over Rad-D11-
module for the purpose of our notion of generalization of supplemented module.

Definition 3.1. A module M is said to have the summand sum property SSP if
the sum of any pair of direct summands of M is a direct summands of M, i.e., if
N and K are direct summands of M then N+K is also a direct summand of M.

Lemma 3.2. (/2]) Let M be a Rad-D11-module. If M has SSP property then M
18 a C-Rad-D11-module.

Let N be a submodule of left R-module M. Hence there exists submodule L of
M where M is the internal direct sum of N and L. In other words, N+ L = M and
NN L =0. This implies that M is an injective module. Also, a module P is called
projective if and only if for every surjective module homomorphism f : M — P
there exists a module homomorphism % : P — M such that fh=idp.

Theorem 3.3. Let M be an R-module. If A and B any two direct summands of
M such that AN B is injective R-module then M is a C-Rad-Dy1-module.

Proof. Let A and B be direct summands of M. By hypothesis M is injective module
because M N M = M. Therefore any direct summand of M is injective and so A
and B are also injective. Again by hypothesis M = @ K for some K < M. Hence,

A=AnBEPANK.
Also,
B=(ANB)PBNK).
Thus, AN B, AN K and BN K are injective.

We have

A+B=(ANB)PANKEPBNK).
Then, it follows that A+ B is injective and so it is a direct summand of M, M has
SSP property. Thus, from Lemma 3.2, M is a C-Rad-D1;-module. O

Corollary 3.4. Let M be a projective and supplemented R-module. If M = AP B
(direct summand of M) and (AN B) is an injective R-module, then M is a C-
Rad-Dq1-module.

Lemma 3.5. (/9]) Let R be a ring. If R is a semisimple then every R-module M
has SSP property.

Definition 3.6. Any module M has C3 property if M7 and Ms are summands of
M such that M; N My = 0 then My € My is a summand of M.

Recall that an R-module M has the summand intersection property SIP if the
intersection of two summands is again a summand. Let M be a projective R-module
then M has the SIP property if and only if for any direct summands A and B of
M, A+ B is a projective R-module.

Theorem 3.7. Let M be Cs-module. If M has the SIP then M is a C-Rad-D11-
module.
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Proof. Let M be Cs-module and has the (SIP) property. Let A and B be a direct
summands of M. We must show that A + B is direct summand of M. Since M has
the SIP then there exists

D<M>3ANBEPD =M.
By modularity law, we obtain

A:AmB@DmAand

B=AnBE@DnA.

Then we have
A+B=ANB+[DNA@DNA.

Next we prove that
(AnB)N[DNA@DNB]=0.

For if
ze(AnB)N[DNAG DN A,
then
2 =mn1 + ng where ny € (DN A) and ny € DN B.
We have
ng=x-m €[ANB+DNAINDNBEPHANDNB=0.
Hence,
no =0 and x = n;.
Now
r=meANBNDNA=ANBND=0.

Thus,

A+B=AnB@DnAPDPNB=BE DA

Since M has the SIP property and D and A are direct summands, D N A is a
direct summand. From C3 property it follows that (A+ B) = BEDN A is a
direct summand of M. Thus M has SSP property and from Lemma 3.2 M is a
C-Rad-D11-module. O

Corollary 3.8. Any projective module M with Cs property over right hereditary
ring R is C-Rad-Dy1-module.

Proof. Suppose that R is right hereditary and M is any projective R-module. Since
every submodule of a projective R-module over right hereditary is projective. Hence
M has the SIP. Thus from Theorem 3.7 M is C-Rad-D1;-module. [l

Theorem 3.9. Let R be left hereditary ring. If M is an injective and Rad-D11-
module then it is a C-Rad-D11-supplemented module.

Proof. Let R be a left hereditary ring. We must prove that M has SIP property.
Factor module of every injective R-module is injective. Let M be an injective
module which has a decomposition M = LE N. Let f be a homomorphism from
L to N. Then L is injective.
By assumption,

Im(h) =~ (L/Ker(h)) is injective.
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Hence I'm(h) is direct summand of N. From [10] M has the STP and so has SSP
property. But M is Rad-Dpi-module, thus, by Lemma 2.4 M is a C-Rad-D11-
module. ]

Corollary 3.10. Let M be Rad-Di1-module. If every injective R-module has the
SIP property then M is a C-Rad-Dy1-module.

Let A(M)={keK:kMCM}. Note that A(M) is a subring of K containing R.
For example, if M is the R-module R, then A(M)=R. On the other hand, if
S is any subring of K containing R and M is the R-module S then A(M)=S. In
particular, A(Rx)=K. For integral domain R, an R-module M is called torsion free
if Ann(a)=0, for each 0#a€M and an R-module M is called uniform if every non-
zero submodule of M is essential in M. According to [6], every finitely generated
torsion-free uniform R-module is a C-Rad-D11-module. Recall that a submodule A
of M is called a fully invariant submodule if g(A)CA, for every ge Hom(M, M)[10].
Moreover; in [11], a module M is called a duo-module if every submodule of M is
fully invariant.

Theorem 3.11. Let M be Rad-Dii-module. If a commutative domain R is an
integrally closed then every finitely generated torsion-free uniform R-module is a
C-Rad-D11-module.

Proof. Suppose that R is integrally closed. Let T" be any finitely generated torsion-
free uniform R-module. Let k be an element in A(T"). Since kT'CT and k is integral
over R, then k€R and so, A(T)=R. By [11], T is a duo module with Rad-D;-
module lead to M is a C-Rad-D11-module. O

Lemma 3.12. (/2, Lemma 3.4]). Let M be a duo module. Then M has the SIP
property.

In [2], Y. Talebi and A. Mahmoudi calls a module M a UC-module if every
submodule of M has a unique closure in M. A module M is called extending
if every closed submodule of M is a direct summand of M. Therefore any UC-
extending module has D3 property.

Theorem 3.13. Let M be UC-extending module. Then M is a Rad-Di1-module
if and only if M is a C-Rad-D11-module.

Proof. Sufficiency is clear. Conversely, assume that M is M-supplemented module.
From [1], M has D3 property. Hence M is a completely- Rad-D11-module. O

Lemma 3.14. ([12]) Let M be an R-module with Rad(M )=0. If M is a closed
weak supplemented module then M s extending.

Theorem 3.15. For any ring R the following are equivalent:
1. Every left R-module is a lifting.

2. Fvery left R-module is extending.
Theorem 3.16. Let M be an Rad-D11-module with the following conditions:

1. M is UC-module;
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2. Rad (M )=0;
3. Every nonsingular right D11-module is projective;

then M is a C-Rad-D11-module.

Proof. Let M be a nonsingular module and N a closed submodule of M. Then
(M/K) is nonsingular. Since M is a projective then N is a direct summand of
M. From [12], M is closed weak supplemented with Rad(M)=0 implies that M is
extending module. Now from condition (1) with Rad-D;;-module we obtain M is
a C-Rad-D11-module. (see Theorem 3.13). O

Theorem 3.17. Let M be an R-module. If M satisfies the following conditions:
1. M is UC-module;
2. M is Rad-D11-module;
3. M is lifting module;

then M is a C-Rad-D11-module.

Corollary 3.18. Let M be an R-module. If M 1is a local then M is a C-Rad-D11-
module.

Corollary 3.19. Let M be an R-module such that every direct summand of M is
a finite direct sum of hollow modules. If M has D3 property then M is a C-Rad-
Dq1-module.

Corollary 3.20. Any duo module M has C3 property is C-Rad-D11-module

Remark 3.21. We are now ready to prove the main result of this section, Theorem
3.7. The classification of Rad-Dii-module is very important in the process of
generalization of supplemented module:

Let S={s1, ...,sn}C M be a set of generators for M over Endr(M). Since
a direct sum of semisimple modules is also a sum of simple modules then it is
semisimple. So every direct sum of semisimple modules is again semisimple. Hence
M? is a semisimple module. Moreover; we have R-homomorphism R — M* and r
— (781, ...,rsy) is injective: Suppose that rs;=0 for all generators of R as an Endg
M-module.

Therefore we can write every
x € M as B1(s1)+ ... +Bn(sy) for B; € EndrM.
So we have,

rT = T(ﬂl (51) +oeeet ﬂn(sn)) = ﬂl(Tsl) +oeee Bn(rsn) =0.
Also we see that re = 0V x € M. By the faithfulness of M, we conclude that r = 0.
This shows that R is (as an R-module) isomorphic to a submodule of M*. Hence
R is a semisimple and by Lemma 3.5 we obtain M has SSP property. But M is
Rad-Dy1-module. Thus M is a C-Rad-D11-module. Theorem 3.7 is thus proved.
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4. CONCLUSION

The supplemented module is very important in module theory specially when
we study the generalization of supplemented module. In addition we obtained
the third generalization of this module by use many concepts as injective module;
semiperfect module and D;-modules. Also we found if M is a Rad-Di;-module
with Do property gives C-Rad-D11-module. Moreover; if M is a Cs-module having
the SIP and Cs properties lead to M is a C-Rad-D1;-module.
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