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1.Introduction

Let T(m) denote the class of functions normalized by

flz)=z+ z a,z* (leNm=123,....), (1)

l=m+1
which are analytic and univalent in the open unit disk

U={ze(: |Z| <1}.

Let S(m) be the subclass of T(m), consisting of functions of the form
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f2)=z7— z a,z" (meN,a =0). )

l=m+1

For function f(z) € T(m) defined by (1)and h(z) € T (m) defined by

h(z) =z + Z d,z! (m € N),

l=m+1

the convolution of f(z) and h(z) defined by

F2) *h(z2) =z + Z a,d,z! (z e ). 3)

l=m+1

Now, the function ¥(c, k; z) given by

Y(ck;z)=z+ z (€)1

zJ (ceRkeR-{0,-1,-2,.... D,
[ (d)1-1

where(c), is the pochhammer symbol defined by

T+ it 1=0
(c) = ric) {c(c+1)(c+2)..........(c+l—1), if lEN.

also, consider a function 8(c, k; z)defined by the convolution

‘P(c,k;z)*@(c,k;z)z(l_zw, wherey > —-1,z€ U
Therefore,

L¥(c,k;2) f(2) = 0(c, k; 2) * f (2), z€U,
where ¢,k € —{0,—1,-2, ......... }.For afunction f € S(m), it follows that for y > —1

o R+ Dy

lekaf@) =z- D@ @

(4)

l=m+1

is the Cho — Kown — Srivastava integral operator[7].
Moreover, for a function f in T(m), introduced the following operatorby AL — Oboudi[2],

and studied by several authors like A.R.S.Juma and S. R. Kulkarni[5],

HE (D) f(2) = 2 + Z 1+ -DAPaz, @>-1,6€Nuio). (5)

l=m+1
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Now , for f € S(m), we introduce the new operator as:
"% (c,k,)f(z) = LY (c,k; 2)f(z) * HS (D) f(2)

= 7= Bl e [T+ (L= DA a2, (6)
where y,A > -1, e Nu{0},z € U.
Note that, there are many special cases of the our operator as following:
(i) 1°°(1,1,1) = S™is the salagean derivative operator, see[9]
(ii) 1°%(1,1,A) = SI' is the salagean derivative operator introduced by AL — Oboudi [2]

(iii) I"°(c, b, 1)
= R™ is the Ruscheweyh derivative operator , see[8]

(iv) I"% (1,1,1) = R} is the generalized Ruscheweyh derivative operator ,see[1] .

Definition(1.1):  Let the function f €
S(m)be of the from (2)is in the class Rj{’a(,[i', 7,0, @) if it satisfies the

inequality

(179(c, k, Df @) —1
(174 (c, k, A)f(z))’ + (0 — @)

for 0<71<1,0<¢<1,0<0<1,0<p<1.

|<,B, zeU

InthecaseA =0 o =1,y,6 =N U{0},we have R}{‘S(,B, 7,0,Q) = R/’{“Y(B, 7,1, ) introduced

and studied by G.H.Esa and Darus [4].

Also the a bove class studied by Serap Bulut [3] and S. M. Khairnar and meena More [6].

We characterize the class R}{’S (B, t,0,¢) ,prove the following our main result .
2.Coefficient inequality.

Theorem(2.1):
If f(z) € S(m),then f € R}{’S’(,B, 7,0, @) if and only if satisfies

Z (1 - o)

l=m+1

(K)o (v + 1)1
(1)1=1(€)1-1

[14+ (- DA%a; < B(x+0— @), (7)

(0<7t<1,0¢9<1,0<0<1,0<B<1,k,ceR—-{0.-1,-2,..},,,y>-1,6
e Nu{0}).

The outcome (7) is sharp of the function



Ba+0o—¢)(1)1(c)11 ;

zZ)=2z— z, l>m+ 1. 8
& =2 @ G+ Dis L+ A= DAP ®)
Proof: Suppose that (7) holds true and | z| =1.Then
19 (c, k, A '—1
(7 (¢, k, D f (2) I

(173 (c, k, Df (2)) + (o — )

[ (M Df@) —1] =lt (M, Df@) + (0 - )]

o () (y + 1),
S'&‘ (D1 (s

1+ (- 1)A]Salzl) —1]
l=m+1

!

[1+ (- 1)1]6alzl> + (0 — @) |

—B|t|z- o () + 1Dy
I=m-1 (1)1—1(C)l_1
N (7)1 (v + 14

- 5 -1 _
(1)1-1(€)i-1 [1+U=D° la,z 1 |

<|1-

I=m+1

g | T<1 B C (k)1 (y +1)4

-1y “+U—1MPw¢*>+w_¢”

l=m+1

_ o () (y + Dy _ 8§, -1
S| l;i-ll (D-1(c)11 [1+ (@ -1)aFa.z |

- )1+ 1)y
—B | T— z 7l ( 211):)1/(-:)1_)11 [1+ {—-DAa;z"" + (0 — o) |

l=m+1

[ee]

Wa(y + Dis
< ) rion

[1+ (- 1)a|z|?

l=m+1

N gy Gt Doy
ﬁfl;;fﬂ o U= Dila | 2] plo — )

S )+ 1y
< Z 1(1—31)( 211):’1/(;1_)11 [14 (= DA%a, — Bt +0—¢) <O.

l=m+1

Since by maximum modulus principle.

f(z) € RV’ (B,7,0,0).
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Conversely , assume that f(z) € Rj{'s (B, 7,0, 9). Then we have

(178 (e, k, Df @) —1

: | <p, zeu
(179 (e, k, Df (2)) + (o — @)
| _ Z([)im+1 I (K)1—1(y+1)1—1 [1 + (l _ 1)A]Salzl—1 |
(D-1(0)1-1 <p. )
| _ Z;x;mﬂd (k)11 (Y+1)1—1 [1 + (l _ 1)/1]861121_1 + (T 40— (,0) |

(1)1-1(0)-1

Hence | Re(f(z))’| < |f(z)

,for all z we obtain

o k) _ _
yoo B0 iy 4 g 1)3)8q, | 2|1

(Di1-1(c)1—1
Re <p. (10)
o k)1 (y+1)— _
S WS 1 4+ (1= DAy | 2|1 4+ (40— 9)

We taking the values of z on real axis such that (Iy'af(z)) is real and upon clearing,

the denominator of the above expression and letting z = 1 through real values , we obtain

o)

(k)—1(y + 1)1
(D=1(0)i—1

1(1-p1) [1+(—DA%a; < B +0— ).

l=m+1

Corollary(2 .1). Let f(z) € R*(B,7,5,¢). Then

0 < B+o—¢)(1)_1(c)—1
TIA - D) (r + Dy [T+ U= DAY

where0<1<1,0<¢9<1,0<0<10<pB<1ckeR-{0,,-1,-2, ..}, y,A1>-1,6
€ N u{0}.

(Ilm+1,meN)

Remark (2.1). If f(z) € R/°(8,7, 1, ¢), then

fx+1—¢)(D)1(c)i—4

U AL G+ DL+ Q- (EmEhmEn
and equality holds for
2) =z— Ba+1—¢)(1)_1(c)—1 !
T = 2 A W 0 + DL+ A= DAP

3.Growth and Distortion Theorem

A growth and distortion property for f € R/’{‘g(,b’, 7,0, @) is offered as follows.



Theorem(3.1):

Let f(z)denoted by (2) belong to R}{“S (B, t,0,9).Then for | z | = r < 1,we obtain

B+o—@)(Dm()m m+1 B(+o—-@)(Dm(c)m m+1
— r < <r
(m+1)(1-B1) [1+(M)AI (K) i (¥ +D)m o |f(Z) | =r+ (m+1)(1=B7) [1+ (M)A (K)in (v +D)m

The result is sharp for the function f(z)given by

B +0—@)(Dm()m m+1

f@ = 2 o DA = FOT + APl + D

Proof: Assum that f(z) € R}{"S (B, 7, 0, ). By the inequality(7)

(K)m(y + D

— 1)
(m+ 1)1 - po)[1 + (m)A] Do

is non decreasing and positive for [ > m + 1, we obtain

[ee)

k) Do
(m+ 1A -pD[1+ (m)/l]'s( Zl)g(t)m) Z a

o)

< Z (1= BO[1 + (L — 1)AJ

l=m+1

l=m+1

(k)1 (y + 1)y
(D=1(0)i—1

a, < B+ 00— ).

That is equivalent to

N BG +0 = ) Dm(Onm
2, S G DI AP WGy T D a
Using (2) and (11) ,we obtain
f@=z- Y @
lf@| < |z] + Z alz|t <r+ z ar™*tt <r4pmtl Z a
l=m+1 l=m+1 l=m+1
B+ 0 —@)(D)m()m ma1
=T A DA - O+ AP + D (12
Similarly,
PR FE+o=DWnOn .

(m+ DA = D[ 1gma] Om @ + D
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From (12)and(13),we have

B +0 =) (M)n(m

T T DA AT g S @

<rs B(x+0—@)(D)m(m omt1
— (m+ DA -+ (MR (Y + Dim '

Theorem(3 .2):
Let f(z) defined(2) belong to RX‘8(B, T,0,®). Then for |z| = r < 1,we obtain

BE+o=DDn@m 14
LTSRN+ AP + D F@|

B +o—@)( )y -

1-BD[1+ MK,y + D,y

The result is sharp for the function f(z) given by

B(T+0 =) (D)m(m m
(m+ 1)1 - 01+ M)A (k) (y + D '

Proof: Using (2)and(11), we obtain

<1+

f(2)=z-

fl(z)=1- Z la;z"71,

l=m+1
'@ <1+ Z la,|z| "1 <1+ Z lagr™1 <1+ Z lagr™m < 1+ 1™ Z la,
l=m+1 l=m+1 l=m+1 I=m+1
T+o— D (c
<14 B( ®)(D)m(C)m Fm (14)

T A=+ MAPEm + D

So,

[00]

IF)| =1~ Z la | z|= =1 - Z lartt>1- Z lar™>1—rm Z la,

I=m+1 l=m+1 l=m+1 l=m+1

3 B+ 0—0)(Dm(O)m o
(1 -1+ MAE)m + D

From (14)and(15),we obtain

>1

(15)



B+ 0= 0)(Dm(m

TA= O+ A Oy + D = F@|
B+ 0o—@)(Dp(cm -

= Aol + AP + Dy

4. Hadamard product

In the following theorem, we obtain the Hadamard product (or convolution) result for f €
R (B,1,0,9).

Theorem(4.1):

Iff,h e R}{’s(ﬁ, 7,0, ¢), then

Frm@=2- ) adz

l=m+1

for

o)

f(2)=z- z a,z" , f(2)=z- Z dz*t

l=m+1 l=m+1

where

> ,BZ(T +o0— (P)(l)l—l(c)l—l
P =Bt +0— @) + 11— P2(k) 11 (r + D1+ (L — DA

Proof: Letf,h € R}{’S (B,t,0,¢9) .Then we have

i (1= BO)(k) 1y (v + D)y [1+ (1 — 1DA]®

ey 111G +0 - 9) a=1, (16)
O 11— Uy + D1+ A= DAP°
1;1 (D1-1(c)1-1BT + 0 — ¢) d=1, (17)
we must find the smallest number p such that
o 11— pO) ()i (v + D1+ = DAP
Z (D-1(c)iipt+0—9) wdy < 1. (18)

l=m+1

By Cauchy Schwarz inequality ,we have
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5 B 1718
z (A= D)) (v + 1) [1+ (= DA [a,d, <1 (19)

(D-1(0)-1Bt + 0 — @)

l=m+1

Thus it is sufficient to prove that

11— pD) (k) (v + 1y ([T + (= DADP?
(D=1()1p(t + 0 — @)

aa;
l=m+1

< i (1= B)(k) i1 (¥ + 1)1 [1+ (L= DA

(D=1 B+ 0 —9) a;d;.

l=m+1

So,
WSM. (20)

From (19) ,we obtain

(Di-1()i-1B(T + 0 — 9)

U S T DR + DI+ (- DAP

(21)

It is sufficient to prove that

(D11 Bt + 0 — @) < p(1—p7)
1(A=po)k)-1 (v + D1 [1+ (U =DA]S ™ (A - p1)’

S Bt +0—@)(1)_1(c)—4
P =182t +0—0) + 11— B2,y + D11+ (U= DA]°

5. Radius of Starlikeness, Close-to-Convexity and Convexity.

Next ,we obtain the radius of starlikeness, convexity and close-to-convexity for the
class R}{’S (B, 7,0, ) by the following theorems.

Theorem(5 .1):

Iff(z) € R}{’S(ﬁ,r, o, @), then f is starlik of order @(0 < a < 1)in the disk |Z| < R,where

R inr |7 O = D) (¢ + Dia[1+ = DA =
= mh (l—a)pr+0—¢)(1);_1(c)_1 :

The estimate is sharp from



Br+o—@)(1)_1(c)—1 !

Z)=27— zt, l>m+1,mEeEN).
&) = A B0 + Dl + A= DAP ( )
Proof: From (2),we have
Zf’(Z)>
R >a, 0<ax<l). 22
( [0 ( ) (22)
To prove that
zf'(z)
——=1| <1 —aq,
| f(2) |
| z(z — Z?im+1 alzl)’ —(z - Z?im+1 alzl) |
= ; <1-—aq,
z= Zl=m+1 a,z
| Z _Z?im+1 lalzl —Z +Z;x;m+1 alzl | <l-a,

—y® l
Z = Xlme1 UZ

| — YR mer (= Da,z! Yieme(l— Da | z| 1

— < <1l-uaq,
Z = X @z 1-2X2me1 @ |Z|l_1
Z;xim+1(l - a)al | z | -1
- <l-a. 23
o (23)
From corollary(2 .1),we have
. B(+o-9)(1);—1(c)1—1 -1
2 [ —
Zl—m+1( CZ) 1(1-BT)(K) -1 (Y +1) 4 [1+(1-1)A]8 | | <1
(1-a) T

Hence

|Z | 1 < (1 -1 =BTk, (¥ + 1)1y [T+ 1 — DAJ°
N (I-—a)B(t+o0—9)1)_1(c)—1 ’

(1= I = By (y — Dy [1+ (U — m]a}ﬁ

|z| <Ry = infl{ (I—a)pt+o—@)(1)-1(c)—1

The proof is completes.

Theorem(5 .2):

Iff(z) € R}{’a(ﬁ, 7,0, @), then f is convx of order 9 (0 <9 < 1) in |z| < R,,where

. {(1 — DI = D K), -1 (¥ + D4 [1 + U= DA
R, = inf;

=BG +0 =)W1 (@1 }' (tzm+1menN).
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the estimate is sharp from

@) =z— B(x+0—¢)(1)_1(c)y 4
(1= o)) (y + Dig [T+ - DA™
Proof: From(2),we have
Re (i{é?) >9, (24)
which is equal to
Zf” (Z)
| i | <1-v.

Which is equal to

ZiZme1 I —Day|z|"?
(1-9) B

From corollary (2 .1),we obtain

T (=) BE+o-0)(1D)11(1s 1211
L 1 l(1—ﬁr()ikz_1;()y+1)l_1[1+(l—1)2]5 <1 (25)
Hence
|51 < A O = FDWs @ + Dical1+ A= DA
- I(I=9)B(+0—@)(1)_1(c)4 '
(@ =91 - W0 &+ D [1ana] T
=l < R, = ”‘fl{ (= 9)BG +0 - 9Dt (s EmELme )

The proof is completes.

Theorem(5 .3):

Iff(z) € R}{’S(ﬁ,r, o, ), then f is close — to convex of order u(0 < u < 1)in |z| < R3, we where

(11— w1 =pr)k) 1 (v + Dy [1+ U — DA
B +o—9)(1)_1(c)—1

1
-1
R3=inﬁ{ } , (Il=>=m+1,mEeN).

Proof: From (2),we have

Relf' @} > u , (26)



which is equivalent to

ff@-1] <1-4

which is simplifies to

yoo I B(T+a—p)(1)1-1(c)1-1 Iz
=M1 " (1 Br) (k) -1 (Y + 1)1 [1+(1-1)A]8

1-w

|l—1

<1 (27)

Hence

i < A=A =B+ Dil1+ A = DA
B B +o—)(1)_1(c)—4 '

1

A-wA-pr)k) (v + D [1+ U - 1)1]5}“1
Br+o—¢)(1)_1(c)—1 .

| z| SR3=infl{

The proof is complete.

6. Extreme point

Now, in the following theorem , we obtain extreme point for the class R/){‘S (B,t,0,0).
Theorem(6.1):
If fi(z) = zand

B(r+o—¢)(1)1-1(c)i-1 4
(1= ()ia(y + D [T+ T = DA)°

fn(Z)=Z—l ,(l=m+1,meN).

then f(2) € R}{"S (B, 7,0, ¢),if and only if given in the form

f(z) = z w; fi(z) where w; =0 and Z w; = 1.

l=m+1 l=m+1

Proof: Assume that

f@= ) wfi@,

l=m+1

_ i o5 EEE O OW s )
1A - DK (0 + D [T+ A= DA )
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~ N B +0 —@)(1)1-1(0)1-1
o ; [L= 00107 + DialL+ (L= DAP 7 %)
So f(z) € R}{"S(,B, 7,0, 9), hence
i I(1 = BOY() 11 (y + 1) [1 4+ (L = DA Bz +0 —@)(1)1-1(6)1-1 .
oy B +0—9) (11101 T = B2 (r + D1+ (A — DAP
= Z w=1-w; <1
l=m+1

Conversely ,assume that f(z) € Rj{’a(ﬁ, 7,0, @)from (7), we have

Bx+o—¢)(1)_1(c)—y

U= A= B0 O + DL+ A= DAP (tzm+1imen
put,
1A = B (o + D1+ (L= DA
w; = Bt o— WO a, (=m+1,meN) (29)
and
Wy =1—= X200
it is enough we obtain
f(z) = Z wf; (2)
l=m+1

Is the result of the theorem.

7. Closur Theorem

Now , we ought to show that the following closure theorems belong R/’{’S (B, 1,0, 0).
Theorem(7 .1):

Suppose f; € RX’S(B, T,0,9), (i=123.... r). Then

r

1) = ) efi () € R (B,7,0,0),

=1

where,



Proof: We obtain

q(z) = Xi1e (z— X2 mi alZl);

T r ©
i=1

i=11l=m+1
[ee) r
=z— Z (Z eial,l-) zt, (30)
l=m+1 \i=1
=z-— Z wzt (31)
l=m+1

such that

w; =

INgh
o
£

=1

Hence, f; € RJ{’S (B, 7, 0,¢9) from Theorem(2.1), we have

o 1 = BOBLY + Dillgena]
D Ty Cy e o AR (32)

l=m+1

in (30),g(2) € RJ{’S(,B,T, o, ®).Then

i (1 - B (), (y + Dy[1+ (L — DA]®
Wl < 1

px+o—¢)(1)_1(c)—1

l=m+1

Now,

w

i (1= B) (k) (y + D[1 + (L — DA®
pr+o—¢)1)_1(c)_1

I=m+1

- i L= BO)(R) i (v + Dq 1+ (- 1)/1]52 e ;
p+o—¢)(1)-1(c)-1 o

I=m+1 i=1
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r

[(1=BD)K) 1 (¥ + 1)y 4 [1+ (L= DA

e pr+o—¢)(1)-1(c)—4

i=1 l=m+1

< e;, employ(33)

=1, hence g(z) € R}{'S (B,7,0,9).

Theorem(7 .2):

Iff(2),9(2) € R}{’s(ﬁ,r, o, ®),then

p(z) =z— Z (a? +v}) zt

l=m+1

2B
pr+1’

belongs to R}{’S (n,7,0,9),wheren =

Proof: Suppose f(z),g(z) € R}{’a(ﬁ, 7,0, @)and since

[l(l — BT (k) 1oy (v + 1)y [1+ (L - ml‘T 2
BE+0— ) (1)1 l

l=m+1

S[ & l(l—ﬁr)(k)l_1<y+1>l_1[1+(l—1)116alr L
l=m+1

B(r+o—9)(1)-1(€)1-1

Z [1(1 — BO)(R)_1 (v + 1)y [1+ (L — 1)) 2
(r +0—-@)(D1(O)i1 l

l=m+1
2
l(1 — (1)1 (v + Dial1 + = DA

U <1.

12 BT+ 0o —¢)(1)1-1(c)1-1

m+1
Using (34)and(35),we have
1[HA=FD (0 -+ D1 1+A=DA) 5 o
:5: E[ Br+a-@) (D111 (atvi)st (36)

l=m+1

Hence ,we must show

p(2) € R,«]{'a (n,7,0,9),there is

a;

(34)

(35)



Il(l — D) (k) (y + 1)y [1+ (L = DA

N +0— ) (Di1(0)rs (af +v}) <1, 37)

l=m+1

where 0 <1< 1, from (36)and (37),we obtain

11 =) (R (y + D41+ = DA)°

110 = D O + Dy 1+ (= DA
n(T+o—¢)(1)_1(c)—4 s 2 B +o—@)(1)_1(c)4 .
Which simplifies
2p
D= pt+1°

The proof is complete.
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