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Abstract

The aim of this work is to present and investigate the concept of soft K(sc)-spaces.
Every soft T,-space is soft K(sc)-space was obtaind. While a suitable condition on a set of
parameters to get every soft K(sc)-space is soft semi T-space. Detailed study of soft K(sc)-
spaces with examples is carried out.
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1. Introduction

The theory of softs was introduce by Molodtsov [9], as a mathematical
tool for solve doubts. In 2003, Maji et al. [7] provide most basic processes
of the soft set theory. To improve this concept, in 2011 Shabir and Naz [12]
provided and studied the concept of soft topological space (S-Top-sp, for
short). In 2012, Zorlutuna et al. [14] introduced the notion of compactness
in S-Top-sp’s. Also, in 2014 Peyghan et al. [11] studied some properties
related to the soft compact sp’s. Recently, independently Mahanta and Das
[6] and Chen [4] were introduced and studied the notion of semiopen soft
sets in S-Top-sp’s, as a weak forms of an open soft sets. Also, Chen [4]
introduced a new types of soft separation axioms by using the concept of
semiopen soft sets.

The notion of Kc-spaces (Kc-sp’s, for short) was first introduced in
general topology in 1967 by Wilansky [13]. This notion studied by several
researchers (e.g. [2, 3, 5, 8]). On the other hand in 2015, Abu-Ragheef [1]
introduced the concept of K(sc)-sp’s as a weak forms of Kc-sp’s.

Very recently, in 2019 Nadhim et al. [10] introduced the notion of
Kc-sp’s in the S-Top-sp’s. In the current work we introduced the concept
of K(sc)-sp’s in the STop-sp’s and studied several importents properties
of this concept. We show that the hereditary property is not satisfies. In
addition, the properties of soft K(sc)-sp’s under soft mappings, such as the
topological property and some other properties are studied.

2. Preliminaries

We expect that the reader is knows about the usual notions and most
basic ideas of soft set theory, soft mappings and soft topology Throughout
our paper, denote by V an initial universe, by £ a set of parameters and by
P(V) the power set of V. A soft set G, on the universe set Vis a mapping
defined from A into A < £, where SS(V),. Denote by V to the set of all
soft sets over V (see [9]). For a point x € Vand G, € S5(V),, we say that
x belongs to the soft set G,, denoted by x & G, whenever x € G(/) for all
teV.Foranyxe V,x & G, ifx¢ G, forsome ¢/ € L. Forapointxe V, x,
denotes to the soft set over Vsuch that x(¢) = {x}, for every / € V(see [12]). A
family T < SS(V), is said to be a soft topology on Vif the following axioms
are satisfied: ®,, Ve T (where ®,, V denotes to the null (absolute) soft
set) and closed under finite intersection and arbitrary union. The triple
WV, T, £) is called a S-Top-sp over V. The elements of T are called an open
soft set in V. The complement of any open soft set is called a closed soft
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set.(see [12]). Let W be anon-empty subset of V and F, be a soft set over
V. Then, the subsoft set of F, over W denoted by F is defined as follows
FY(0)=W nF () forall ¢ € V. The soft relative topology on a non-empty
subset W of Vis defined as T, = {.7-'EW :F, €T}, and (W, T}, £) is called a
S-subspace (S-subsp, for short) of (V, T, £). (see [12]). A soft set G, is said
to be semiopen(closed) soft set if there exists an open(closed) soft set F,
such that 7, CG, E F, (¥, EG, C F,). Clearly, every open(closed) soft
set is a semiopen (semiclosed) soft set (see [6]).

Definition 2.1 : [6] Let (V, T, £) be a S-Top-sp over V and F, be a soft set
over V. Then, the semiclosure soft set of F, is a soft set denoted by sCI(F,)
where sCI(F,)=11{G, : G, is semiclosed soft setand F, CG,}.

Theorem 2.2 : [6] Let (V, T, L) be a S-Top-sp over V, and F, is a soft sets over
V. Then

1. F, is a semiclosed soft set if and only if F, = sCI(F,).
2. sCI(F,) = sCl(sCI(F,))

3. sCI(F,) is the smallest semiclosed soft set over V contains F,.

Definition 2.3 : [12, 4] A S-Top-sp (V, T, £) over Vs called

1. soft T, (semi T,)-sp, if for every x, y € Vsuch thatx#y,3F, G, e T
(3 semiopen soft sets F,, G,.) such thatx & F,andy ¢ F,andy &
G,and x ¢ G,.

2. soft T,(semi T,)-sp, if for every x, y € V such that x # y, 3 F,,
G, € T (3 semiopen soft sets F,, G,.) such thatx & 7,y &€ G, and
F, NG, =,.

Theorem 2.4 : [4] Let (V, T, £) be a S-Top-sp over V. If x, is a semiclosed soft set
in(V, T, L) foreach x € V, then (V, T, L) is a soft semi T -sp.

Definition 2.5 : [14] A S-Top-sp (V, T, £) is said to be a soft compact, if each
soft open cover of V has a finite subcover.

Theorem 2.6 : [11] Let (W, T,,, L) be a S-subspace of a S-Top-sp (V, T, L). Then,
(W, T, L) is a soft compact if and only if every soft open cover of W by open soft
sets in V contains a finite subcover.

Definition 2.7 : [15] A soft mapping f,, from a S-Top-sp (V, T, £) into a
S-Top-sp (V, T, D) is called

1. soft continuous, if foreach G, €T, f, /(G,) eT.
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2. softopen, if for each F, €T, f (F,)eT ..

Theorem 2: 8 [1411f f,, : (V,T,L)—(V', T, D) is a soft continuous and onto
mapping and (V, T, L) is a soft compact Top-sp, then (V, T', L) is a soft compact
Top-sp.

Theorem 2.9 : [11] Every soft compact subsp (W, T,, L) of a soft Ty-sp (V, T, L)
is a closed soft set.

Theorem 2.10 : [11] Every closed soft subset of soft compact sp is a soft compact.

Proposition 2.12 : [101 If f,, : V,T,£) = (V',T", D) is a bijective soft open
mapping, then f, ™ is a soft continuous mapping.

3. Soft IC(sc)-spsces

In this section we introduce the definition of soft K(sc)-sp’s and
give some properties about it, examples and it is relationship with soft
separation axioms.

Definition 3.1 : A S-Top-sp (V, T, £) is said to be a soft K(sc)-sp, if every
soft compact subsp (W, T, £) is semiclosed soft set in V.

Example 3.2 : Let V = R, £ = R where R and N are the set of real and
natural numbers respectively, let (F,), ={(n,(a,b):neLl} and T = {®,,
R}u {(F,.),, :a,b e R}. Then, it is clear that (R, T, N) is a soft K(sc)-sp.

Proposition 3.3 : Every soft Kc-sp is a soft K(sc)-sp.

Proof : Let (V, T, L) be soft Kc-sp and W be a non empty subset of V, such
that (W, T,, £) be a soft compact subsp of (V, T, £) which is soft Kc-sp,
then W is a closed soft set in V which implies, W is a semiclosed soft set
in V.Therefore, (V, T, £) is a soft K(sc)-sp. O

In the next the relationship between the soft K(sc)-sp’s with soft
separation axioms are discussed.

Proposition 3.4 : Every soft T,-sp is a soft K(sc)-sp.

Proof : Let W be a soft compact subsp of (V, T, £). From hypothesis and
Theorem 2.9, we get W is a closed soft set in Vand by every closed soft set
is semiclosed soft set, we get W is a semiclosed soft set in }V Therefore, (V,
T, £) is a soft KC(sc)-sp. O
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Remark 3.5 : The opposite of Proposition 3.4 is not necesarily true as the
next example shown.

Example 3.6 : Consider the S-Top-sp (R, T., £), where L is a countable set
and T. ={F, : v, ,R-F({) is countable set} U {®,}. Then, (R, T., L) is soft
Ke-sp but not soft T,-sp (see Example 3.8 [16]). Thus, it follows (R, T., £) ,
is soft IC(sc)-sp but not soft T,-sp.

To study the relationship between soft K(sc)-sp and soft semi T'-sp,
we need first to recall the following lemma that introduced in [10].

Lemma 3.7 : Let (V, T, L) be a S-Top-sp with finite set of parameters L. Then, for
all x e V, x, is a soft compact subset in V.

Remark 3.8 : In Lemma 3.7, it is clear that if we put W = {x}, then (W, T,
L) is soft compact subsp of (V, T, £).

Theorem 3.9 : Every soft K(sc)-sp with a finite set of parameters is a soft semi
T,-sp.

Proof : Let x € V. Then, from Lemma 3.7, it follows x, is a soft compact
subset in V, and by Theorem 2.6, it follows ({x}, T,, £) is soft compact
subsp of (V, T, £). But (V, T, £) is a soft K(sc)-sp, which implies x, is a
semiclosed soft set in V. By Theorem 2.4, we get (V, T, £) is a soft semi
T-sp. O

Remark 3.10 : The convers of Theorem 3.9 is not satisfied in general, we
shows that by the next example.

Example3.11: Let V={a,c}, L= {(,, (,}and T ={®,,V, (F.), (F. ), (F.)5),
where (7,), = (£, V),(t,, ), (F,), =((£,, la)),(¢,,V)), and (F,), = (¢,
{a}),(¢,, {ch}. Then, (V, T, £) is a soft T\-sp and from Proposition 2.30
part(1), (V, T, £) is a soft semi T-sp, but not soft K(sc)-sp because there
exists W = {a} such that W = {(¢,, {a}),(¢,, {a})} is soft compact subsp of V.
But W is not semiclosed soft set in V), since W* is not semiopen soft set,
since the only open soft set which is contained in W* is ®, but ®, CW*
Z @, = ®@,. Therefore, (V, T, £) is not soft IC(sc)-sp.

The next example shown that the hereditarily property of soft
K(sc)-sp’s does not true in general.

Example 3.12:In Example 3.2, (R, T,N)is asoft K(sc)-sp. Let W =[0,1] cR.
Then, TW = {(DE,W, (GE )1, (GE )2, (G£)3 }, where (GL' )1 = {(7’1, (a/b))/n € N}/
(G,), ={(n, [0,b)),n e N}, (G,), ={(n, (a,1]),n e N}. To show (W, T,,, L) is
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not soft K(sc)-sp. Let V=[1/2,3/4] ¢ W. Then V=1{n,[1/2,3/4]):neN}
is a soft compact subsp but it is not semiclosed soft set in W , since for any
closed soft set H,, in W such that VEH, we have H; Z VL H,,. Hence,
(W, T,,, L) is not soft K(sc)-subsp of (R, T, N).

4. Some properties of soft K(sc)-spaces related with soft mappings

In this section we introduce some results about soft K(sc)-sp’s under
soft mappings. In order to discuss the topological property of a soft X(sc)-
sp’s, we need first to introduce the following lemma.

Lemma4.1: Letf,,: (V, T, L) = (V, T, L) be a soft homeomorphism mapping.
Then:

1. f(F,) is semiclosed soft set in V, for each F, semiclosed soft in V.
2. f7(G,) is semiclosed soft set in V), for each G, semiclosed soft in V.

Proof. The proof follows from the definition of soft semiopen(closed) and
the definition of image(inverse image) of soft set. [

Theorem 4.4 L The property of a soft K(sc)-sp’s, is a topological property.

Proof : Let f, be a soft homeomorphism mapping from a S-Top-sp (V, T,
L) into a S-Top-sp (V, T, £). Suppose (V, T, L) is a soft K(sc)-sp, to show
(V, T, L) is soft K(sc)-sp. Let (S, T,, D) be a soft compact subsp of (V,
T, D). Then, we have fq;l (S5)=W whenever v'(S) = W and W c V. From
hypothesis and Theorem 2.8, it follows (W, T,, £) is soft compact subsp of
(V, T, £) which is a soft K(sc)-sp, this implies I/SI is a semiclosed soft in V,
by Lemma 4.1 part (1), fqv W) =qu (fq;l (S) )=S is a semiclosed soft in V.
Thus, (V, T, D) is a soft K(sc)-sp. By the same way, we can prove that if (V/,
T, D) is soft K(sc)-sp, then (V, T, L) is a soft K(sc)-sp. *O0

Theorem 4.3: Let f,,: (V,T,L£) = (V', T, D) be asoft open bijective mapping,

and (V, T, L) is a soft T,-sp. Then, (V, T, L) is a soft K(sc)-sp.
Proof : Let (S, T,, D) be a soft compact subsp of (V, T, L), to prove § is
a semiclosed soft set in V', we must prove S is a semiclosed soft set in V.
By the definition of inverse image of soft set we get, f 1(5)=W whenev-
erv"'(S) = Wand W c V, and by Proposition 2.11 and Theorem 2.8, it fol-
lows (W, T, £) is soft compact subsp of (V, T, L), but Vis a soft T,-sp, so
by Theorem 2.9, W is a closed soft set in Vimplies W* is an open soft set
in V. From hypothesis, we get f (W)= f ((f,(9))=f, (f,(5)) =5
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is an open soft set in V.which implies, S is a semiclosed soft set in V.
Thus, we prove (V, T', D) is a soft K(sc)-sp. O

Definition 4.4 : A mapping f,,: (V, T, £) — (V, T, L) is said to be a soft
S-semi closed mapping, if for each closed S-subsp W of V, the image
fil W ) is semiclosed soft set of V.

Theorem 4.5: Iff : (V, T, L) — (V, T, D) is a soft continuous mapping, (V, T,
L) is a soft compact sp and (V, T', D) is a soft K(sc)-sp, then f,, is a soft S-semi
closed mapping.

Proof : Let W is closed soft set in V which is a soft compact sp, then by
Theorem 2.10, it follows (W, T, £) is a soft compact subsp of (V, T, £),
since f,, is a soft continuous mapping and Theorem 2.8, f, (W ) is a soft
compact subset in (V, T, D), but (V, T', D) is a soft K(sc)-sp, then f, (W ) is
a semiclosed soft subset in V', that is f,, is a soft S-semi closed mapping. [

Definition 4.6 : A S-Top-sp (V, T, £) is said to be soft semi K,-sp, if
sCI(W ) is a soft compact subset in V, whenever (W, T,,, £) is a soft compact
subsp of V.

Example 4.7 : Let (V, T, £) be the soft discrete. Then, (V, T, £) is a soft semi
IC,-sp.

Proposition 4. 8 : Every soft K(sc)-sp is a soft semi /C,-sp.

Proof : Let (W, T, £) is a soft compact subsp of V which is soft K(sc)-sp,
then W is a semiclosed soft set in W =, by Theorem 2.2 part (1), sCI(W ),
then Vis a soft semi KC,-sp. O
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