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1.Introduction 

Let  𝑇(𝑚) denote the class of functions normalized by                                                                                             

𝑓(𝑧) = 𝑧 + ∑ 𝑎𝑙𝑧𝑙

∞

𝑙=𝑚+1

          (𝑙 ∈ 𝑁, 𝑚 = 1,2,3, … . . ),                      (1) 

which are analytic and univalent in the open unit disk                                                                                                    

𝑈 = {𝑧 ∈ ₵ ∶ │𝑧│ < 1}.                                                       

Let  𝑆(𝑚) be the subclass of  𝑇(𝑚), consisting of functions of the form                                                   
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𝑓(𝑧) = 𝑧 − ∑ 𝑎𝑙𝑧
𝑙

∞

𝑙=𝑚+1

                      (𝑚 ∈ 𝑁 , 𝑎𝑙 ≥ 0).                         (2) 

For function 𝑓(𝑧) ∈ 𝑇(𝑚) defined by (1)and ℎ(𝑧) ∈ 𝑇(𝑚) defined by                       

ℎ(𝑧) = 𝑧 + ∑ 𝑑𝑙𝑧𝑙

∞

𝑙=𝑚+1

                        (𝑚 ∈ 𝑁), 

 the convolution of 𝑓(𝑧) and  ℎ(𝑧)  defined by                                                                                                          

 

𝑓(𝑧) ∗ ℎ(𝑧) = 𝑧 + ∑ 𝑎𝑙𝑑𝑙𝑧𝑙

∞

𝑙=𝑚+1

                      (𝑧 ∈ 𝑈).                        (3) 

Now, the function  𝛹(𝑐, 𝑘; 𝑧) given by    

𝛹(𝑐, 𝑘; 𝑧) = 𝑧 + ∑
(𝑐)𝑙−1

(𝑑)𝑙−1

∞

𝑙=𝑚+1

 𝑧𝑗            (𝑐 ∈ 𝑅, 𝑘 ∈ 𝑅 − {0, −1, −2, … … }), 

where(𝑐)𝑙  is the pochhammer symbol defined by                                                                                            

(𝑐)𝑙 =
𝛤(𝑐 + 𝑙)

𝛤(𝑐)
= {𝑐(𝑐+1)(𝑐+2)……….(𝑐+𝑙−1),     if  𝑙∈𝑁.

1,                                                        if     𝑙=0                           

also, consider a function 𝜃(𝑐, 𝑘; 𝑧)defined by the convolution                                                                                   

                                𝛹(𝑐, 𝑘; 𝑧) ∗ 𝜃(𝑐, 𝑘; 𝑧) =
𝑧

(1 − 𝑧)𝛾+1
 ,             where 𝛾 > −1 , 𝑧 ∈ 𝑈   

Therefore ,                                                                        

𝐿𝛾(𝑐, 𝑘; 𝑧) 𝑓(𝑧) = 𝜃(𝑐, 𝑘; 𝑧) ∗ 𝑓(𝑧),           𝑧 ∈ 𝑈,      

where   𝑐, 𝑘 ∈ −{0, −1, −2, … … … } . For  a function  𝑓 ∈ 𝑆(𝑚), it follows that for  𝛾 > −1            

𝐿𝛾(𝑐, 𝑘; 𝑧)𝑓(𝑧) = 𝑧 − ∑
(𝑘)𝑙−1(𝛾 + 1)𝑙−1

(1)𝑙−1(𝑐)𝑙−1

∞

𝑙=𝑚+1

 𝑎𝑙𝑧
𝑙  ,                               (4)  

is the Cho − Kown − Srivastava integral operator[7].        
Moreover, for a function 𝑓 in 𝑇(𝑚), introduced the following operatorby AL − Oboudi[2] ,      

and studied by several authors like  A. R. S. Juma and S. R. Kulkarni[5],        

𝐻𝛿 (𝜆)𝑓(𝑧) = 𝑧 + ∑ [1 + (𝑙 − 1)𝜆]𝛿

∞

𝑙=𝑚+1

𝑎𝑙𝑧
𝑙  ,         (𝜆 > −1, 𝛿 ∈ 𝑁 ∪ {0}).                 (5) 
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Now , for 𝑓 ∈ 𝑆(𝑚), we introduce the new operator as:                                                       

                    𝐼𝛾,𝛿(𝑐, 𝑘, 𝜆)𝑓(𝑧) = 𝐿𝛾(𝑐, 𝑘; 𝑧)𝑓(𝑧) ∗ 𝐻𝛿 (𝜆)𝑓(𝑧) 

                                                    = 𝑧 − ∑
(𝑘)𝑙−1(𝛾+1)𝑙−1

(1)𝑙−1(𝑐)𝑙−1

∞
𝑙=𝑚+1  [1 + (𝑙 − 1)𝜆]𝛿 𝑎𝑙𝑧

𝑙 ,                            (6) 

𝑤ℎ𝑒𝑟𝑒  𝛾, 𝜆 > −1 , 𝛿 ∈ 𝑁 ∪ {0}, 𝑧 ∈ 𝑈.  

  Note that, there are many special cases of the our operator as following:                            

(i)    𝐼0,0 (1,1,1) ≡ 𝑆𝑛 is the salagean derivative operator, see[9]                    

(ii)  𝐼0,𝛿(1,1, λ) ≡ 𝑆𝜆
𝑛   is the salagean derivative operator introduced by AL − Oboudi [2]           

(iii) 𝐼𝛾,0(𝑐, 𝑏, 1)

≡ 𝑅𝑛 is the Ruscheweyh derivative operator , see[8]                                                   

(iv)  𝐼𝛾,𝛿  (1,1, λ) ≡ 𝑅λ
𝑛 is the generalized Ruscheweyh derivative operator , see[1]   .                   

Definition(1.1):      Let the function 𝑓 ∈

𝑆(𝑚)be of the from (2)is in the class  𝑅𝜆
𝛾,𝛿(𝛽, 𝜏, 𝜎, 𝜑) if it satisfies the 

 inequality  

│
(𝐼𝛾,𝛿(𝑐, 𝑘, 𝜆)𝑓(𝑧))

′

− 1

𝜏(𝐼𝛾,𝛿(𝑐, 𝑘, 𝜆)𝑓(𝑧))
′

+ (𝜎 − 𝜑)
│ < 𝛽    , 𝑧 ∈ 𝑈 

                      for    0 ≤ 𝜏 < 1 , 0 ≤ 𝜑 < 1, 0 < 𝜎 ≤ 1 , 0 < 𝛽 < 1 .                                                                          

  In the case 𝜆 = 0  𝜎 = 1 , 𝛾, 𝛿 = 𝑁 ∪ {0} , we have  𝑅𝜆
𝛾,𝛿(𝛽, 𝜏, 𝜎, 𝜑) ≡   𝑅𝜆

𝛾,𝛿(𝛽, 𝜏, 1, 𝜑) introduced  

and studied by G.H.Esa and Darus [4]. 

Also the a bove class studied by Serap Bulut [3] and S. M. Khairnar and meena More [6].  

 We characterize the class  𝑅𝜆
𝛾,𝛿(𝛽, 𝜏, 𝜎, 𝜑) , prove the following our main result . 

  2.Coefficient  inequality. 

Theorem(2 .1):   

   If 𝑓(𝑧) ∈ 𝑆(𝑚), then 𝑓 ∈ 𝑅𝜆
𝛾,𝛿,(𝛽, 𝜏, 𝜎, 𝜑) if and only if satisfies                                                      

               ∑ 𝑙(1 − 𝛽𝜏)

∞

𝑙=𝑚+1

 
(𝑘)𝑙−1(𝛾 + 1)𝑙−1

(1)𝑙−1(𝑐)𝑙−1
 [1 + (𝑙 − 1)𝜆]𝛿𝑎𝑙 ≤ 𝛽(𝜏 + 𝜎 − 𝜑),                      (7) 

 ( 0 ≤ 𝜏 < 1 , 0 ≤ 𝜑 < 1 , 0 < 𝜎 ≤ 1 , 0 < 𝛽 < 1 , 𝑘, 𝑐 ∈ 𝑅 − {0. −1, −2, … } , 𝜆, 𝛾 > −1, 𝛿
∈ 𝑁 ∪ {0}). 

The outcome (7) is sharp of the function  
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𝑓(𝑧) = 𝑧 −
𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1

𝑙(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿
 𝑧𝑙,         𝑙 ≥ 𝑚 + 1.               (8) 

Proof:  Suppose that (7) holds true and │z│=1.Then  

│
(𝐼𝛾,𝛿(𝑐, 𝑘, 𝜆)𝑓(𝑧))′ − 1

𝜏(𝐼𝛾,𝛿(𝑐, 𝑘, 𝜆)𝑓(𝑧))
′

+ (𝜎 − 𝜑)
│ < 𝛽     ,          𝑧 ∈ 𝑈 

│ (𝐼𝛾,𝛿(𝑐, 𝑘, 𝜆)𝑓(𝑧))
′

− 1│ − 𝛽│𝜏 (𝐼𝛾,𝛿(𝑐, 𝑘, 𝜆)𝑓(𝑧))
′

+ (𝜎 − 𝜑)│                                           

≤ │ (𝑧 − ∑
(𝑘)𝑙−1(𝛾 + 1)𝑙−1

(1)𝑙−1(𝑐)𝑙−1

∞

𝑙=𝑚+1

[1 + (𝑙 − 1)𝜆]𝛿𝑎𝑙𝑧
𝑙)

′

− 1│                                                         

−𝛽│𝜏 (𝑧 − ∑
(𝑘)𝑙−1(𝛾 + 1)𝑙−1

(1)𝑙−1(𝑐)𝑙−1

∞

𝑙=𝑚−1

[1 + (𝑙 − 1)𝜆]𝛿𝑎𝑙𝑧𝑙)

′

+ (𝜎 − 𝜑)│ 

≤ │1 − ∑
(𝑘)𝑙−1(𝛾 + 1)𝑙−1

(1)𝑙−1(𝑐)𝑙−1 

∞

𝑙=𝑚+1

[1 + (𝑙 − 1)𝜆]𝛿 𝑙𝑎𝑙𝑧
𝑙−1 − 1│                                                                      

−𝛽│𝜏 (1 − ∑
(𝑘)𝑙−1(𝛾 + 1)𝑙−1

(1)𝑙−1(𝑐)𝑙−1

∞

𝑙=𝑚+1

[1 + (𝑙 − 1)𝜆]𝛿 𝑙𝑎𝑙𝑧
𝑙−1) + (𝜎 − 𝜑)│ 

≤ │ − ∑ 𝑙
(𝑘)𝑙−1(𝛾 + 1)𝑙−1

(1)𝑙−1(𝑐)𝑙−1

∞

𝑙=𝑚+1

[1 + (𝑙 − 1)𝜆]𝛿𝑎𝑙𝑧
𝑙−1│                                                                                     

−𝛽│𝜏 − ∑ 𝜏𝑙
(𝑘)𝑙−1(𝛾 + 1)𝑙−1

(1)𝑙−1(𝑐)𝑙−1

∞

𝑙=𝑚+1

[1 + (𝑙 − 1)𝜆]𝛿𝑎𝑙𝑧
𝑙−1 + (𝜎 − 𝜑)│ 

≤ ∑ 𝑙
(𝑘)𝑙−1(𝛾 + 1)𝑙−1

(1)𝑙−1(𝑐)𝑙−1

[1 + (𝑙 − 1)𝜆]𝛿𝑎𝑙│𝑧│𝑙−1

∞

𝑙=𝑚+1

                                                                                        

−𝛽𝜏 − ∑ 𝛽𝜏𝑙
(𝑘)𝑙−1(𝛾 + 1)𝑙−1

(1)𝑙−1(𝑐)𝑙−1

∞

𝑙=𝑚+1

[1 + (𝑙 − 1)𝜆]𝛿𝑎𝑙│𝑧│𝑙−1 − 𝛽(𝜎 − 𝜑) 

≤ ∑ 𝑙(1 − 𝛽𝜏)
(𝑘)𝑙−1(𝛾 + 1)𝑙−1

(1)𝑙−1(𝑐)𝑙−1

∞

𝑙=𝑚+1

[1 + (𝑙 − 1)𝜆]𝛿𝑎𝑙 − 𝛽(𝜏 + 𝜎 − 𝜑) ≤ 0.                   

Since by maximum modulus principle. 

𝑓(𝑧) ∈ 𝑅𝜆
𝛾,𝛿(𝛽, 𝜏, 𝜎, 𝜑). 
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Conversely , assume that 𝑓(𝑧) ∈ 𝑅𝜆
𝛾,𝛿(𝛽, 𝜏, 𝜎, 𝜑). Then we have  

│
(𝐼𝛾,𝛿(𝑐, 𝑘, 𝜆)𝑓(𝑧))

′

− 1

𝜏(𝐼𝛾,𝛿(𝑐, 𝑘, 𝜆)𝑓(𝑧))
′

+ (𝜎 − 𝜑)
│ < 𝛽   ,           𝑧 ∈ 𝑈 

│ − ∑ 𝑙
(𝑘)𝑙−1(𝛾+1)𝑙−1

(1)𝑙−1(𝑐)𝑙−1
[1 + (𝑙 − 1)𝜆]𝛿𝑎𝑙𝑧

𝑙−1│∞
𝑙=𝑚+1

│ − ∑ 𝜏𝑙
(𝑘)𝑙−1(𝛾+1)𝑙−1

(1)𝑙−1(𝑐)𝑙−1

∞
𝑙=𝑚+1 [1 + (𝑙 − 1)𝜆]𝛿𝑎𝑙𝑧

𝑙−1 + (𝜏 + 𝜎 − 𝜑)│
< 𝛽 .                                           (9) 

Hence│𝑅𝑒(𝑓(𝑧))
′
│ ≤ │𝑓(𝑧)│, for all 𝑧 we obtain  

𝑅𝑒 {
∑ 𝑙

(𝑘)𝑙−1(𝛾+1)𝑙−1

(1)𝑙−1(𝑐)𝑙−1
[1 + (𝑙 − 1)𝜆]𝛿𝑎𝑙│𝑧│𝑙−1∞

𝑙=𝑚+1

∑ 𝜏𝑙
(𝑘)𝑙−1(𝛾+1)𝑙−1

(1)𝑙−1(𝑐)𝑙−1

∞
𝑙=𝑚+1 [1 + (𝑙 − 1)𝜆]𝛿𝑎𝑙│𝑧│𝑙−1 + (𝜏 + 𝜎 − 𝜑)

} < 𝛽.                         (10) 

We taking the values of 𝑧 on real axis such that (𝐼𝛾,𝛿𝑓(𝑧))
′

is real and upon clearing ,  

the denominator of the above expression and letting 𝑧 → 1−through real values , we obtain   

∑ 𝑙(1 − 𝛽𝜏)
(𝑘)𝑙−1(𝛾 + 1)𝑙−1

(1)𝑙−1(𝑐)𝑙−1

∞

𝑙=𝑚+1

[1 + (𝑙 − 1)𝜆]𝛿𝑎𝑙 ≤ 𝛽(𝜏 + 𝜎 − 𝜑). 

                                                                                                                                                                            ∎            

Corollary(2 .1).  Let 𝑓(𝑧) ∈ 𝑅𝜆
𝛾,𝛿(𝛽, 𝜏, 𝜎, 𝜑). Then 

𝑎𝑙 ≤
𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1

𝑙(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿
 ,            (𝑙 ≥ 𝑚 + 1, 𝑚 ∈ 𝑁) 

𝑤ℎ𝑒𝑟𝑒 0 ≤ 𝜏 < 1, 0 ≤ 𝜑 < 1, 0 < 𝜎 ≤ 1,0 < 𝛽 < 1, 𝑐, 𝑘, ∈ 𝑅 − {0, , −1, −2, … }, 𝛾, 𝜆 > −1, 𝛿
∈ 𝑁 ∪ {0} . 

Remark (2 .1).  If 𝑓(𝑧) ∈ 𝑅𝜆
𝛾,𝛿(𝛽, 𝜏, 1, 𝜑), then 

𝑎𝑙 ≤
𝛽(𝜏 + 1 − 𝜑)(1)𝑙−1(𝑐)𝑙−1

𝑙(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿
 ,           (𝑙 ≥ 𝑚 + 1, 𝑚 ∈ 𝑁) 

and equality holds for  

𝑓(𝑧) = 𝑧 −
𝛽(𝜏 + 1 − 𝜑)(1)𝑙−1(𝑐)𝑙−1

𝑙(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿
 𝑧𝑙. 

  3.Growth and Distortion Theorem  

A growth and distortion property for  𝑓 ∈ 𝑅𝜆
𝛾,𝛿

(𝛽, 𝜏, 𝜎, 𝜑) is offered as follows. 
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Theorem(3.1): 

         Let  𝑓(𝑧)denoted by (2) belong to 𝑅𝜆
𝛾,𝛿(𝛽, 𝜏, 𝜎, 𝜑). Then for │𝑧│ = 𝑟 < 1, we obtain              

            𝑟 −
𝛽(𝜏+𝜎−𝜑)(1)𝑚(𝑐)𝑚

(𝑚+1)(1−𝛽𝜏)[1+(𝑚)𝜆]𝛿(𝑘)𝑚(𝛾+1)𝑚
𝑟𝑚+1 ≤ │𝑓(𝑧)│ ≤ 𝑟 +

𝛽(𝜏+𝜎−𝜑)(1)𝑚(𝑐)𝑚

(𝑚+1)(1−𝛽𝜏)[1+(𝑚)𝜆]𝛿(𝑘)𝑚(𝛾+1)𝑚
𝑟𝑚+1.   

The result is sharp for the function 𝑓(𝑧)given by 

𝑓(𝑧) = 𝑧 −
𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑚(𝑐)𝑚

(𝑚 + 1)(1 − 𝛽𝜏)[1 + (𝑚)𝜆]𝛿(𝑘)𝑚(𝛾 + 1)𝑚
𝑧𝑚+1. 

Proof:  Assum that 𝑓(𝑧) ∈ 𝑅𝜆
𝛾,𝛿(𝛽, 𝜏, 𝜎, 𝜑). By the inequality(7) 

(𝑚 + 1)(1 − 𝛽𝜏)[1 + (𝑚)𝜆]𝛿
(𝑘)𝑚(𝛾 + 1)𝑚

(1)𝑚(𝑐)𝑚
, 

is non decreasing and positive for 𝑙 ≥ 𝑚 + 1, we obtain 

(𝑚 + 1)(1 − 𝛽𝜏)[1 + (𝑚)𝜆]𝛿
(𝑘)𝑚(𝛾 + 1)𝑚

(1)𝑚(𝑐)𝑚
∑ 𝑎𝑙                                                                                   

∞

𝑙=𝑚+1

 

                                                      ≤ ∑ 𝑙(1 − 𝛽𝜏)[1 + (𝑙 − 1)𝜆]𝛿
(𝑘)𝑙−1(𝛾 + 1)𝑙−1

(1)𝑙−1(𝑐)𝑙−1

∞

𝑙=𝑚+1

𝑎𝑙 ≤ 𝛽(𝜏 + 𝜎 − 𝜑). 

That is equivalent to 

∑ 𝑎𝑙 ≤
𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑚(𝑐)𝑚

(𝑚 + 1)[1 + (𝑚)𝜆]𝛿(𝑘)𝑚(𝛾 + 1)𝑚
 .     

∞

𝑙=𝑚+1

                   (11) 

Using (2) and (11) ,we obtain 

𝑓(𝑧) = 𝑧 − ∑ 𝑎𝑙𝑧𝑙   ,
     

∞

𝑙=𝑚+1

 

│𝑓(𝑧)│ ≤ │𝑧│ + ∑ 𝑎𝑙│𝑧│𝑙

∞

𝑙=𝑚+1

     ≤ 𝑟 + ∑ 𝑎𝑙𝑟
𝑚+1 ≤ 𝑟 + 𝑟𝑚+1 ∑ 𝑎𝑙

∞

𝑙=𝑚+1

∞

𝑙=𝑚+1

 

≤ 𝑟 +
𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑚(𝑐)𝑚

(𝑚 + 1)(1 − 𝛽𝜏)[1 + (𝑚)𝜆]𝛿(𝑘)𝑚(𝛾 + 1)𝑚
𝑟𝑚+1  .                                    (12) 

Similarly, 

 │𝑓(𝑧)│ ≥ 𝑟 −
𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑚(𝑐)𝑚

(𝑚 + 1)(1 − 𝛽𝜏)[1(𝑚)𝜆]
𝛿

(𝑘)𝑚(𝛾 + 1)𝑚

𝑟𝑚+1  .                      (13) 
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From (12)and(13),we have 

𝑟 −
𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑚(𝑐)𝑚

(𝑚 + 1)(1 − 𝛽𝜏)[1 + (𝑚)𝜆]𝛿(𝑘)𝑚(𝛾 + 1)𝑚
𝑟𝑚+1 ≤ │𝑓(𝑧)│                                                                

                                                                            ≤ 𝑟 +
𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑚(𝑐)𝑚

(𝑚 + 1)(1 − 𝛽𝜏)[1 + (𝑚)𝜆]𝛿(𝑘)𝑚(𝛾 + 1)𝑚
𝑟𝑚+1. 

 ∎ 

Theorem(3 .2): 

            Let   𝑓(𝑧) defined(2) belong to Rλ
γ,δ(β, τ, σ, φ). Then for │𝑧│ = 𝑟 < 1,we obtain  

1 −
𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑚(𝑐)𝑚

(1 − 𝛽𝜏)[1 + (𝑚)𝜆]𝛿(𝑘)𝑚(𝛾 + 1)𝑚
𝑟𝑚 ≤ │𝑓′(𝑧)│

≤ 1 +
𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑚(𝑐)𝑚

(1 − 𝛽𝜏)[1 + (𝑚)𝜆]𝛿(𝑘)𝑚(𝛾 + 1)𝑚
𝑟𝑚 . 

The result is sharp for the function 𝑓(𝑧) given by  

𝑓(𝑧) = 𝑧 −
𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑚(𝑐)𝑚

(𝑚 + 1)(1 − 𝛽𝜏)[1 + (𝑚)𝜆]𝛿(𝑘)𝑚(𝛾 + 1)𝑚
𝑟𝑚+1. 

Proof: Using  (2)and(11), we obtain 

𝑓′(𝑧) = 1 − ∑ 𝑙𝑎𝑙𝑧𝑙−1,

∞

𝑙=𝑚+1

 

│𝑓′(𝑧)│ ≤ 1 + ∑ 𝑙𝑎𝑙│𝑧│𝑙−1

∞

𝑙=𝑚+1

≤ 1 + ∑ 𝑙𝑎𝑙𝑟𝑙−1

∞

𝑙=𝑚+1

≤ 1 + ∑ 𝑙𝑎𝑙𝑟𝑚 ≤ 1 + 𝑟𝑚 ∑ 𝑙𝑎𝑙

∞

𝑙=𝑚+1

∞

𝑙=𝑚+1

 

≤ 1 +
𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑚(𝑐)𝑚

(1 − 𝛽𝜏)[1 + (𝑚)𝜆]𝛿(𝑘)𝑚(𝛾 + 1)𝑚
𝑟𝑚 .                                                (14)   

So, 

│𝑓′(𝑧)│ ≥ 1 − ∑ 𝑙𝑎𝑙│𝑧│𝑙=1 ≥ 1 − ∑ 𝑙𝑎𝑙𝑟
𝑙−1

∞

𝑙=𝑚+1

∞

𝑙=𝑚+1

≥ 1 − ∑ 𝑙

∞

𝑙=𝑚+1

𝑎𝑙𝑟
𝑚 ≥ 1 − 𝑟𝑚 ∑ 𝑙𝑎𝑙

∞

𝑙=𝑚+1

 

≥ 1 −
𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑚(𝑐)𝑚

(1 − 𝛽𝜏)[1 + (𝑚)𝜆]𝛿(𝑘)𝑚(𝛾 + 1)𝑚
𝑟𝑚 .                                                      (15) 

From (14)and(15),we obtain 
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1 −
𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑚(𝑐)𝑚

(1 − 𝛽𝜏)[1 + (𝑚)𝜆]𝛿(𝑘)𝑚(𝛾 + 1)𝑚
𝑟𝑚 ≤ │𝑓′(𝑧)│              

≤ 1 +
𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑚(𝑐)𝑚

(1 − 𝛽𝜏)[1 + (𝑚)𝜆]𝛿(𝑘)𝑚(𝛾 + 1)𝑚
𝑟𝑚 . 

 ∎ 

  4. Hadamard product  

In the following theorem, we obtain the Hadamard product (or convolution) result for  𝑓 ∈

𝑅𝜆
𝛾,𝛿(𝛽, 𝜏, 𝜎, 𝜑). 

Theorem(4 .1):    

                       If 𝑓, ℎ ∈ 𝑅𝜆
𝛾,𝛿(𝛽, 𝜏, 𝜎, 𝜑), then  

 (𝑓 ∗ ℎ)(𝑧) = 𝑧 − ∑ 𝑎𝑙𝑑𝑙𝑧𝑙,

∞

𝑙=𝑚+1

 

for  

𝑓(𝑧) = 𝑧 − ∑ 𝑎𝑙𝑧𝑙

∞

𝑙=𝑚+1

                ,             𝑓(𝑧) = 𝑧 −  ∑ 𝑑𝑙𝑧𝑙

∞

𝑙=𝑚+1

   ,  

where 

𝜌 ≥
𝛽2(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1

𝜏𝛽2(𝜏 + 𝜎 − 𝜑) + 𝑙(1 − 𝛽𝜏)2(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿
 .  

Proof:  Let 𝑓, ℎ ∈ 𝑅𝜆
𝛾,𝛿(𝛽, 𝜏, 𝜎, 𝜑) . Then we have 

∑
𝑙(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿

(1)𝑙−1(𝑐)𝑙−1𝛽(𝜏 + 𝜎 − 𝜑)

∞

𝑙=𝑚+1

𝑎𝑙 ≤ 1  ,                      (16) 

∑
𝑙(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿

(1)𝑙−1(𝑐)𝑙−1𝛽(𝜏 + 𝜎 − 𝜑)
𝑑𝑙 ≤ 1

∞

𝑙=𝑚+1

   ,                           (17) 

we must find the smallest number  𝜌 such that 

∑
𝑙(1 − 𝜌𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿

(1)𝑙−1(𝑐)𝑙−1𝜌(𝜏 + 𝜎 − 𝜑)

∞

𝑙=𝑚+1

𝑎𝑙𝑑𝑙 ≤ 1 .                          (18) 

By Cauchy Schwarz inequality ,we have  
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∑
𝑙(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿

(1)𝑙−1(𝑐)𝑙−1𝛽(𝜏 + 𝜎 − 𝜑)
√𝑎𝑙𝑑𝑙

∞

𝑙=𝑚+1

 ≤ 1    .                      (19) 

Thus it is sufficient to prove that  

 

∑
𝑙(1 − 𝜌𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1([1 + (𝑙 − 1)𝜆])𝛿

(1)𝑙−1(𝑐)𝑙−1𝜌(𝜏 + 𝜎 − 𝜑)

∞

𝑙=𝑚+1

𝑎𝑙𝑑𝑙                                                                             

≤ ∑
𝑙(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿

(1)𝑙−1(𝑐)𝑙−1𝛽(𝜏 + 𝜎 − 𝜑)

∞

𝑙=𝑚+1

√𝑎𝑙𝑑𝑙. 

So , 

                 √𝑎𝑙𝑑𝑙 ≤
𝜌(1 − 𝛽𝜏)

𝛽(1 − 𝜌𝜏)
 .                                                                                       (20) 

From (19) ,we obtain 

                    √𝑎𝑙𝑑𝑙 ≤
(1)𝑙−1(𝑐)𝑙−1𝛽(𝜏 + 𝜎 − 𝜑)

𝑙(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙[1 + (𝑙 − 1)𝜆]𝛿
  .                           (21) 

It is sufficient to prove that  

(1)𝑙−1(𝑐)𝑙−1𝛽(𝜏 + 𝜎 − 𝜑)

𝑙(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿
≤

𝜌(1 − 𝛽𝜏)

𝛽(1 − 𝜌𝜏)
 , 

𝜌 ≥
𝛽2(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1

𝜏𝛽2(𝜏 + 𝜎 − 𝜑) + 𝑙(1 − 𝛽𝜏)2(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿
 .  

   ∎ 

 5.  Radius of Starlikeness , Close-to-Convexity and Convexity.      

Next ,we obtain the radius of starlikeness , convexity and close-to-convexity for the 

class 𝑅𝜆
𝛾,𝛿

(𝛽, 𝜏, 𝜎, 𝜑) by the following theorems. 

Theorem(5 .1): 

If 𝑓(𝑧) ∈ 𝑅𝜆
𝛾,𝛿(𝛽, 𝜏, 𝜎, 𝜑), then 𝑓 is starlik of order 𝛼(0 ≤ 𝛼 < 1)in the disk │𝑧│ < 𝑅, where 

𝑅 = 𝑖𝑛𝑓𝑙 {
(1 − 𝛼)𝑙(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿

(𝑙 − 𝛼)𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1
}

1

𝑙−1

. 

The estimate is sharp from  
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                             𝑓(𝑧) = 𝑧 −
𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1

𝑙(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿
𝑧𝑙  ,            (𝑙 ≥ 𝑚 + 1, 𝑚 ∈ 𝑁). 

Proof:  From (2),we have  

                                  𝑅 (
𝑧𝑓′(𝑧)

𝑓(𝑧)
) > 𝛼  ,         (0 ≤ 𝛼 < 1) .                                  (22) 

To prove that 

│
𝑧𝑓′(𝑧)

𝑓(𝑧)
− 1│ ≤ 1 − 𝛼, 

│
𝑧(𝑧 − ∑ 𝑎𝑙𝑧𝑙∞

𝑙=𝑚+1 )′ − (𝑧 − ∑ 𝑎𝑙𝑧
𝑙∞

𝑙=𝑚+1 )

𝑧 − ∑ 𝑎𝑙𝑧𝑙∞
𝑙=𝑚+1

│ ≤ 1 − 𝛼, 

│
𝑧 − ∑ 𝑙𝑎𝑙𝑧

𝑙 − 𝑧 + ∑ 𝑎𝑙𝑧𝑙∞
𝑙=𝑚+1

∞
𝑙=𝑚+1

𝑧 − ∑ 𝑎𝑙𝑧𝑙∞
𝑙=𝑚+1

│ ≤ 1 − 𝛼 , 

│
− ∑ (𝑙 − 1)𝑎𝑙𝑧

𝑙∞
𝑙=𝑚+1

𝑧 − ∑ 𝑎𝑙𝑧𝑙∞
𝑙=𝑚+1

│ ≤
∑ (𝑙 − 1)𝑎𝑙│𝑧│𝑙−1∞

𝑙=𝑚+1

1 − ∑ 𝑎𝑙│𝑧│𝑙−1∞
𝑙=𝑚+1

≤ 1 − 𝛼, 

              
∑ (𝑙 − 𝛼)𝑎𝑙│𝑧│𝑙−1∞

𝑙=𝑚+1

(1 − 𝛼)
≤ 1 − 𝛼 .                                                          (23) 

From corollary(2 .1),we have  

∑ (𝑙 − 𝛼)
𝛽(𝜏+𝜎−𝜑)(1)𝑙−1(𝑐)𝑙−1

𝑙(1−𝛽𝜏)(𝑘)𝑙−1(𝛾+1)𝑙−1[1+(𝑙−1)𝜆]𝛿 │𝑧│𝑙−1∞
𝑙=𝑚+1

(1 − 𝛼)
≤ 1. 

Hence  

│𝑧│𝑙−1 ≤
(1 − 𝛼)𝑙(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿

(𝑙 − 𝛼)𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1
 , 

│𝑧│ ≤ 𝑅1 = inf𝑙 {
(1 − 𝛼)𝑙(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 − 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿

(𝑙 − 𝛼)𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1
}

1

𝑙−1

. 

The proof is completes. 

Theorem(5 .2): 

If 𝑓(𝑧) ∈ 𝑅𝜆
𝛾,𝛿(𝛽, 𝜏, 𝜎, 𝜑), then 𝑓 is convx of order 𝜗 (0 ≤ 𝜗 < 1) in │𝑧│ < 𝑅2, where 

𝑅2 = 𝑖𝑛𝑓𝑙  {
(1 − 𝜗)𝑙(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿

𝑙(𝑙 − 𝜗)𝛽((𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1
}

1

𝑙−1

,    (𝑙 ≥ 𝑚 + 1, 𝑚 ∈ 𝑁).       
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the estimate is sharp from  

𝑓(𝑧) = 𝑧 −
𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1

𝑙(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿
𝑧𝑙 . 

Proof:  From(2),we have 

                                          𝑅𝑒 (
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
) > 𝜗  ,                                                                (24) 

which is equal to  

│
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
│ ≤ 1 − 𝜗. 

 

Which is equal to 

∑ 𝑙(𝑙 − 𝜗)𝑎𝑙|𝑧|𝑙−1∞
𝑙=𝑚+1

(1 − 𝜗)
≤ 1 .                                      

 From corollary (2 .1),we obtain 

                 
∑ 𝑙∞

𝑙=𝑚+1 (𝑙 − 𝜗)
𝛽(𝜏+𝜎−𝜑)(1)𝑙−1(𝑐)𝑙−1

𝑙(1−𝛽𝜏)(𝑘)𝑙−1(𝛾+1)𝑙−1[1+(𝑙−1)𝜆]𝛿 |𝑧|𝑙−1

(1 − 𝜗)
≤ 1.                      (25) 

Hence  

│𝑧│𝑙−1 ≤
(1 − 𝜗)𝑙(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿

𝑙(𝑙 − 𝜗)𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1
  , 

|𝑧| ≤ 𝑅2 = 𝑖𝑛𝑓𝑙 {
(1 − 𝜗)𝑙(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1(𝑙−1)𝜆]

𝛿

𝑙(𝑙 − 𝜗)𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1
}

1

𝑙−1

  ,   (𝑙 ≥ 𝑚 + 1, 𝑚 ∈ 𝑁). 

The proof is completes. 

Theorem(5 .3): 

If 𝑓(𝑧) ∈ 𝑅𝜆
𝛾,𝛿(𝛽, 𝜏, 𝜎, 𝜑), then 𝑓 is close − to convex of order  𝜇(0 ≤ 𝜇 < 1)𝑖𝑛 |𝑧| < 𝑅3, we where 

𝑅3 = 𝑖𝑛𝑓𝑙 {
(1 − 𝜇)(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿

𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1
}

1

𝑙−1

,          (𝑙 ≥ 𝑚 + 1, 𝑚 ∈ 𝑁). 

Proof:  From (2),we have 

                             𝑅𝑒{𝑓′(𝑧)} > 𝜇  ,                                                 (26) 
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which is equivalent to 

│𝑓′(𝑧) − 1│ ≤ 1 − 𝜇, 

which is simplifies to  

                      
∑ 𝑙

𝛽(𝜏+𝜎−𝜑)(1)𝑙−1(𝑐)𝑙−1

𝑙(1−𝛽𝜏)(𝑘)𝑙−1(𝛾+1)𝑙−1[1+(𝑙−1)𝜆]𝛿
∞
𝑙=𝑚+1 |𝑧|𝑙−1

(1 − 𝜇)
≤ 1.                                   (27) 

Hence  

│𝑧│𝑙−1 ≤
(1 − 𝜇)(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿

𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1
,     

│𝑧│ ≤ 𝑅3 = 𝑖𝑛𝑓𝑙 {
(1 − 𝜇)(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿

𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1
}

1

𝑙−1

. 

The proof is complete. 

 6. Extreme point 

Now, in the following theorem , we obtain extreme point for the class 𝑅𝜆
𝛾,𝛿(𝛽, 𝜏, 𝜎, 𝜑). 

Theorem(6 .1): 

𝐼𝑓 𝑓1(𝑧) = 𝑧 𝑎𝑛𝑑                                                                                                                            

 𝑓𝑛(𝑧) = 𝑧 −
𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1

𝑙(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿
𝑧𝑙       , ( 𝑙 ≥ 𝑚 + 1, 𝑚 ∈ 𝑁). 

then 𝑓(𝑧) ∈ 𝑅𝜆
𝛾,𝛿(𝛽, 𝜏, 𝜎, 𝜑), if and only if given in the form                                                                             

𝑓(𝑧) = ∑ 𝜔𝑙

∞

𝑙=𝑚+1

𝑓𝑙(𝑧)     where 𝜔𝑙 ≥ 0  and ∑ 𝜔𝑙 = 1.

∞

𝑙=𝑚+1

 

Proof:    Assume that  

𝑓(𝑧) = ∑ 𝜔𝑙𝑓𝑙

∞

𝑙=𝑚+1

(𝑧),                                                                                         

  = ∑ 𝜔𝑙 (𝑧 −
𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1

𝑙(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿
𝑧𝑙) ,

∞

𝑙=𝑚+1
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= 𝑧 − ∑
𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1

𝑙(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿

∞

𝑙=𝑚+1

𝜔𝑙𝑧𝑙 .                  (28) 

𝑆𝑜 𝑓(𝑧) ∈ 𝑅𝜆
𝛾,𝛿(𝛽, 𝜏, 𝜎, 𝜑), hence                                                                                                                       

∑
𝑙(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿

𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1

∞

𝑙=𝑚+1

 .
𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1

𝑙(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿
𝜔𝑙 

= ∑ 𝜔𝑙

∞

𝑙=𝑚+1

= 1 − 𝜔𝑙 ≤ 1.                                                                                                             

Conversely ,assume that 𝑓(𝑧) ∈ 𝑅𝜆
𝛾,𝛿(𝛽, 𝜏, 𝜎, 𝜑)from (7), we have  

𝑎𝑙 ≤
𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1

𝑙(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿
  ,                  (𝑙 ≥ 𝑚 + 1, 𝑚 ∈ 𝑁) 

put , 

𝜔𝑙 =
𝑙(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿

𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1
𝑎𝑙 ,      (𝑙 ≥ 𝑚 + 1, 𝑚 ∈ 𝑁)                    (29) 

and  

                                          𝜔1 = 1 − ∑ 𝜔𝑙
∞
𝑙=𝑚+1 , 

it is enough we obtain 

𝑓(𝑧) = ∑ 𝜔𝑙𝑓𝑙

∞

𝑙=𝑚+1

(𝑧)       . 

Is the result of the theorem . 

   

7. Closur Theorem 

Now , we ought to show that the following closure theorems belong  𝑅𝜆
𝛾,𝛿(𝛽, 𝜏, 𝜎, 𝜑). 

Theorem(7 .1): 

Suppose 𝑓𝑖  ∈ Rλ
γ,δ(𝛽, 𝜏, 𝜎, 𝜑), ( 𝑖 = 1,2,3 … … 𝑟). Then                                                                    

𝑞(𝑧) = ∑ 𝑒𝑖𝑓𝑖

𝑟

𝑖=1

(𝑧) ∈ 𝑅𝜆
𝛾,𝛿(𝛽, 𝜏, 𝜎, 𝜑),       

where,                                                                                                                                                                                                                                  



93  Teba Rzaij Sabah , Abdul Rhman Salman Juma , Al-Qadisiyah Journal of Pure  Science  25 , 3 (2020) pp. Math. 80–96 

 
 

∑ 𝑒𝑖 = 1   ,                 and

𝑟

𝑖=1

  𝑓𝑖 = 𝑧 − ∑ 𝑎𝑙𝑧𝑙 .          

∞

𝑙=𝑚+1

 

Proof:  We obtain  

                                         𝑞(𝑧) = ∑ 𝑒𝑖
𝑟
𝑖=1 (𝑧 − ∑ 𝑎𝑙𝑧𝑙∞

𝑙=𝑚+1 ), 

= 𝑧 ∑ 𝑒𝑖 − ∑ ∑ 𝑒𝑖𝑎𝑙,𝑖𝑧𝑙

∞

𝑙=𝑚+1

𝑟

𝑖=1

𝑟

𝑖=1

 ,                                          

              = 𝑧 − ∑ (∑ 𝑒𝑖𝑎𝑙,𝑖

𝑟

𝑖=1

) 𝑧𝑙

∞

𝑙=𝑚+1

,                                            (30) 

                      = 𝑧 − ∑ 𝑤𝑙𝑧𝑙

∞

𝑙=𝑚+1

  ,                                                                     (31)     

such that 

𝑤𝑙 = ∑ 𝑒𝑖𝑎𝑙,𝑖  .                                                                                                 

𝑟

𝑖=1

 

Hence , 𝑓𝑖 ∈ 𝑅𝜆
𝛾,𝛿(𝛽, 𝜏, 𝜎, 𝜑) from Theorem(2 .1), we have 

∑
𝑙(1 − 𝛽𝜏)(𝑏)𝑙(𝛾 + 1)𝑙[1(𝑙−1)𝜆]

𝛿

𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1

∞

𝑙=𝑚+1

 𝑎𝑙,𝑖 ≤ 1,                                        (32) 

in (30) , 𝑔(𝑧) ∈ 𝑅𝜆
𝛾,𝛿(𝛽, 𝜏, 𝜎, 𝜑). Then 

∑
𝑙(1 − 𝛽𝜏)(𝑘)𝑙(𝛾 + 1)𝑙[1 + (𝑙 − 1)𝜆]𝛿

𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1
𝑤𝑙

∞

𝑙=𝑚+1

≤ 1. 

Now,      

∑
𝑙(1 − 𝛽𝜏)(𝑘)𝑙(𝛾 + 1)𝑙[1 + (𝑙 − 1)𝜆]𝛿

𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1

∞

𝑙=𝑚+1

𝑤𝑙                                                                                                   

= ∑
𝑙(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿

𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1

∞

𝑙=𝑚+1

∑ 𝑒𝑖𝑎𝑙,𝑖

𝑟

𝑖=1
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                                  = ∑ 𝑒𝑖

𝑟

𝑖=1

∑
𝑙(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿

𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1

∞

𝑙=𝑚+1

𝑎𝑙,𝑖

≤ ∑ 𝑒𝑖

𝑟

𝑖=1

,   employ(33) 

= 1 ,                          ℎ𝑒𝑛𝑐𝑒 𝑔(𝑧) ∈ 𝑅𝜆
𝛾,𝛿

 (𝛽, 𝜏, 𝜎, 𝜑).    

 

 

Theorem(7 .2):   

If 𝑓(𝑧), 𝑔(𝑧) ∈ 𝑅𝜆
𝛾,𝛿(𝛽, 𝜏, 𝜎, 𝜑), then                                                                                                         

 𝑝(𝑧) = 𝑧 − ∑ (𝑎𝑙
2 + 𝑣𝑙

2)

∞

𝑙=𝑚+1

𝑧𝑙,       

belongs to 𝑅𝜆
𝛾,𝛿(ŋ, 𝜏, 𝜎, 𝜑), where ŋ =

2𝛽

𝛽𝜏+1
 .  

Proof: Suppose 𝑓(𝑧), 𝑔(𝑧) ∈ 𝑅𝜆
𝛾,𝛿(𝛽, 𝜏, 𝜎, 𝜑)and since 

∑ [
𝑙(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿

𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1

]

2∞

𝑙=𝑚+1

𝑎𝑙
2

≤ [ ∑
𝑙(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿

𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1

∞

𝑙=𝑚+1

𝑎𝑙]

2

≤ 1 .           (34) 

∑ [
𝑙(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿

𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1

]

2

𝑣𝑙
2

∞

𝑙=𝑚+1

≤ [ ∑
𝑙(1 − 𝛽𝜏)(𝑏)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿

𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1
𝑣𝑙

∞

𝑙=𝑚+1

]

2

≤ 1.                       (35) 

Using (34)and(35),we have 

∑ 1

2
[
𝑙(1−𝛽𝜏)(𝑘)𝑙−1(𝛾+1)𝑙−1[1+(𝑙−1)𝜆]𝛿

𝛽(𝜏+𝜎−𝜑)(1)𝑙−1(𝑐)𝑙−1
]

2

(𝑎𝑙
2+𝑣𝑙

2)≤1.

∞

𝑙=𝑚+1

              (36) 

Hence ,we must show  

𝑝(𝑧) ∈ 𝑅𝜆
𝛾,𝛿(ŋ, 𝜏, 𝜎, 𝜑), there is                                                                                                                            
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∑ [
𝑙(1 − ŋ𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿

ŋ(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1

]

2∞

𝑙=𝑚+1

(𝑎𝑙
2 + 𝑣𝑙

2) ≤ 1,                  (37) 

where 0 ≤ ŋ < 1 , from (36)and (37), we obtain 

𝑙(1 − ŋ𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿

ŋ(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1
≤

1

2

𝑙(1 − 𝛽𝜏)(𝑘)𝑙−1(𝛾 + 1)𝑙−1[1 + (𝑙 − 1)𝜆]𝛿

𝛽(𝜏 + 𝜎 − 𝜑)(1)𝑙−1(𝑐)𝑙−1
. 

Which simplifies 

ŋ ≤
2𝛽

𝛽𝜏 + 1
 .                                                                                              

The proof is complete.  
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