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[bookmark: _Toc59655050]Abstract
The biased estimation is one of the most commonly used method to reduce the effect of the multicollinearity problem. Many studies proposed several estimators that were successfully applied to reduce this problem on estimation. 
 In this thesis, the concept of biased estimation has been proposed to reduce the effect of multicollinearity on estimation of the parameter. We have studied three main methods of biased estimation which are: family of ridge regression estimator, family of principle component estimator and family of hybrids estimators. Specifically, out of them, we have studied 16 estimators which were given in the literature and compared the performance of each one with others using the simulation method based on estimated mean square error criteria.  Also, we have studied 39 estimators of ridge parameter (k) which were also given in the literature and proposed other 5 estimators and compare all of them with the 16 estimators to find the best estimator that can be used to reduce the effect of multicollinearity under different cases. The results of this comparison have found that a modified unbiased ridge regression, almost unbiased generalized ridge estimator and modified (r-k) class ridge regression estimators are the best estimators out of the 16 estimators.  Regrading to the ridge parameter (k), the results of the simulation study have shown that KM8 is the best estimator out of all ridge parameter. 
When two different estimators are available for a parameter, it is hoped that a combination of these two would inherit the advantages of both. With this unbiased two-parameter estimator and ordinary ridge regression, we have proposed a new biased estimator named as modified unbiased two-parameter estimator. The performance of the proposed estimator is compared with other existing estimators has been studied. Also, a simulation study is conducted to assess the performance of the proposed estimators. In the   simulation study, we compare   the modified unbiased two-parameter estimator with other three estimators; ordinary least squares estimator, ordinary ridge regression and the unbiased two-parameter estimator that were given in the literature.  Clearly, the new proposed estimator has shown a better performance as compared with other estimators.
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[bookmark: _Toc59655052]Preliminary 
The linear regression is one of the most important models used frequently in data analysis in different areas such as economic, administrative, social, health and other applied sciences. The linear regression relies on several statistical assumptions when using the ordinary least squares method. If one or more of these assumptions are not available, the form can be problematic. The most important problem in the regression analysis is multicollinearity. Multicollinearity problem is caused by a correlation among the explanatory variables which results in a poor estimation that cannot be reliable.
 The multiple linear regression model is given by the following equation:  :  
	
	

	


where Y is a (n  1) vector of responses, X is a (n  p) design matrix of the explanatory variables ,p is the number of the explanatory variables, β is a (p  1) vector of unknown parameters of interest, ε is a (n × 1) vector of unknown errors; and n is number of observations.
The vector Y is also called the dependent variable while the columns of X are called independent variables or predictors instead of explanatory variables. The vector β is also called the vector of regression coefficients. The estimation target for the analysis of the general multiple linear regression model is to obtain a valuable estimation for the unknown parameters β. 
There are three main assumptions which justify the use of linear regression models for prediction purposes (Ernst and Albers 2017; Schmidt and Finan 2018):
The model assumptions are as follows: 
The association between Y and X is considered as a linear relation. Also, the multi linear regression involves the explanatory variables which illustrate the change in Y. Finally, the coefficients are supposed to be constant but are unknown. 





Assumption on the error terms: I follow a multivariate normal distribution of the error term with expectation, the variance , the error terms are independent i.e.  , and where the error terms are also independent from the explanatory variables i.e. and vector of responses i.e. (Rao et al. 2008)
Assumption on the sample: The number of responses is greater than the number of explanatory variables, n > p and the X matrix has full rank (i.e. there is no exact linear association between the explanatory variables).
From the lest assumption we conclude that: 
· The sample size is greater than the number of the estimated parameters. 
· There is no multicollinearity between the values of explanatory variables views. In other words, the relationship between these variables is not existent. This means that each variable is orthogonal to the other variables.
[bookmark: _Toc59655053]Geometric Interpretation of the Multiple Linear Regression Model
The geometric approach to least squares begins with two high-dimensional spaces, a
(p + 1)-dimensional space and an n-dimensional space. The unknown parameter vector β can be viewed as a single point in (p + 1)-dimensional space, with axes corresponding to the p + 1 regression coefficients β0 ,β1, β2, … , βp  . Hence we call this space the parameter space (Figure 1.1). Similarly, the data vector y can be viewed as a single point in n-dimensional space with axes corresponding to the n observations. We call this space the data space. The X matrix of the multiple regression model (1.1) can be written as a partitioned matrix in terms of its k + 1 columns as

.
The columns of X, including j, are all n-dimensional vectors and are therefore points in the data space. Note that because we assumed that X is of rank k + 1, these vectors are linearly independent. The set of all possible linear combinations of the columns of X constitutes a subset of the data space. Elements of this subset can be written as

,
where b is any k + 1 vector, that is, any vector in the parameter space.
[image: gumatric]
[bookmark: _Toc57556622]Figure ‎1.1: Parameter space, data space, and prediction space with representative elements.
This subset actually has the status of a subspace because it is closed under addition and scalar multiplication (Harville 1997),(Puntanen 2008). This subset is said to be the subspace generated or spanned by the columns of X, and we will call this subspace the prediction space. The columns of X constitute a basis set for the prediction space.


The multiple linear regression model (1.1) states that y is equal to a vector in the prediction space, , plus a vector of random errors ,  (Figure 1.2). The 
[image: Captureyyykk]
[bookmark: _Toc57556623]Figure ‎1.2: Geometric relationships of vectors associated with the multiple linear regression model.

problem is that neither β nor  is known. However, the data vector y, which is not in the prediction space, is known. It is also known that E(y) is in the prediction space.
Multiple linear regression can be understood geometrically as the process of finding a sensible estimate of E(y) in the prediction space and then determining the vector in the parameter space that is associated with this estimate (Figure. 1.2) (Harville 1997),(Puntanen 2008).

[bookmark: _Toc59655054]Ordinary Least Squares Estimator 
Linear regression model parameters can be estimated using ordinary least squares method (OLS) by taking the expected value of equation (1.1) where we have:


Because of the 


then


The OLS estimator is obtained by minimizing the sum of squares error (RSS) which is the difference between the observed values and the predicted values. Therefore, the minimize of the following equation is: (Gruber 2010)





by taken the derivative of the last equation with respect to  and setting the result equal to zero we get


Thus,
	
	

	



The equations (1.2) is called the normal equation for the OLS estimator. Since the rank of matrix X is p, this condition tells us that there is an inverse of matrix.  Using the inverse of the equation (1.2) we will obtain the OLS estimator of β as follows:
	
	

	


To simplify the forms of the linear model, the canonical form is often used. Therefore, a symmetric matrix S = X′X has an eigenvalue–eigenvector decomposition of the form S = TΛT′, where T is an orthogonal matrix and Λ is a diagonal matrix. The diagonal elements of Λ are the eigenvalues of S and the column vectors of T are the eigenvectors of S(Rao et al. 1973). The orthogonal version of the regression model in (1.1) is
	
	

	



where Z = XT, γ = T ′β and Z′Z = Λ=dig(). The OLS estimator of γ is given by
	
	

	


The common properties of OLS are described as below. (Montgomery et al. 2013) 
[bookmark: _Toc59655055]The properties of OLS 
The properties of OLS are stated below:
1. Unbiased 

It is stated that the estimator  is unbiased for the parameter β when the condition is met:



And with the mathematical expectation of is
	                
	

	



This means that the OLS of the parameter vector  is an unbiased estimator of the parameter β because the amount of bias is zero


2. The Variance

The variance ofis   
   
	
	

	


The total variance is. 
	
	

	




where  tr denoted trace of matrix and are the non-zero eigenvalues of .
3. OLS is the best linear unbiased estimator of β






The final property of the OLS estimator is that  is a non-negative definite (n.n.d.) matrix for any other linear unbiased estimator . On the other hand, for any real vector T, of order (p × 1), , where is any linear  unbiased estimator of β (Batah 2009). However, when is singular (not invertible), the normal equation could be solved using propagated inverse as:





where  denotes the Moore Penrose propagated inverse of . The variance covariance matrix of  is presented by 


and the trace operator of the variance covariance matrix is 

. 
[bookmark: _Toc59655056]The Multicollinearity Problem
[bookmark: _Toc59655057] The concept of multicollinearity in a regression model

An important assumption in the linear regression model is that there is no multicollinearity between the explanatory variables.  If this assumption does not hold, the obtained estimator by the OLS will lose some or all of the required properties. In this study, we emphasize on the third assumption which show the problem of multicollinearity between explanatory variables. The presence of the problem will lead to the fact that the obtained estimators are away from the previously mentioned characteristics of the OLS. Multicollinearity refers to the situation  in which two or more explanatory variables in the linear regression model are linearly correlated. The importance of the third assumption  comes from the estimation of the parameters and their variability in order to obtain the inverse matrix () with dimensions (p x p). Also, the inverse matrix must be non-singular  matrix (Montgomery et al. 2012).
 Notice that
· The matrix has an inverse if and only if it is non-singular.
· 
 It can be said that the squares matrix with dimensions (p x p) is non-singular if its rank equals p. It means that the matrix determinant is not zero. .
· The rank of the matrix is referred by the maximum number of columns or rows which are linear independent.
To define multicollinearity mathematically, first, the linear independence of vectors must be defined. In this case, the square matrix can be inverted when its columns and rows are linearly independent. The linear independence for vectors group is defined as follow:


Let  be vectors with dimension (n x 1) and let  be real constants if



only for C1=C2=…=Cp=0, then the vectors  are linear independent. However, if some of these constants are not equal to zero with
	
	

	



In this case, the vectors  are then called near linear dependent. Therefore, the problem of multicollinearity indicates that model variables or some of them cannot be independent. This indicates that there is a relationship between these variables, whether these are related to two or more variables(Naif 2009).
[bookmark: _Toc59655058] Effects of Multicollinearity  
1. Effects of variance:  The existence of multicollinearity has many potentially significant effects on the OLS of the coefficients of explanatory variables. Some of these effects can be proven easily. Assume there are only two variables of explanatory variables, X1 and X2. The model supposes that the unit length is X1, X2 and Y
	
	

	


and the OLS  normal equations are




where r12 is the sample correlation between X1and X2 and rjy is the sample correlation between Xj and Y , j = 1, 2. Now the inverse of (X′X) is
	
	

	


 and the estimation of the regression coefficients are





If there is a strong multicollinearity between X1 and X2, then the correlation coefficient r12 will be large. From Eq. (1.11) we see that as | r12 | → 1, Var ( ) = Ciiσ2→∞ and Cov(, )= C12σ2→ ±∞ depending on whether r12→ +1 or r12→ − 1. Therefore, strong multicollinearity between X1 and X2 leads to large variances and covariances for the OLS of the regression coefficients. This indicates that various samples acquired at the same X levels would result into broadly various estimates of the model parameters (Montgomery et al., 2012). multicollinearity creates similar effects when there are more than two explanatory variables

Far and unstable coefficient 
Consider 


That is
	
	

	




Therefore, in the presence of multicollinearity, somewill be very near to zero and the change  will be very large. This means that the vector of predicted estimated parameters is away from the actual vector(Naif 2009). 
Standard Errors
The predicted standard errors of OLS coefficients will be increased if the degree of multicollinearity is raised up. That is, a high degree of multicollinearity is responsible for major effects on OLS coefficients' estimated standard errors. This is due to the fact that the estimated standard regression coefficient errors are proportionally related to the square roots of the diagonal elements of the correlation matrix. This will expand the estimated standard errors and leads to unstable fits. The equation of standard errors is
	
	

	


t-test
The estimated standard errors of OLS, will increase as the degree of multicollinearity becomes higher. So, larger values of standard errors will also affect the value of a t-test. The test statistic, becomes smaller when the value of standard errors is larger. The confidence interval for the regression coefficients, becomes larger as the estimated standard errors becomes larger. Therefore, collinearity causes increased inaccuracy, and can seriously distort the interpretation of a model. Serious distortion yields elevated risk of both false-positive results (Type I error) and false-negative results (Type II error)(Yoo et al. 2014). The equation of t-test is
	
	

	


[bookmark: _Toc59655059]  Detect Multicollinearity
Multiple methods have been proposed to detect multicollinearity. Here, we examine and demonstrate some of these diagnostic measures. The diagnostic method reflects the degree of multicollinearity problem and also provide valuable information to determine the involved explanatory variables. This case is the desirable characteristic for diagnosis(Batah 2009):

Multicollinearity may result in a large change in the OLS regulator confidence estimator in different conditions: for instance, when an explanatory variables is added or removed, or when an observation is changed or taken out.
Another indication of multicollinearity is the large intervals of confidence for significant explanatory variables regression coefficient.







The Determinate of the Matrix: {Kmenta, 1971 #10;Mahmood Batah, 2009 #11;Kmenta, 1971 #10}(Kmenta 1971) suggested  another method of multicollinearity which was the determinant of the matrix X′X. Since the explanatory variables are integrated, a of correlation matrix. Its values are (0-1), when  it indicates a complete multicollinearity between the columns. On the other hand, if , the matrix columns are orthogonal to each other. For the two previous cases, the determinant of the matrix will be between (0-1) when there is multicollinearity to certain degrees. Thus, when  is existed, interference will be existed. Ifthen collinearity exists among explanatory variables(Asteriou and Hall 2007)
Variance Inflation Factor:

This terminology is according to (Farrar and Glauber 1967). The Variability Inflation Factor (VIF) is one of the most widely used methods for detecting the problem of linear multiplicity between explanatory variables. The VIF measures the estimated regression parameters in the presence of the linear association. This is based on the examination of the main diagonal of the inverted matrix. The VIF is calculated by the equation:
	
	

	




where  variance inflation factor of the ith  explanatory variables ,  is the determination coefficient of the regression of Xi on other explanatory variables.







 From (1.15) if equals 0, then VIFi will be 1. As  approaches 1,  will approach Infinity. (Marquardt 1980) suggest that a VIFi greater than 10 which indicates a strong multicollinearity. (Gunst and Mason 1980) Suggested that a VIFi ≥ 4 is a sufficient evidence which shows that the variable Xi suffers an inflation in its databases. Also, it indicates that FIV is related to the other explanatory variables. The criticism on VIF is that  depends on and VIF, which shows that a high VIF can be counterbalanced by a low  or high. So a high VIF is neither a necessary nor a sufficient measure of multicollinearity (Gujarati 2009; Imdadullah et al. 2016). 
Tolerance
Tolerance is defined as an index (set of indices) of linear dependence between the explanatory variables in the intercept model (Clark Jr 2013). It is the inverse of variance inflation factors which suggest the independence of the estimators by a value close to 1 whilst a value of nearly 0 suggests that the variables are multicollinear. Thus, tolerance range is between 0 to 1 and therefore the nearer the tolerance value is to 0, the greater the multicollinearity level. This is calculated as follows:
	
	

	


Eigenvalue, Condition Index (CI) and Condition Number (CN):
Here, we assume that they used Eigen Matrix correlation analysis to detect multicollinearity. Notice that, all eigenvalues are 1 if the explanatory variables are orthogonal. Multicollinearity are indicated by small eigenvalues due to the existence of one or more small values suggests near-singular Matrix. (Belsley et al. 1980) suggested two criteria Condition Index (CI) and Condition Number (CN). Condition Index (CI) is a measure used to calculate matrix stability from numerical analyses. This formula is
	
	

	


where  is largest eigenvalues and   is ith the  eigenvalues of X' X.
The number of condition indices that are large (let’s say ≥ 1000) is a valuable measure of the number of proximate - linear dependences in X ′ X.
However, the Condition Number of the correlation Matrix has a formula: 
	
	

	


When CN. ≤100, then there is no multicollinearity among the explanatory variables, if 100 < CN. < 1000, then the multicollinearity is moderate, but when CN .≥1000, then it indicates that there is a severe multicollinearity (Naif 2009).
[bookmark: _Toc59655060] Remedy of Multicollinearity
Many methods have been developed to reduce or eliminate the effect of multicollinearity on estimation. These methods are based on the sample information or multicollinearity methodology. Moreover, some traditional methods are followed for addressing multicollinearity as given below:
1. Collecting Additional Data
Additional data collection has been proposed as the best method to combat multicollinearity (William and Ligori 2016). More Data must be collected in the similar way that is formed to destroy the multicollinearity in existing data. Generally, additional data cannot be always possibly obtained due to economic limitations, but also because the method that is being analyzed is available any more for sampling purposes.
Although additional data exist, it might not be convince to use when the new data expand the spectrum of explanatory variables away from the area of interest of the analyst interest. In addition, if the new data points are unique or atypical to the process being examined, their existence in the sample may have a major impact on the fitted model.

Model Re-specification
Multicollinearity is also induced by model choice. For example, when the regression equation uses two strongly correlated explanatory variables. In these cases, some regression equations re-specification may diminish the impact of multicollinearity. One approach for re-specification modeling is to regenerate a definition of the explanatory variables (Montgomery et al. 2012)

The Biased Estimation 
It is one of the fundamental approaches to achieve the remedy of multicollinearity. The aim in this approach is to achieve two goals. The first goal is to reduce the mean squared error for parameter estimates. The second goal is to improve matrix adaptation, so that the obtained estimates of the parameters   and their standard errors are smaller than the estimates of the OLS. Some of these methodologies are: 
A. Ridge Regression Estimator Method
B. Principle Component Estimator Method
C. Hybrids Estimators Methods.
The method used in this thesis is biased estimation.
Usually, the OLS suffers a large variance in the presence of multicollinearity, as seen in Figure 2.1. A biased estimator with small mean squared error could be favored along unbiased estimator that has a high variance. For the biased estimator, the possibility of having a greater distance from the true parameter β might be smaller.  A number of processes for finding biased estimators have been developed. The biased estimation has the ability to produce more accurate estimates of coefficients. Biased estimation methods do not infer the estimate data as well as the OLS method. The sum of squared errors is large and in contrast, the multiple correlation coefficients are not large. There is no fully objective way to determine when to replace OLS in favor of one of the biased methods of estimation due to the fact that the criteria for determining when these methods show better results than the OLS method. However, analytically biased estimation methods are useful as compared to OLS estimator as multicollinearity is presented. Biased estimates may provide a better understanding of the mechanism being examined (Chatterjee et al. 2006)(Naif, 2009). 
[image: D:\prosper\biased2.bmp]
Figure ‎1.3: Biased and unbiased estimators
The following are some literature review and the most common ways to create biased estimators.
[bookmark: _Toc59655061]Literature Review
[bookmark: _Toc59655062]Ridge Regression Estimation Method 
Hoerl and Kennard 1970 were the first to propose the principle of ridge regression to deal with the question of multicollinearity for chemical engineering results. They found that there is a nonzero value of k (ridge or shrinkage parameter) for which the mean squared error matrix (MSEM) for the estimator of ridge regression is smaller than the variance of the OLS estimator. Thus, the biased estimation of the parameter in the ridge regression model is a critical problem. Several researchers worked in this research field at different periods of time and proposed various estimators for k. For example, see for example (Hoerl et al. 1975),(McDonald and Galarneau 1975),(Lawless and Wang 1976),(Dempster et al. 1977)
A decade later,  (Gibbons 1981)detected 10 algorithms for the  biased estimation and systematically assesses and compares them using Monte Carlo methods.  He presented three algorithms for the biased estimators that performed well overall. Also, his - two-parameter estimator showed potential enhancement over one-parameter ridge estimators. 
Twenty years later, a simulation study has been made by (Kibria 2003a) to assess the performance of some proposed estimators based on the minimum MSEM criterion. His findings showed, under certain conditions, the proposed estimators perform better in comparison to OLS and other popular existing estimators. Later, several studies were performed to develop the field, see for example  (Khalaf and Shukur 2005),(Alkhamisi and Shukur 2008),(Muniz and Kibria 2009),(Gruber 2010),(Muniz et al. 2012),(Hefnawy and Farag 2014),(Roozbeh and Arashi 2014),(Saleh et al. 2014) 
Recently, (Kibria and Banik 2016) have studied 28 different ridge regression estimators. They have proposed five new ridge estimators based on their simulation studies. Also, they compared estimators of ridge regression in the sense of the lesser criterion of MSEM. Based on their empirical results, the following 15 ridge estimators HSL, AM, GM, MED, KS MAX, KM2, KM3, KM5, KM8, KM9, KHMO, CJH, FG and proposed KB3 performed better than the others in the sense of lesser MSEM and were recommended to practitioners. 
Next, various researches have evolved the field using recent development on the computational methodologies(Fallah et al. 2017),(Norouzirad and Arashi 2019),(Saleh et al. 2019) 
Very recently, (Amin et al. 2020) have studied some ridge estimators by considering the previous studies and also the gamma regression model (GRM) which is special form of the generalized linear model (GLM) using the maximum likelihood (ML) estimation method. Their findings showed that Kibria’s and Månsson and Shukur’s methods are favored using ML method. 
 

[bookmark: _Toc59655063]Principal Components Estimation Method
In the middle of the last century, (Hotelling 1957) and (Kendall 1957) proposed that the initial explanatory variables can be replaced by their principal components in a multiple regression model. This substitution developed into a suggestion by several influential statisticians that components with small variances should be safely removed from a regression model (Hocking 1976; Mansfield et al. 1977; Mosteller and Tukey 1977). Therefore, the principal components regression (PCR) discard the eigenvectors that have the smallest eigenvalues, in contrast to other procedures such as surrogate regression (Jensen and Ramirez 2010) and increase regression (Garcia et al. 2011) that increase the magnitude of small eigenvalues.
The main components selected for the model of multiple regression are then based on a rule, which captures at least 80 percent of the total variance. Few examples from a wide array of fields (Cowe and McNicol 1985), (Stock and Watson 2002), (Price et al. 2006), (Dray 2008) and (Sabharwal and Anjum 2016).
Among others, (Gimenez and Giussani 2018) established it is hard to interpret the coefficients of the main components because they are measured averages of the coefficients of the explanatory underlying variables. Others criticize PCR for its linearity and suggest a number of nonlinear weighting schemes; such as (Liu et al. 2012), (Yuan et al. 2015) and (Yu and Khan 2017). 
PCR has become increasingly popular in exploratory data analysis where there is a large amount of candidate explanatory variables. For instance, (Sakr and Gaber 2014), (Jolliffe and Cadima 2016) and (Chen et al. 2017) want candidate explanatory variables and researcher was aiming to detect  the final model .

(Watagoda and Olive 2020) have performed a comparison for the six shrinkage estimators which are: forward selection, lasso, partial least squares, principal components regression, lasso variable selection, and ridge regression, with a large sample theory and two new predictive intervals that reaches the optimal if the  estimator is a consistent β estimator.
[bookmark: _Toc59655064]Hybrids Estimations Methods
The mean square error of the coefficient was minimized using the ridge regression method to consider the optimal value of the ridge shrinkage parameter k. However, the disadvantage of this estimation method is that the approximate parameters are the k's complicated nonlinear functions that would propose values from 0 to ∞. (Liu 1993) proposed another estimator where the estimated parameters are obtained from the linear function of the shrinkage parameter (d). This estimator was combined ridge and stein estimator which was proposed by (Stein 1956).Therefore, several researchers have used the LE instead of ridge regression (Månsson et al. 2012; Qasim et al. 2019).
Moreover, many of the essential research papers focused on the LE in the linear regression model .These includes(Liu 1993),(Alheety and Kibria 2009), (Kibria 2012), (Månsson et al. 2015), (Lukman et al. 2017), (Qasim et al. 2019) and among others (Naveed et al. 2020). 
Fundamentally, (Kaçıranlar and Sakallıoğlu 2001) suggested the r-d class estimator, which involves the OLS, PCR and Liu estimators as special cases. Moreover, they have compared it with the OLS, PCR and Liu estimators by the scalar mean square error (SMSE) criterion. Recently, some researchers developed r-k like to solve out the multicollinearity problem which were suggested (Şiray 2015) and (Dawoud and Kaçıranlar 2017). 
To address multicollinearity, the two parameters estimation method has been proposed to achieve the advantages over both ridge regression and Liu estimator, Two parameter estimation has been proposed recently by many researchers for LRM to minimize the effect of multicollinearity.
For example, (Yang and Chang 2010) suggested a new two parameter estimation  for linear regression model to minimize the influence of multicollinearity . However, there are very limited information about two parameter estimator for the GLM. (Huang and Yang 2014) proposed two parameter estimator for negative binomial regression model NBRM to diminish the correlated explanatory variable problem. More recently, (Asar and Genç 2018) suggested a two parameter estimation  for the Poisson regression model PRM. Moreover,  (Amin et al. 2019)examined the performance of two parameter estimation  for the gamma regression model which have been proposed by Asar and Genc and also Huang and Ynag. All the mentioned literatures show that there is no available study related to the two parameter estimation  for the IGRM and among others  (Kibria and Lukman 2020)
Overall, every study has been performed to solve out a specific problem in multicollinearity in different conditions. Some of them underwent a compression with old models and others were compared with recent recommended estimators’ models. The main aim was to generate effective estimators based on the MSEM criterion. 
[bookmark: _Toc59655065]Statement problem
When applying a linear regression models to a set of real data, it is expected that some or all explanatory variables are correlated. The fitted model will fall under the problem of multicollinearity that has an impact on linear regression parameters when using the OLS method.
In this thesis, we study the following problems:
1. When the biased estimators are the best as compared with OLS? 
2. What is the best procedure based on   biased estimation that can be used to overcome the problem of multicollinearity?
3. Does the family of ridge regression estimators gives the best alternative procedure to overcome for deferent levels of correlation?
4. Does the family of principal component estimator gives the best fit to effect the problem for deferent levels of correlation?
5. Does the family of hybrids estimators gives the best estimator for various correlation levels?
6. What is the best ridge parameter (k) that can give the minimum mean squared error value for biased estimators that contain ridge parameter?
7. Is it possible to develop or propose ridge parameter (k) that can give good performance compared to others?
8. Can we propose a new biased estimator by using the philosophy of hybrids estimation, such as the performance of it will be better compered to existing biased estimators?
[bookmark: _Toc59655066]Objectives of This Study
In this thesis, we study the biased estimation that can help to reduce the effect of multicollinearity on estimation of parameter in linear model. Our research aims to achieve several goals through theoretical and simulation studies as follows:
1. Comparing the biased estimators  with OLS at different levels of correlation
2. Comparing some of the biased estimators to find the best one that has the least estimated mean squared error.
3. Determining the best of estimated ridge parameter k for each of the biased estimator for different correlation.
4. Determining the best biased estimator of each ridge parameter k at different levels of correlation.
5. Proposing some new estimators for ridge parameter k.
6. Proposing a new biased estimator to reduce the effect of multicollinearity.




























[bookmark: _Toc59655067]
Performance of Some Biased Estimators


In this chapter, we have performed a comparison between three types of estimators; ridge regression estimator, principle Component estimator and hybrids biased estimators. Also, we consider the estimation of the ridge parameter of k and propose some new adjustments to estimate the ridge parameter k. Also show the simulation results for the estimators and some examples were chosen for examining the performance of estimators and consequently to select the best. 
[bookmark: _Toc59655068]Criteria used for comparing biased estimates 
In biased estimation, while reducing inflation in the variance, some biases are introduced. The goal is therefore to strike a reasonable balance between the bias and the variance(Rao et al. 2008), (Naif 2009),(Montgomery et al. 2012).The two functions of risk that can achieve that balance are





where B is a (n.n.d.) matrix. Here gmse is the generalized mean square error of, and mspe is the mean square prediction error. In this thesis the comparison of biased estimators with OLS must be made in terms of a given B. We assume B = I. Consequently, the measure of fitness will be


which is the scalar mean square error (SMSE). 


The mean squared error matrices (MSEM) of any two estimators of are given by


[bookmark: _Toc59655069]Performance of Ridge Regression and Principle Component Estimators
[bookmark: _Toc59655070]Family of Ridge Regression Estimator 
A common biased estimator is the ordinary ridge regression )ORR(. From equation 

(1.8) notice that the total variance would be severely inflated if one or more of the was very small.
Hoerl and Kennard suggested using an estimator of the form:
	
	

	


The equation is known as the ORR estimator. It can be clearly said that when k=0, ORR estimator will be equal to OLS estimator. It is obtained as the solution to the problem of minimizing the distance
	
	

	



where c is constan .This is equivalent to finding the point on the ellipsoid centered at the least squares estimator that is closest to the origin. This ellipsoid may be thought of as a ridge, hence the name ridge regression. The problem is solved by the method of Lagrange multipliers.
Differentiate
	
	

	


To obten 
	
	

	



Solve (2.4) for  to obtain (2.1) .
The ORR estimator is biased to a certain value of k which is unknown and therefore it  should be estimated from real data.
The ellipses correspond to the contours of the RSS: the inner ellipse has smaller RSS, and RSS is minimized at OLS estimates as shown in Figure 2.1.
Furthermore , (Rao 1973)defined a generalized ridge regression ( GRR ) estimator of β by choosing a positive - semidefinite matrix K , instead of kIp , and writing the estimator as
	
	

	


where K = diag ( kı , k2 , ... , kp ) , ki > 0 , for a treatment of GRR . 

[image: ridge_regression_geomteric]
[bookmark: _Toc57556624]Figure 2.1: Ridge and OLS techniques

The Properties of Ridge Regression (Hoerl and Kennard 1970)
	
	

	

	
	

	

	
	

	

	
	

	



Scalar Mean Squares Error (SMSE)
	
	


SMSE()=tr(MSEM ())=.
	



A number of ways for obtaining ridge regression of β with smaller MSEM have been developed.
·  (Batah and Gore 2009) proposed a modified unbiased ridge regression (MURR) estimator of β. The MURR was given as follows:
	
	

	


where 𝐽 is a random vector with  .  This estimator is obtained from unbiased ridge regression (URR) in the same way that ORR is obtained from OLS. The properties of the MURR were identified and the results of its MSEM were obtained. The MURR was compared with the URR and ORR based on MSEM. This study investigated features of this MURR estimator and conditions conducive to smaller MSEM by this estimator than by the URR and ORR were derived. 
· The common biased estimator method is almost unbiased generalized ridge estimator (AUGRE) which was proposed by (Singh and Chaubey 1987) to decrease the bias of the generalized ridge estimator. The almost unbiased was given as follows:
	
	

	




 where , k is the ridge parameter and  the value of  . This study to serve reduce the bias of the generalized ridge estimator and examined the operational versions of the AUGRE estimators by Monte Carlo experiments.
Estimation of Ridge Parameter k 
Hoerl and Kennard 1970 showed the properties of ORR in detail. They concluded that the total variance decreases and the squared bias increases as k increases. The variance function is monotonically decreasing and the squared bias function is monotonically increasing. That means, there is a chance that some k exists such that the MSEM for ORR is less than MSEM for the OLS.
It is well known that k is unknown can be estimated from the sample of the study.  For this reason, there are many articles proposed different ridge parameters in the literature using different techniques. We review available methods in literatures to estimate the value of k as follows:
· 
(Hoerl and Kennard 1970)suggested k to be (denoted here by )
	
	

	





              where  and is the maximum element of 



· 
(Hoerl et al. 1975) proposed k to be (denoted here by )
	
	

	


· 
(Lawless and Wang 1976) suggested k to be (denoted here by )
	
	

	


· 
(Hocking et al. 1976) suggested k to be(denoted here by( )
	
	

	




            where  is the ith element of 
· 
(Nomura 1988)suggested k to be (denoted by)
	
	

	


· 
(Kibria 2003a) proposed the following estimators for k based on arithmetic mean (AM), geometric mean (GM), and median of  . These are defined as follows:

           The estimator based on AM (denoted by )
	
	

	



          The estimator based on GM (denoted by )
	
	

	




           The estimator based on median (denoted by )
	
	
      i=1,2,…,p
	


· 
Based on modification of , (Khalaf and Shukur 2005)suggested k to be

            (denoted by )
	
	

	



             where  is the maximum eigenvalue of the matrix X'X.
· Following (Kibria 2003a), (Khalaf and Shukur 2005) and (Alkhamisi et al. 2006) proposed the following three estimators of k:
	
	

	

	
	

	


	
	

	


· (Muniz and Kibria 2009)proposed the  following seven estimators of k by applying   algorithm of GM and square root to (Alkhamisi et al. 2006; Kibria 2003a; Muniz and Kibria 2009)
	
	

	

	
	

	

	
	

	

	
	

	

	
	

	

	
	

	

	
	

	



· 
(Dorugade and Kashid 2010) based on (2.14), suggested k to be (denoted by)
	
	

	



            where  , i = 1, 2,…, p is the variance inflation factor of the ith 

                repressor and is the coefficient of determination for the regression of
               Xi   on other covariates, X1,  X2, …, Xi,  Xi+1,…, Xp (a regression equation 
                without response variable).
· (Muniz et al. 2012) proposed the following five estimators of k: 
	
	

	

	
	

	

	
	

	

	
	

	

	
	

	



            where 
· 

(Khalaf 2012), based on modification of, proposed k to be (denoted by    )
	
	

	


            where λmax and λmin are the largest and smallest eigenvalues of the matrix X'X,
            respectively. 
· (Asar et al. 2013) proposed five modification of ridge parameter. They are defined as, respectively:
	
	

	

	
	

	

	
	

	

	
	

	

	
	

	



· 
Estimator from (Atila and Volkan 2016) denoted by:
	
	

	

	
	

	


· 
(Bhat 2016) proposed two modification of . They are defined as follows: 
	
	

	

	
	

	


· 
(Batah and Alheety 2019)suggested k to be (denoted by ):
	
	
      i=1,2,…,p
	

	
	
      i=1,2,…,p
	

	
	
      i=1,2,…,p
	

	
	
      i=1, 2,…, p
	


· In this thesis, we propose some new methods based as follows:
	
	

	

	
	

	

	
	

	

	
	

	

	
	

	


[bookmark: _Toc59655071]Family of Principal Components Estimator
Alternative way to use the biased methods that can help in reducing the problem of multicollinearity is known as the principal component estimator by reducing the demotion of the estimator problem for a given biased estimator. (see (Massy 1965), (Marquaridt 1970),and (Gunst and Mason 1977)) . Let’s consider the spectral decomposition of the matrix X'X which is given as:


where Λr and Λp−r are diagonal matrices. The central diagonal elements of the r × r matrix Λr are the r greatest eigenvalues of X′X, whereas the central diagonal of the elements (p − r) × (p − r) matrix Λp−r are the remaining p − r eigenvalues. The     p × p matrix T = (Tr, Tp−r) is considered as orthogonal with Tr = (t1, t2, …, tr) containing of its first r columns and Tp−r = (tr+1,tr+2,…,tp) involving the remaining p−r columns of the matrix T. Principal Component Regression (PCR) for β can be written as:
	
	

	



where .The degree of multicollinearity is substantially reduced by applying this method. One of the major drawbacks of the method of the principal components is that the scores of the principal components are used. However, these scores cannot be observed (they are computed) and they have no meaning. To boost PCR, (Baye and Parker 1984) specified the ridge version of PCR and called it (r, k) class estimator. They showed that OLS, ORR and PCR belong to the same estimator class and that (r, k) class is better than PCR by MSEM. The (r-k) class estimator (RKCE) of β given as follows:     
	
	

	



where .
(Batah et al. 2009) proposed a new estimator of β by modifying the (r-k) class ridge regression estimator (MCRRE), indicated by:    
	
	

	



where J is a random vector and is estimated by  and  k > 0. The above estimator includes the OLS, the URR, the (r, k) class, and the PCR estimators. It is based on a criterion that combines the ideas underlying the URR and the PCR estimators. This study investigate features of MCRRE and conditions in which a smaller MSEM than PCR, URR, and (r-k) class estimators can be obtained.  
.  
[bookmark: _Toc59655072] Performance of Family of Hybrids Biased Estimators
Some studies have been done on combining the biased estimators. Thus, some hybrids of these biased estimators have been proposed.
[bookmark: _Toc59655073] Liu Estimator 
Liu 1993 presented a biased estimator which is called Liu estimator (LE) which has been obtained by combining the Stein estimator and the ORR as:
	
	

	


The Liu Estimator can also be generalized.
	
	

	



where is a diagonal matrix of the biased parameter di, of Liu estimator. If all the diagonal elements of matrix D are equal to d, then it is possible to write the Generalized Liu Estimator (GLE) as the Liu Estimator. Liu showed that in terms of the mean squared error criterion, the Liu estimator is superior to the OLS. The benefit of Liu estimator’s over ORR is that Liu Estimator is a linear function.
 The Properties of Liu estimator is
	
	

	

	
	

	

	
	

	

	
	

	


A number of ways for obtaining liu estimator of β with smaller MSEM have been developed. Some experiments were conducted using the Liu Estimator and the GLE. 
(Akdeniz and Kaçiranlar 1995) introduced the Almost Unbiased Generalized Liu Estimator (AUGLE). The estimator is a GLE when the bias has been corrected. When all the diagonal elements of matrix D in the AUGLE have values equal to d, then the almost unbiased generalized Liu estimator can be written as the Almost Unbiased Liu Estimator (AULE). Equations (2.66) and (2.67), respectively, give the AUGLE and the AULE.
	
	

	

	
	

	


[bookmark: _Toc59655074]The (r - d) Estimator
In 2001, through the combination of the Liu Estimator and the PCR models, Kaciranlar and Sakallioglu generated the r-d class estimator. The r-d class estimator is a general estimator that involves as a special case of OLS, PCR, and Liu estimator. In terms of mean squared error, Kaciranlar and Sakallioglu showed that the r-d class estimator is superior to the PCR. Parameter r-d category estimator of β is given by:
	
	

	



where 
[bookmark: _Toc59655075]Two parameter Estimator
	
	

	



 Liu 2003 proposed biased estimator called the Liu-type estimator (LTE) that improve the Liu estimator, since it has two parameters, by augmenting the equation to the model in (1.1) and then using the OLS method  as follows:



In the estimator of, k can be used exclusively to control the conditioning of. After the condition number of is reduced to the desired level, the inevitable bias that is generated with k can be corrected with a second parameter, the so-called bias correction parameter d. Liu showed that the Liu-type estimator has superior properties over ridge regression in terms of MSEM.


(Özkale and Kaciranlar 2007) proposed another biased estimator called the two- parameter estimator (TPE). Thus we can derive this estimator by minimizing the squared distance  subject to 
	
	

	


where c is a constant and 1/k is a Lagrangian multiplier. 




Differentiating  with respect to  



setting


	
	

	



the solution of (3.71) by  we get
	
	

	





where  , and d is shrinkage parametar such that   This TPE estimator is a general estimator which includes the OLS, ORR, Liu, and
contraction estimators as special cases. This study investigated features of this TPE estimator and conditions conducive to smaller MSEM by this estimator than by the ORR and Liu were derived.

(Sakallıoğlu and Kaçıranlar 2008) suggested a new biased estimator called the k−d class (KDC)   estimator. By augmenting the equation  to the model in (1.1) and then using the OLS method. This estimator has superior to ridge and Liu- estimator which was as follows:
	
	

	


they obtained a KDC biased estimator and compared it with the OLS, Liu estimator, and two Liu-type estimators.
(Yang and Chang 2010)  proposed another form of the new Liu biased estimator (TEKD) which defined as:
	
	

	


They show that the TEKD estimator is a general estimator which includes the OLS, ORR and LE estimators as special cases and necessary and sufficient conditions for the superiority of the TEKD estimator over the OLS, ORR, LE, and TPE estimators in the mean squared error matrix sense are derived. Finally, we obtain the estimators of the biasing parameters and give a numerical example to illustrate some of the theoretical results.
(Wu and Yang 2013) suggested an almost unbiased two-parameter estimator (AUTPE) which defined as:
	
	

	



        where . The performance of estimator over the OLS estimator and the two-parameter estimator in terms of MSEM criterion was investigated.
In the other hand (Lukman et al. 2019) suggested modified ridge‐type two‐parameter estimator(MRTTP):          
	
	

	


This estimator includes OLS and ORR as special cases. The advantage of this estimator is that the value of k with a suitable value of d will produce a good estimate. This estimator can effectively replace the following estimators: OLS, ORR, and introduced a ridge‐type estimator (Dorugade 2014) (especially in a multicollinear model).
[bookmark: _Toc59655076]Simulation Study
The aim of the current study is to perform a comparison for different biased estimators with various estimates of ridge parameter which are given in (2.13-2.56) and also to identify some best estimators. We conduct a simulation study using MATLAB program. This simulation has been designed based on specific factors that are expected to influence the properties of estimators which can be subjected to a statistical investigation. Since the degree of the collinearity among several explanatory variables (X's) is very essential, (Kibria 2003b) was followed to generate X's using the following equation:
	
	

	


where the zij independent standard normal pseudorandom numbers and 𝜑 represents the correlation between any two X's. These values are standardized so that X'X is existed in correlation forms. The response variable y is considered by:
	
	
 i=1,2,…,n
	




where the ei is independent and identically distributed random variables (i.i.d.) N(0, σ2). Therefore, zero intercept for (2.78) will be assumed. Also we consider the number of explanatory variables, while the values of  are chosen as (0.1, 1, 5, 10). The shrinkage parameter d will be chosen as (0.1, 0.5, 0.9), the correlation φ will be chosen as (0.75, 0.85, 0.95) and sample size n = (50, 100, 150) .The coefficients β1, β2, … , βp  are considered as  the eigenvectors corresponding to the largest eigenvalue of the matrix X'X subject to constraint β'β = 1. Thus, for n, p, β, λ, φ, and σ, sets of Xs are created. Then the experiment was re-preformed 10000 times by creating new error terms. The estimated mean squared error (EMSE) for each estimator is calculated as follows: 

	
	

	



where  would be any of the following estimators (OLS, ORR, MURR, AUGRE , PCR, RKCE, MCRRE, LE,	AULE,	R-D,  LTE, TPE , KDC, TEKD, AUTPE or MRTTP).
[bookmark: _Toc59655077] Simulation results
In this section, we present the results of the Monte Carlo experiment considering the properties of the several methods that were used to choose the ridge parameter k, when multicollinearity is existed in the explanatory variables. The simulation results will discuss by dividing them into three parts: 
[bookmark: _Toc59655078]The simulation results according to the different biased estimators
Tables (2.1 to 2.3) show an explanation of the preference of the pre-mentioned estimators, where we can observe the following:
1. The MCRRE estimator is the best estimator with the minimum mean square errors compared to the rest of the estimators in various sample sizes and correlation with high  especially when  it is greater than 1. This is noted in Tables (2.1 to 2.3) 
2. The AUGRE estimator is better than the others if we have a low  which can give us a reason for using it instead of MCRRE if we need it.
3. In case (n=50, 100   , φ =0.95, d=0.5) and (n=100,  , φ =0.95, d=0.5)  the KDC estimator behave better than others.
4. In case (n= 100   , φ =0.75, d=0.5), the LTE estimator behave better than others 





[bookmark: _Toc57369642]Table 2.1: The simulation results according to the best estimators in each case when d=0.1
	n
	

	φ
	Best estimator
	n
	

	φ
	Best estimator

	50
	0.1
	0.75
	OLS
	150
	0.1
	0.75
	OLS

	
	
	0.85
	OLS
	
	
	0.85
	OLS

	
	
	0.95
	AUGRE
	
	
	0.95
	AUGRE

	
	1
	0.75
	AUGRE
	
	1
	0.75
	AUGRE

	
	
	0.85
	AUGRE
	
	
	0.85
	AUGRE

	
	
	0.95
	AUGRE
	
	
	0.95
	AUGRE

	
	5
	0.75
	MCRRE
	
	5
	0.75
	MCRRE

	
	
	0.85
	MCRRE
	
	
	0.85
	MCRRE

	
	
	0.95
	MCRRE
	
	
	0.95
	MCRRE

	
	10
	0.75
	MCRRE
	
	10
	0.75
	MCRRE

	
	
	0.85
	MCRRE
	
	
	0.85
	MCRRE

	
	
	0.95
	MCRRE
	
	
	0.95
	MCRRE

	100
	0.1
	0.75
	OLS
	

	
	
	0.85
	OLS
	

	
	
	0.95
	AUGRE
	

	
	1
	0.75
	AUGRE
	

	
	
	0.85
	AUGRE
	

	
	
	0.95
	MCRRE
	

	
	5
	0.75
	MCRRE
	

	
	
	0.85
	MCRRE
	

	
	
	0.95
	MCRRE
	

	
	10
	0.75
	MCRRE
	

	
	
	0.85
	MCRRE
	

	
	
	0.95
	MCRRE
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[bookmark: _Toc57369643]Table ‎2.2: The simulation results according to the best estimators in each case when d=0.5
	n
	

	φ
	Best estimator
	n
	

	φ
	Best estimator

	50
	0.1
	0.75
	OLS
	150
	0.1
	0.75
	OLS

	
	
	0.85
	OLS
	
	
	0.85
	OLS

	
	
	0.95
	AUGRE
	
	
	0.95
	OLS

	
	1
	0.75
	MCRRE
	
	1
	0.75
	AUGRE

	
	
	0.85
	AUGRE
	
	
	0.85
	AUGRE

	
	
	0.95
	AUGRE
	
	
	0.95
	AUGRE

	
	5
	0.75
	MCRRE
	
	5
	0.75
	MCRRE

	
	
	0.85
	MCRRE
	
	
	0.85
	MCRRE

	
	
	0.95
	KDC
	
	
	0.95
	MCRRE

	
	10
	0.75
	MCRRE
	
	10
	0.75
	MCRRE

	
	
	0.85
	MCRRE
	
	
	0.85
	MCRRE

	
	
	0.95
	MCRRE
	
	
	0.95
	MCRRE

	100
	0.1
	0.75
	OLS
	

	
	
	0.85
	OLS
	

	
	
	0.95
	AUGRE
	

	
	1
	0.75
	AUGRE
	

	
	
	0.85
	MCRRE
	

	
	
	0.95
	AUGRE
	

	
	5
	0.75
	LTE
	

	
	
	0.85
	AUGRE
	

	
	
	0.95
	KDC
	

	
	10
	0.75
	MCRRE
	

	
	
	0.85
	MCRRE
	

	
	
	0.95
	KDC
	






[bookmark: _Toc57369644]Table ‎2.3: The simulation results according to the best estimators in each case when d=0.9
	n
	

	φ
	Best estimator
	n
	

	φ
	Best estimator

	50
	0.1
	0.75
	OLS
	150
	0.1
	0.75
	OLS

	
	
	0.85
	OLS
	
	
	0.85
	OLS

	
	
	0.95
	AUGRE
	
	
	0.95
	AUGRE

	
	1
	0.75
	AUGRE
	
	1
	0.75
	AUGRE

	
	
	0.85
	AUGRE
	
	
	0.85
	AUGRE

	
	
	0.95
	AUGRE
	
	
	0.95
	AUGRE

	
	5
	0.75
	MCRRE
	
	5
	0.75
	MCRRE

	
	
	0.85
	MCRRE
	
	
	0.85
	MCRRE

	
	
	0.95
	MCRRE
	
	
	0.95
	MCRRE

	
	10
	0.75
	MCRRE
	
	10
	0.75
	MCRRE

	
	
	0.85
	MCRRE
	
	
	0.85
	MCRRE

	
	
	0.95
	MCRRE
	
	
	0.95
	MCRRE

	100
	0.1
	0.75
	OLS
	

	
	
	0.85
	OLS
	

	
	
	0.95
	AUGRE
	

	
	1
	0.75
	AUGRE
	

	
	
	0.85
	AUGRE
	

	
	
	0.95
	AUGRE
	

	
	5
	0.75
	MCRRE
	

	
	
	0.85
	MCRRE
	

	
	
	0.95
	MCRRE
	

	
	10
	0.75
	MCRRE
	

	
	
	0.85
	MCRRE
	

	
	
	0.95
	MCRRE
	






[bookmark: _Toc59655079]The simulation results according to the different estimated ridge parameter
In order to know the performance of the estimated ridge parameter mentioned in previous chapters, Tables (2.4 - 2.15) show an explanation of that, where we can observe the following:
1. In general, the performance of estimated k by KM8 which gives the minimum EMSE compared to other methods used for estimating k estimation. In addition, we can observe the estimation for n=50,100,150 for some values of  and for different degrees of correlation.
2. With the sample size increasing, we observe others estimated of ridge parameter which give minimum EMSE and still KM8, AV1, MED and HMO show well performance as we observed in Tables (2.4 to 2.6).
3. From Tables (2.4 to 2.15), the proposed estimated ridge parameter (MU1-MU5) are well-behaved in comparison to other estimated ridge parameter, especially with MCRRE estimator and this can be for all cases. Also, it was compared with OLS estimator.
4. From Tables (2.7 to 2.15), we generally observe that all estimated ridge parameter well-behaved with MURR, MCRRE and AUGRE estimators which can be said it is the best estimators according to results. 
5.  When values, φ =0.75, 0.85, d=0.1, 0.5, 0.9 and n=50, 100, 150), the OLS estimator is the best estimator than others. 
6. When values,  =1, 5 n=50, 100, 150 and some of φ), the LTE will show better results with some ridge parameters. However, when d value increases, LTE performance will be descries. 
7. When values,   =1, 5, 10 n=50, 100 and φ=0.95), the KDC and TEKD will show better results with ridge parameter.


[bookmark: _Toc57369645]Table 2.4: The simulation results according to the different estimated ridge parameter when d=0.1
	n
	

	φ
	Best estimator of k
	n
	

	φ
	Best estimator of k

	50
	0.1
	0.75
	--
	150
	0.1
	0.75
	--

	
	
	0.85
	--
	
	
	0.85
	--

	
	
	0.95
	HMO
	
	
	0.95
	AM

	
	1
	0.75
	GK
	
	1
	0.75
	KM7

	
	
	0.85
	GK
	
	
	0.85
	MED

	
	
	0.95
	KM7
	
	
	0.95
	MU5

	
	5
	0.75
	AV1
	
	5
	0.75
	AM

	
	
	0.85
	HMO
	
	
	0.85
	KM4

	
	
	0.95
	KM8
	
	
	0.95
	KM8

	
	10
	0.75
	AV1
	
	10
	0.75
	KM8

	
	
	0.85
	AV1
	
	
	0.85
	KM8

	
	
	0.95
	AV1
	
	
	0.95
	KM8

	100
	0.1
	0.75
	--
	
	

	
	
	0.85
	--
	
	

	
	
	0.95
	KM7
	
	

	
	1
	0.75
	GM
	
	

	
	
	0.85
	HMO
	
	

	
	
	0.95
	KM8
	
	

	
	5
	0.75
	HMO
	
	

	
	
	0.85
	KM8
	
	

	
	
	0.95
	KM8
	
	

	
	10
	0.75
	KM8
	
	

	
	
	0.85
	KM8
	
	

	
	
	0.95
	KM8
	
	




[bookmark: _Toc57369646]Table 2.5: The simulation results according to the different estimated ridge parameter when d=0.5
	n
	

	φ
	Best estimator of k
	n
	

	φ
	Best estimator of k

	50
	0.1
	0.75
	--
	150
	0.1
	0.75
	--

	
	
	0.85
	--
	
	
	0.85
	--

	
	
	0.95
	KM7
	
	
	0.95
	AB3

	
	1
	0.75
	MU3
	
	1
	0.75
	GM

	
	
	0.85
	HMO
	
	
	0.85
	HMO

	
	
	0.95
	KM3
	
	
	0.95
	MED

	
	5
	0.75
	KM8
	
	5
	0.75
	KM7

	
	
	0.85
	KM8
	
	
	0.85
	KM8

	
	
	0.95
	KM4
	
	
	0.95
	KM8

	
	10
	0.75
	KM8
	
	10
	0.75
	AV1

	
	
	0.85
	KM8
	
	
	0.85
	KM8

	
	
	0.95
	KM8
	
	
	0.95
	KM8

	
	0.1
	0.75
	--
	
	

	
	
	0.85
	--
	
	

	
	
	0.95
	AB3
	
	

	
	1
	0.75
	AM
	
	

	100
	
	0.85
	GM
	

	
	
	0.95
	B1
	

	
	5
	0.75
	MU2
	

	
	
	0.85
	B1
	

	
	
	0.95
	MU4
	

	
	10
	0.75
	KM8
	

	
	
	0.85
	KM8
	

	
	
	0.95
	MU3
	




[bookmark: _Toc57369647]Table 2.6: The simulation results according to the different estimated ridge parameter when d=0.9
	n
	

	φ
	Best estimator of k
	n
	

	φ
	Best estimator of k

	50
	0.1
	0.75
	--
	150
	0.1
	0.75
	--

	
	
	0.85
	--
	
	
	0.85
	--

	
	
	0.95
	B2
	
	
	0.95
	HMO

	
	1
	0.75
	GK
	
	1
	0.75
	HMO

	
	
	0.85
	KM5
	
	
	0.85
	MED

	
	
	0.95
	KM4
	
	
	0.95
	MED

	
	5
	0.75
	KM8
	
	5
	0.75
	KM8

	
	
	0.85
	KM8
	
	
	0.85
	KM8

	
	
	0.95
	KM8
	
	
	0.95
	KM8

	
	10
	0.75
	AV1
	
	10
	0.75
	KM8

	
	
	0.85
	AV1
	
	
	0.85
	KM8

	
	
	0.95
	KM8
	
	
	0.95
	KM8

	
	0.1
	0.75
	--
	
	

	
	
	0.85
	--
	
	

	
	
	0.95
	B2
	
	

	
	1
	0.75
	GM
	
	

	100
	
	0.85
	GK
	

	
	
	0.95
	AB3
	

	
	5
	0.75
	KM8
	

	
	
	0.85
	B1
	

	
	
	0.95
	KM8
	

	
	10
	0.75
	KM8
	

	
	
	0.85
	AM
	

	
	
	0.95
	KM8
	







[bookmark: _Toc57369648]Table ‎2.7: The simulation results according to the best estimated ridge parameter when n=50 and  d=0.1
	

	φ
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	0.1
	0.75
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.85
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.95
	--
	--
	--
	--
	AUGRE
	--
	AUGRE
	AUGRE
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.85
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.95
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	AUGRE
	--
	AUGRE
	--
	--
	AUGRE
	--
	AUGRE
	--
	--
	--
	--

	1
	
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	
	0.75
	LTE
	LTE
	LTE
	LTE
	AUGRE
	AUGRE
	AUGRE
	AUGRE
	LTE
	LTE
	LTE
	LTE
	LTE
	--
	--
	AUTPE
	AUGRE
	--
	AUGRE
	LTE
	--
	LTE

	
	0.85
	LTE
	LTE
	LTE
	LTE
	AUGRE
	--
	AUGRE
	MCRRE
	LTE
	LTE
	LTE
	LTE
	LTE
	--
	--
	LTE
	AUGRE
	--
	AUGRE
	LTE
	--
	LTE

	
	0.95
	LTE
	LTE
	LTE
	LTE
	AUGRE
	MCRRE
	MCRRE
	MCRRE
	LTE
	LTE
	LTE
	LTE
	LTE
	--
	AUGRE
	AUGRE
	AUGRE
	LTE
	AUGRE
	LTE
	LTE
	LTE

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	--
	LTE
	--
	AUGRE
	LTE
	LTE
	LTE
	LTE
	LTE
	--
	LTE
	AUTPE
	AUGRE
	LTE
	--
	LTE
	--
	LTE
	MURR
	AUTPE
	--
	AUTPE

	
	0.85
	--
	LTE
	--
	AUGRE
	LTE
	LTE
	LTE
	LTE
	LTE
	--
	MCRRE
	AUGRE
	MCRRE
	LTE
	--
	MCRRE
	--
	LTE
	LTE
	AUGRE
	--
	AUGRE

	
	0.95
	--
	LTE
	--
	AUGRE
	LTE
	LTE
	LTE
	LTE
	LTE
	--
	LTE
	AUGRE
	LTE
	LTE
	--
	LTE
	--
	LTE
	LTE
	LTE
	LTE
	MCRRE

	5
	
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	
	0.75
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	TEKD

	
	0.85
	LTE
	LTE
	LTE
	LTE
	MCRRE
	KDC
	MCRRE
	LTE
	LTE
	TEKD
	LTE
	TEKD
	TEKD
	MCRRE
	KDC
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	LTE
	KDC
	LTE

	
	0.95
	LTE
	LTE
	MCRRE
	LTE
	LTE
	MCRRE
	LTE
	LTE
	LTE
	LTE
	LTE
	LTE
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR
	LTE
	MCRRE
	LTE

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	TEKD
	TEKD
	MCRRE
	TEKD
	MCRRE
	TEKD

	
	0.85
	KDC
	TEKD
	KDC
	MCRRE
	LTE
	LTE
	LTE
	LTE
	LTE
	KDC
	MURR
	MCRRE
	MCRRE
	LTE
	KDC
	MCRRE
	MCRRE
	TEKD
	LTE
	TEKD
	MCRRE
	LTE

	
	0.95
	MCRRE
	LTE
	MCRRE
	MCRRE
	LTE
	LTE
	LTE
	LTE
	LTE
	MURR
	MURR
	MURR
	LTE
	LTE
	MCRRE
	LTE
	MCRRE
	LTE
	MCRRE
	MCRRE
	MCRRE
	LTE

	10
	
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	
	0.75
	MURR
	MCRRE
	MCRRE
	MURR
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	TEKD

	
	0.85
	MURR
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	TEKD

	
	0.95
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	LTE
	LTE
	LTE
	LTE
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	LTE

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	TEKD
	MCRRE
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MCRRE
	TEKD
	MURR
	MCRRE
	MCRRE
	MURR

	
	0.85
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MURR
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MURR
	MCRRE
	MCRRE
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MURR

	
	0.95
	MCRRE
	LTE
	MCRRE
	MCRRE
	LTE
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	LTE
	MCRRE
	MCRRE
	LTE
	MCRRE
	MCRRE
	MCRRE
	LTE
	LTE
	MCRRE
	MCRRE
	LTE





[bookmark: _Toc57369649]  Table ‎2.8: The simulation results according to the best estimated ridge parameter when n=100  and d=0.1
	

	φ
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	0.1
	0.75
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.85
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.95
	--
	--
	--
	--
	AUGRE
	--
	AUGRE
	AUGRE
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.85
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.95
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	AUGRE
	--
	AUGRE
	--
	--
	AUGRE
	--
	AUGRE
	--
	--
	--
	--

	1
	
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	
	0.75
	MURR
	MURR
	MURR
	MURR
	AUGRE
	--
	AUGRE
	AUGRE
	MURR
	MURR
	MURR
	MURR
	MURR
	--
	--
	MURR
	MURR
	MURR
	AUGRE
	MURR
	--
	MURR

	
	0.85
	LTE
	LTE
	LTE
	LTE
	AUGRE
	AUGRE
	AUGRE
	AUGRE
	LTE
	LTE
	LTE
	LTE
	LTE
	--
	AUGRE
	AUGRE
	AUGRE
	--
	AUGRE
	LTE
	--
	LTE

	
	0.95
	LTE
	LTE
	LTE
	LTE
	LTE
	LTE
	LTE
	LTE
	LTE
	LTE
	LTE
	LTE
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	LTE
	LTE
	MCRRE
	LTE

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	--
	MURR
	--
	AUGRE
	MURR
	MURR
	MURR
	MURR
	MURR
	--
	AUGRE
	--
	AUGRE
	MURR
	--
	AUGRE
	--
	MURR
	MURR
	AUGRE
	--
	--

	
	0.85
	--
	LTE
	--
	AUGRE
	LTE
	LTE
	LTE
	LTE
	LTE
	--
	LTE
	AUGRE
	AUGRE
	LTE
	--
	LTE
	--
	LTE
	LTE
	--
	--
	AUGRE

	
	0.95
	MCRRE
	LTE
	MCRRE
	MCRRE
	LTE
	LTE
	LTE
	LTE
	LTE
	MCRRE
	MCRRE
	MCRRE
	LTE
	LTE
	MCRRE
	LTE
	MCRRE
	LTE
	LTE
	MCRRE
	MCRRE
	MCRRE

	5
	
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	
	0.75
	LTE
	MCRRE
	MCRRE
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	LTE
	LTE
	LTE
	LTE
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	LTE

	
	0.85
	TEKD
	TEKD
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	TEKD
	MCRRE
	TEKD

	
	0.95
	LTE
	LTE
	MCRRE
	LTE
	LTE
	MCRRE
	LTE
	LTE
	LTE
	LTE
	LTE
	LTE
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR
	LTE
	MCRRE
	LTE

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	MCRRE
	LTE
	MCRRE
	MCRRE
	LTE
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	LTE
	MCRRE
	MCRRE
	MCRRE
	LTE
	LTE
	MCRRE
	MCRRE
	LTE

	
	0.85
	MCRRE
	TEKD
	MCRRE
	MCRRE
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	MCRRE
	TEKD
	MCRRE
	MCRRE
	TEKD
	MCRRE
	TEKD
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE

	
	0.95
	MCRRE
	LTE
	MCRRE
	MCRRE
	LTE
	LTE
	LTE
	LTE
	LTE
	MURR
	MURR
	MURR
	LTE
	LTE
	MCRRE
	LTE
	MCRRE
	LTE
	MCRRE
	MCRRE
	MCRRE
	LTE

	10
	
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	
	0.75
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	LTE
	LTE
	LTE
	LTE
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	TEKD
	MCRRE
	TEKD

	
	0.85
	TEKD
	TEKD
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MCRRE
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE

	
	0.95
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	LTE
	LTE
	LTE
	LTE
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	LTE

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	MCRRE
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	LTE
	LTE
	MCRRE
	MCRRE
	MCRRE

	
	0.85
	MCRRE
	TEKD
	MCRRE
	MCRRE
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MCRRE
	TEKD
	MCRRE
	TEKD
	MCRRE
	MCRRE

	
	0.95
	MCRRE
	LTE
	MCRRE
	MCRRE
	LTE
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	LTE
	MCRRE
	MCRRE
	LTE
	MCRRE
	MCRRE
	MCRRE
	LTE
	MCRRE
	MCRRE
	MCRRE
	LTE




[bookmark: _Toc57369650]
Table ‎2.9: The simulation results according to the best estimated ridge parameter when n=150  and d=0.1	

	

	φ
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	0.1
	0.75
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.85
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.95
	--
	--
	--
	--
	AUGRE
	AUGRE
	--
	AUGRE
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	AUGRE
	--
	--
	--

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.85
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.95
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	AUGRE
	--
	AUGRE
	--
	--
	AUGRE
	--
	--
	--
	--
	--
	--

	1
	
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	
	0.75
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	AUGRE
	--
	--
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	--
	--
	--
	AUGRE
	--
	AUGRE
	MCRRE
	--
	MCRRE

	
	0.85
	LTE
	LTE
	LTE
	LTE
	AUGRE
	AUTPE
	AUGRE
	AUGRE
	LTE
	LTE
	LTE
	LTE
	LTE
	--
	--
	AUGRE
	AUTPE
	AUTPE
	AUGRE
	LTE
	--
	LTE

	
	0.95
	LTE
	LTE
	LTE
	LTE
	AUGRE
	--
	AUGRE
	MCRRE
	LTE
	LTE
	LTE
	LTE
	LTE
	--
	--
	AUGRE
	AUTPE
	--
	AUGRE
	LTE
	--
	LTE

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	--
	MCRRE
	--
	AUGRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	--
	MCRRE
	--
	AUGRE
	MCRRE
	--
	--
	--
	MCRRE
	MCRRE
	MCRRE
	--
	--

	
	0.85
	--
	LTE
	--
	AUGRE
	LTE
	LTE
	LTE
	LTE
	LTE
	--
	LTE
	AUTPE
	LTE
	LTE
	--
	LTE
	--
	LTE
	LTE
	AUGRE
	--
	AUTPE

	
	0.95
	--
	LTE
	--
	AUGRE
	--
	LTE
	LTE
	LTE
	LTE
	LTE
	AUGRE
	AUTPE
	MCRRE
	LTE
	--
	MCRRE
	--
	LTE
	LTE
	AUGRE
	--
	AUGRE

	5
	
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	
	0.75
	LTE
	MCRRE
	MCRRE
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	LTE
	LTE
	LTE
	LTE
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	LTE

	
	0.85
	TEKD
	LTE
	MURR
	LTE
	MCRRE
	MCRRE
	MURR
	LTE
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	LTE
	KDC
	TEKD

	
	0.95
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	LTE
	LTE
	LTE
	LTE
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	LTE

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	MCRRE
	LTE
	MCRRE
	MCRRE
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	LTE
	MCRRE
	MCRRE
	LTE
	MCRRE
	MCRRE
	MCRRE
	LTE
	LTE
	LTE
	MCRRE
	MCRRE

	
	0.85
	KDC
	TEKD
	KDC
	MCRRE
	TEKD
	TEKD
	TEKD
	TEKD
	LTE
	KDC
	LTE
	MCRRE
	MURR
	TEKD
	KDC
	LTE
	TEKD
	KDC
	LTE
	MCRRE
	MCRRE
	MURR

	
	0.95
	MCRRE
	LTE
	MCRRE
	MCRRE
	LTE
	LTE
	LTE
	LTE
	LTE
	MCRRE
	LTE
	MCRRE
	MCRRE
	LTE
	MCRRE
	MCRRE
	MCRRE
	LTE
	MCRRE
	MCRRE
	MCRRE
	LTE

	10
	
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	
	0.75
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	LTE
	LTE
	LTE
	LTE
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	LTE

	
	0.85
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	LTE
	LTE
	LTE
	LTE
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	LTE

	
	0.95
	LTE
	LTE
	MCRRE
	MURR
	MURR
	MCRRE
	MURR
	MCRRE
	LTE
	LTE
	LTE
	LTE
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	LTE
	MCRRE
	LTE

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	MCRRE
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE

	
	0.85
	MCRRE
	LTE
	MCRRE
	MCRRE
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	LTE
	MCRRE
	MCRRE
	LTE
	MCRRE
	MCRRE
	MCRRE
	LTE
	LTE
	MCRRE
	MCRRE
	LTE

	
	0.95
	MCRRE
	LTE
	MCRRE
	MCRRE
	LTE
	LTE
	LTE
	LTE
	LTE
	MCRRE
	MURR
	MCRRE
	MURR
	LTE
	MCRRE
	LTE
	MCRRE
	LTE
	MURR
	MCRRE
	MCRRE
	MCRRE




[bookmark: _Toc57369651]Table ‎2.10: The simulation results according to the best estimated ridge parameter when n=50  and d=0.5 
	

	φ
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	0.1
	0.75
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.85
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.95
	--
	--
	--
	--
	AUGRE
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	AUGRE
	--
	--
	--

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.85
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.95
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	1
	
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	
	0.75
	AULE
	MCRRE
	MCRRE
	AULE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	AULE
	AULE
	AULE
	AULE
	AULE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	AULE
	AULE

	
	0.85
	AULE
	MURR
	MURR
	AULE
	AUGRE
	AUGRE
	MCRRE
	AUGRE
	MCRRE
	AULE
	AULE
	AULE
	AULE
	AULE
	AUGRE
	AUGRE
	AUGRE
	AULE
	AULE
	AULE
	AULE
	AULE

	
	0.95
	MURR
	MURR
	MURR
	MURR
	MURR
	MCRRE
	MURR
	MURR
	MURR
	TEKD
	MURR
	TEKD
	TEKD
	KDC
	AUGRE
	AUGRE
	MCRRE
	AUGRE
	MCRRE
	MURR
	KDC
	MURR

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	AULE
	AULE
	AULE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	AULE
	AULE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE

	
	0.85
	AULE
	AULE
	AULE
	AUGRE
	MURR
	MURR
	MURR
	MURR
	MURR
	AULE
	MCRRE
	AUGRE
	MCRRE
	AULE
	AULE
	MCRRE
	AULE
	AULE
	MURR
	AUGRE
	AULE
	AUGRE

	
	0.95
	KDC
	TEKD
	KDC
	MCRRE
	TKDE
	TKED
	MURR
	MURR
	MURR
	AUGRE
	MCRRE
	MCRRE
	MURR
	TEKD
	KDC
	MURR
	KDC
	MURR
	MURR
	AUGRE
	AUGRE
	MCRRE

	5
	
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	
	0.75
	MURR
	MURR
	MURR
	MURR
	MCRRE
	MCRRE
	MURR
	MCRRE
	MURR
	MCRRE
	MURR
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR
	MCRRE
	MURR

	
	0.85
	MURR
	MURR
	MCRRE
	MURR
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR
	TEKD
	MURR
	TEKD
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR
	MCRRE
	MURR

	
	0.95
	TEKD
	TEKD
	KDC
	TEKD
	TEKD
	KDC
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	KDC
	KDC
	KDC
	KDC
	KDC
	KDC
	TEKD
	KDC
	TEKD

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MURR
	MURR
	MURR
	MURR
	MURR
	MCRRE
	MURR
	MCRRE
	MURR
	MURR
	MCRRE
	MURR
	MCRRE
	MURR
	MURR
	MCRRE
	MCRRE
	MCRRE

	
	0.85
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR
	MURR
	MURR
	MURR
	MURR
	MCRRE
	MURR
	MCRRE
	MCRRE
	MURR
	MCRRE
	MCRRE
	MCRRE
	MURR
	MURR
	MCRRE
	MCRRE
	MCRRE

	
	0.95
	KDC
	TEKD
	KDC
	KDC
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	KDC
	KDC
	TEKD
	TEKD
	TEKD
	KDC
	TEKD
	KDC
	TEKD
	TEKD
	KDC
	KDC
	TEKD

	10
	
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	
	0.75
	LTE
	MURR
	MCRRE
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	LTE
	LTE
	LTE
	LTE
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR
	MCRRE
	LTE

	
	0.85
	MURR
	MCRRE
	MCRRE
	MURR
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR
	TEKD
	MURR
	TEKD
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR

	
	0.95
	TEKD
	TEKD
	KDC
	TEKD
	TEKD
	KDC
	TEKD
	TEKD
	TEKD
	KDC
	TEKD
	TEKD
	TEKD
	KDC
	KDC
	KDC
	TEKD
	KDC
	TEKD
	TEKD
	KDC
	TEKD

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	MCRRE
	LTE
	MCRRE
	MCRRE
	LTE
	MURR
	LTE
	LTE
	MURR
	MCRRE
	LTE
	MCRRE
	MURR
	LTE
	MCRRE
	MCRRE
	MCRRE
	LTE
	MURR
	MCRRE
	MCRRE
	MCRRE

	
	0.85
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MURR
	MURR
	MURR
	MURR
	MCRRE
	MCRRE
	MURR
	MCRRE
	MCRRE
	MURR
	MCRRE
	MCRRE
	MCRRE
	TEKD
	MCRRE
	MURR
	MCRRE
	MURR

	
	0.95
	KDC
	TEKD
	KDC
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	KDC
	TEKD
	TEKD
	TEKD
	TEKD
	KDC
	TEKD
	KDC
	TEKD
	TEKD
	TEKD
	KDC
	TEKD






[bookmark: _Toc57369652]Table ‎2.11: The simulation results according to the best estimated ridge parameter when n=100  and d=0.5 
	

	φ
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	0.1
	0.75
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.85
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.95
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.85
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.95
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	AUGRE
	--
	--
	--
	--
	--
	--

	1
	
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	
	0.75
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	AUGRE
	AUGRE
	AUGRE
	AUGRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	--
	AUTPE
	AUTPE
	AUGRE
	--
	AUGRE
	MCRRE
	--
	MCRRE

	
	0.85
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	AUGRE
	MCRRE
	MCRRE
	AUGRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	AUTPE
	AUGRE
	AUGRE
	AUGRE
	MCRRE
	MCRRE
	MCRRE

	
	0.95
	TEKD
	MURR
	TEKD
	TEKD
	MURR
	AUGRE
	MURR
	MURR
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	KDC
	AUGRE
	AUGRE
	AUGRE
	KDC
	AUGRE
	MURR
	KDC
	TEKD

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	--
	MCRRE
	--
	AUGRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	--
	MCRRE
	AUTPE
	AUGRE
	MCRRE
	--
	MCRRE
	--
	MCRRE
	MCRRE
	--
	--
	--

	
	0.85
	MCRRE
	MCRRE
	MCRRE
	AUGRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	AUGRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	AUGRE
	MCRRE
	AUTPE

	
	0.95
	KDC
	TEKD
	KDC
	AUGRE
	TEKD
	TEKD
	TEKD
	MURR
	MURR
	KDC
	TEKD
	AUGRE
	MURR
	KDC
	TEKD
	MURR
	KDC
	TEKD
	MURR
	AUGRE
	KDC
	AUGRE

	5
	
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	
	0.75
	LTE
	LTE
	LTE
	LTE
	LTE
	KDC
	LTE
	LTE
	LTE
	LTE
	LTE
	LTE
	LTE
	KDC
	KDC
	KDC
	KDC
	KDC
	LTE
	LTE
	KDC
	LTE

	
	0.85
	MURR
	MURR
	MURR
	MURR
	MCRRE
	AUGRE
	AUGRE
	AUGRE
	MURR
	MURR
	MURR
	MURR
	MURR
	AUGRE
	AUGRE
	AUGRE
	AUGRE
	AUGRE
	AUGRE
	MURR
	AUTPE
	MURR

	
	0.95
	TEKD
	TEKD
	KDC
	TEKD
	TEKD
	KDC
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	KDC
	KDC
	KDC
	KDC
	KDC
	TEKD
	TEKD
	KDC
	TEKD

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	KDC
	LTE
	KDC
	KDC
	LTE
	LTE
	LTE
	LTE
	LTE
	KDC
	LTE
	KDC
	LTE
	LTE
	KDC
	LTE
	KDC
	LTE
	LTE
	LTE
	KDC
	KDC

	
	0.85
	AUTPE
	MURR
	AUTPE
	MCRRE
	MURR
	MURR
	MURR
	MURR
	MURR
	AUTPE
	MURR
	AUGRE
	MURR
	MURR
	AUTPE
	MCRRE
	AUGRE
	MURR
	MURR
	MCRRE
	AUGRE
	MCRRE

	
	0.95
	KDC
	TEKD
	KDC
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	KDC
	TEKD
	TEKD
	TEKD
	TEKD
	KDC
	TEKD
	KDC
	TEKD
	TEKD
	TEKD
	KDC
	TEKD

	10
	
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	
	0.75
	MURR
	MURR
	MURR
	LTE
	MCRRE
	MCRRE
	MCRRE
	MURR
	LTE
	LTE
	LTE
	LTE
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR
	MCRRE
	LTE

	
	0.85
	MURR
	MURR
	MCRRE
	MURR
	MCRRE
	MCRRE
	MCRRE
	MURR
	LTE
	LTE
	LTE
	LTE
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR
	MCRRE
	LTE

	
	0.95
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	KDC
	KDC
	KDC
	TEKD
	KDC
	TEKD
	TEKD
	KDC
	TEKD

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	MCRRE
	LTE
	MCRRE
	MCRRE
	LTE
	MURR
	MURR
	MURR
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	LTE
	MCRRE
	MCRRE
	MCRRE
	LTE
	LTE
	MCRRE
	MCRRE
	MCRRE

	
	0.85
	MCRRE
	LTE
	MCRRE
	MCRRE
	MURR
	MURR
	MURR
	MURR
	MURR
	MCRRE
	MURR
	MCRRE
	MURR
	MURR
	MCRRE
	MURR
	MCRRE
	LTE
	MCRRE
	MURR
	MCRRE
	MURR

	
	0.95
	KDC
	TEKD
	KDC
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	KDC
	TEKD
	TEKD
	TEKD
	TEKD
	KDC
	TEKD
	KDC
	TEKD
	TEKD
	KDC
	KDC
	TEKD






[bookmark: _Toc57369653]Table 2.12: The simulation results according to the best estimated ridge parameter when n=150  and d=0.5 
	

	φ
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	0.1
	0.75
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.85
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.95
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.85
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.95
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	AUGRE
	--
	--
	--
	--
	--
	--

	1
	
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	
	0.75
	MURR
	MURR
	MURR
	MURR
	AUGRE
	--
	AUGRE
	AUGRE
	MURR
	MURR
	MURR
	MURR
	MURR
	--
	--
	AUGRE
	--
	--
	AUGRE
	MURR
	--
	MURR

	
	0.85
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	AUGRE
	--
	AUGRE
	AUGRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	--
	--
	MCRRE
	AUGRE
	--
	AUGRE
	MCRRE
	--
	MCRRE

	
	0.95
	MURR
	MURR
	MURR
	MURR
	AUGRE
	KDC
	AUGRE
	AUGRE
	MURR
	MURR
	MURR
	MURR
	MURR
	--
	--
	AUTPE
	AUTPE
	--
	AUGRE
	MURR
	--
	MURR

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	--
	MURR
	--
	AUGRE
	MURR
	MURR
	MURR
	MURR
	MURR
	--
	MURR
	MURR
	AUGRE
	MURR
	--
	AUGRE
	--
	MURR
	MURR
	AUGRE
	--
	--

	
	0.85
	--
	MCRRE
	--
	AUGRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	--
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	--
	AUGRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	--
	MCRRE

	
	0.95
	--
	MURR
	--
	AUGRE
	MURR
	MURR
	MURR
	MURR
	MURR
	--
	AUGRE
	--
	AUGRE
	MURR
	--
	AUGRE
	--
	MURR
	MURR
	AUGRE
	--
	AUGRE

	5
	
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	
	0.75
	MURR
	MURR
	MURR
	MURR
	MCRRE
	AUGRE
	MCRRE
	MCRRE
	MURR
	MURR
	MURR
	MURR
	MURR
	MCRRE
	AUGRE
	MCRRE
	AUGRE
	AUGRE
	MCRRE
	MURR
	--
	MURR

	
	0.85
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	MCRRE
	MCRRE
	KDC
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	TEKD
	MCRRE
	TEKD

	
	0.95
	MURR
	MURR
	MURR
	MURR
	MURR
	MURR
	MURR
	MURR
	MURR
	TEKD
	MURR
	TEKD
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR
	MCRRE
	MURR

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	--
	MURR
	--
	MCRRE
	MURR
	MURR
	MURR
	MURR
	MURR
	--
	MURR
	AUGRE
	MCRRE
	MURR
	--
	MCRRE
	AUGRE
	MURR
	MURR
	MCRRE
	AUGRE
	MCRRE

	
	0.85
	MCRRE
	TEKD
	MCRRE
	MCRRE
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	MCRRE
	TEKD
	MCRRE
	TEKD
	TEKD
	MCRRE
	TEKD
	MCRRE
	TEKD
	TEKD
	MCRRE
	MCRRE
	TEKD

	
	0.95
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MURR
	MURR
	MURR
	MURR
	MURR
	MCRRE
	MCRRE
	MCRRE
	MURR
	TEKD
	MCRRE
	MURR
	MCRRE
	MURR
	MURR
	MCRRE
	MCRRE
	MCRRE

	10
	
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	
	0.75
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	LTE
	LTE
	LTE
	LTE
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	LTE

	
	0.85
	TEKD
	MURR
	MURR
	MURR
	MCRRE
	MCRRE
	MURR
	MCRRE
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR
	MCRRE
	TEKD

	
	0.95
	MURR
	MURR
	MCRRE
	MURR
	MURR
	MURR
	MURR
	MURR
	MURR
	MURR
	MURR
	TEKD
	MURR
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR
	MCRRE
	MURR

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	MCRRE
	LTE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	LTE
	MCRRE
	MCRRE
	LTE
	MCRRE
	MCRRE
	MCRRE
	LTE
	MCRRE
	KDC
	MCRRE
	LTE

	
	0.85
	MCRRE
	TEKD
	MCRRE
	MCRRE
	TEKD
	TEKD
	MURR
	MURR
	MURR
	MCRRE
	MURR
	MCRRE
	MURR
	TEKD
	MCRRE
	MURR
	MCRRE
	TEKD
	MURR
	MCRRE
	MCRRE
	MCRRE

	
	0.95
	MCRRE
	MURR
	MCRRE
	MCRRE
	MURR
	MURR
	MURR
	MURR
	MURR
	MCRRE
	MURR
	MCRRE
	MURR
	MURR
	MCRRE
	MURR
	MCRRE
	MURR
	MCRRE
	MCRRE
	MCRRE
	MCRRE





[bookmark: _Toc57369654]Table ‎2.13: The simulation results according to the best estimated ridge parameter when n=50  and d=0.9 
	

	φ
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	0.1
	0.75
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.85
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.95
	--
	--
	--
	--
	AUGRE
	AUGRE
	AUGRE
	AUGRE
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.85
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.95
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	AUGRE
	--
	--
	--
	--
	--
	--
	--
	--
	--

	1
	
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	
	0.75
	MURR
	MCRRE
	MURR
	MURR
	AUGRE
	AUGRE
	AUGRE
	AUGRE
	MURR
	MURR
	MURR
	TEKD
	TEKD
	--
	AUTPE
	AUGRE
	AUGRE
	AUTPE
	AUGRE
	MCRRE
	--
	MURR

	
	0.85
	MURR
	MURR
	MURR
	MURR
	AUGRE
	KDC
	MURR
	MURR
	MURR
	MURR
	MURR
	MURR
	MURR
	KDC
	AUGRE
	AUGRE
	AUGRE
	KDC
	KDC
	MURR
	--
	MURR

	
	0.95
	MURR
	MURR
	MURR
	MURR
	MURR
	KDC
	MCRRE
	MURR
	MURR
	TEKD
	MURR
	TEKD
	TEKD
	KDC
	KDC
	AUGRE
	AUGRE
	KDC
	MURR
	MURR
	KDC
	MURR

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	--
	MURR
	--
	AUGRE
	MURR
	MURR
	MURR
	MURR
	MCRRE
	--
	MCRRE
	AUGRE
	AUGRE
	MURR
	--
	MCRRE
	--
	MURR
	MURR
	AUGRE
	--
	AUGRE

	
	0.85
	--
	TEKD
	--
	AUGRE
	MURR
	MURR
	MURR
	MURR
	MURR
	KDC
	MURR
	AUGRE
	MURR
	MURR
	KDC
	MURR
	KDC
	MURR
	MURR
	KDC
	KDC
	KDC

	
	0.95
	KDC
	TEKD
	KDC
	KDC
	MURR
	MURR
	MURR
	MURR
	MURR
	MURR
	KDC
	KDC
	MURR
	TEKD
	KDC
	MURR
	KDC
	MURR
	MURR
	MURR
	KDC
	MCRRE

	5
	
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	
	0.75
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR
	TEKD
	MURR
	TEKD
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR

	
	0.85
	MURR
	MCRRE
	MCRRE
	MURR
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR
	TEKD
	MURR
	TEKD
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR

	
	0.95
	MRTTP
	MRTTP
	MCRRE
	MRTTP
	MRTTP
	MCRRE
	MCRRE
	MCRRE
	MRTTP
	MRTTP
	MRTTP
	AUTPE
	AUTPE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MRTTP
	MCRRE
	MRTTP

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR
	MCRRE
	MCRRE
	MCRRE
	MCRRE

	
	0.85
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MURR
	MURR
	MURR
	MURR
	MCRRE
	MCRRE
	MURR
	MCRRE
	MCRRE
	MURR
	MCRRE
	MCRRE
	MCRRE
	TEKD
	MURR
	MCRRE
	MCRRE
	MURR

	
	0.95
	MCRRE
	AUTPE
	MCRRE
	MCRRE
	MRTTP
	MRTTP
	MRTTP
	MRTTP
	MRTTP
	MCRRE
	MRTTP
	MCRRE
	MRTTP
	AUTPE
	MCRRE
	MRTTP
	MCRRE
	MRTTP
	MCRRE
	MCRRE
	MCRRE
	MCRRE

	10
	
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	
	0.75
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR
	MURR
	MURR
	TEKD
	MURR
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR

	
	0.85
	MURR
	MURR
	MCRRE
	MURR
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR
	MURR
	MURR
	TEKD
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR
	MCRRE
	MURR
	MCRRE
	MURR

	
	0.95
	MURR
	MURR
	MCRRE
	MURR
	MURR
	MURR
	MURR
	MURR
	MURR
	MURR
	MURR
	TEKD
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR
	MCRRE
	MURR

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	MCRRE
	MURR
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR
	MCRRE
	MCRRE
	MURR
	MCRRE
	MCRRE
	MCRRE
	MURR
	MCRRE
	MCRRE
	MCRRE
	MURR

	
	0.85
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MURR
	MURR
	MURR
	MURR
	MURR
	MCRRE
	MURR
	MCRRE
	MURR
	MURR
	MCRRE
	MCRRE
	MURR
	MURR
	MCRRE
	MURR
	MCRRE
	MCRRE

	
	0.95
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MURR
	MURR
	MURR
	MURR
	MURR
	MCRRE
	MCRRE
	MCRRE
	MURR
	MURR
	MCRRE
	MURR
	MCRRE
	MURR
	MURR
	MCRRE
	MCRRE
	MURR







[bookmark: _Toc57369655]Table ‎2.14: The simulation results according to the best estimated ridge parameter when n=100  and d=0.9 
	

	φ
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	0.1
	0.75
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.85
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.95
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.85
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.95
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	AUGRE
	--
	AUGRE
	--
	--
	AUGRE
	--
	--
	--
	--
	--
	--

	1
	
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	
	0.75
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	AUTPE
	--
	AUGRE
	--
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	--
	--
	--
	--
	--
	--
	MCRRE
	--
	MCRRE

	
	0.85
	MURR
	MURR
	MURR
	MURR
	AUGRE
	--
	AUGRE
	AUGRE
	MURR
	MURR
	MURR
	MURR
	MURR
	--
	--
	AUGRE
	AUGRE
	AUTPE
	AUGRE
	MURR
	--
	MURR

	
	0.95
	MURR
	MURR
	MURR
	MURR
	AUGRE
	--
	AUGRE
	MCRRE
	MURR
	MURR
	MURR
	MURR
	MURR
	--
	--
	AUGRE
	AUGRE
	MURR
	AUGRE
	MURR
	MURR
	MURR

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	--
	MCRRE
	--
	AUGRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	--
	MCRRE
	--
	AUGRE
	MCRRE
	--
	AUGRE
	--
	MCRRE
	MCRRE
	AUTPE
	--
	--

	
	0.85
	--
	MURR
	--
	AUGRE
	MURR
	MURR
	MURR
	MURR
	MCRRE
	--
	MCRRE
	AUGRE
	AUGRE
	MURR
	MURR
	--
	--
	MURR
	MURR
	MCRRE
	--
	AUGRE

	
	0.95
	--
	MURR
	--
	AUGRE
	MURR
	MURR
	MURR
	MURR
	MURR
	--
	MCRRE
	AUGRE
	MCRRE
	MURR
	--
	AUGRE
	--
	MURR
	MURR
	MURR
	--
	AUGRE

	5
	
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	
	0.75
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	TEKD
	MCRRE
	TEKD
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE

	
	0.85
	MURR
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR
	TEKD
	MURR
	TEKD
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR

	
	0.95
	MRTTP
	MRTTP
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MRTTP
	MRTTP
	TEKD
	MRTTP
	TEKD
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MRTTP
	MCRRE
	MRTTP

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MRTTP
	MCRRE
	MCRRE
	MCRRE
	MCRRE

	
	0.85
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MURR
	MURR
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR
	MCRRE
	MCRRE
	MURR
	MCRRE
	MCRRE
	MCRRE
	TEKD
	MURR
	MURR
	MCRRE
	MURR

	
	0.95
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MRTTP
	MRTTP
	MRTTP
	MRTTP
	MRTTP
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MRTTP
	MCRRE
	MRTTP
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE

	10
	
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	
	0.75
	MURR
	MCRRE
	MCRRE
	MURR
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	TEKD
	TEKD
	TEKD
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	TEKD

	
	0.85
	MURR
	MCRRE
	MCRRE
	MURR
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR
	TEKD
	MURR
	TEKD
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR

	
	0.95
	MURR
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR
	MURR
	MURR
	TEKD
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MURR
	MCRRE
	MCRRE
	MURR
	MCRRE
	MCRRE
	MURR
	MCRRE
	MCRRE
	MURR
	MCRRE
	MCRRE
	MCRRE
	TEKD
	MURR
	MCRRE
	MCRRE
	MURR

	
	0.85
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MURR
	MURR
	MURR
	MURR
	MCRRE
	MCRRE
	MURR
	MCRRE
	MCRRE
	MURR
	MCRRE
	MCRRE
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MURR

	
	0.95
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MURR
	MURR
	MURR
	MURR
	MCRRE
	MCRRE
	MURR
	MCRRE
	MCRRE
	MURR
	MCRRE
	MCRRE
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MURR




[bookmark: _Toc57369656]Table ‎2.15: The simulation results according to the best estimated ridge parameter when n=150  and d=0.9 
	

	φ
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	0.1
	0.75
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.85
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.95
	--
	--
	--
	--
	AUGRE
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	AUGRE
	--
	--
	--
	--

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.85
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--

	
	0.95
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	--
	AUGRE
	--
	--
	--
	--
	--
	--
	AUGRE
	--
	--

	1
	
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	
	0.75
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	AUGRE
	AUGRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	--
	AUTPE
	AUGRE
	AUGRE
	--
	AUGRE
	MCRRE
	--
	MCRRE

	
	0.85
	MURR
	MURR
	MURR
	MURR
	AUGRE
	AUGRE
	AUGRE
	AUGRE
	MURR
	MURR
	MURR
	MURR
	MURR
	--
	AUGRE
	AUGRE
	AUGRE
	--
	AUGRE
	MURR
	--
	MURR

	
	0.95
	MURR
	MURR
	MURR
	MURR
	AUGRE
	AUGRE
	AUGRE
	AUGRE
	MURR
	MURR
	MURR
	MURR
	MURR
	--
	AUGRE
	AUTPE
	AUGRE
	--
	AUGRE
	MURR
	--
	MURR

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	--
	MCRRE
	--
	AUGRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	--
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	--
	MCRRE
	--
	MCRRE
	MCRRE
	--
	--
	--

	
	0.85
	--
	MURR
	--
	AUGRE
	MURR
	MURR
	MURR
	MURR
	MURR
	--
	AUGRE
	AUTPE
	AUGRE
	MURR
	--
	MCRRE
	--
	MURR
	MURR
	--
	--
	AUTPE

	
	0.95
	--
	MURR
	--
	AUGRE
	MURR
	MURR
	MURR
	MURR
	MURR
	--
	MURR
	AUGRE
	AUGRE
	MURR
	--
	MURR
	--
	MURR
	MURR
	--
	--
	AUGRE

	5
	
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	
	0.75
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE

	
	0.85
	MURR
	MCRRE
	MCRRE
	MURR
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MRTTP
	TEKD
	MRTTP
	TEKD
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MRTTP

	
	0.95
	MURR
	MURR
	MURR
	MURR
	MURR
	MURR
	MURR
	MURR
	TEKD
	TEKD
	MURR
	TEKD
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR
	MCRRE
	MURR

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE

	
	0.85
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MRTTP
	MRTTP
	MURR
	MURR
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MRTTP
	MCRRE
	MCRRE
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE

	
	0.95
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MURR
	MURR
	MURR
	MURR
	MURR
	MCRRE
	MURR
	MCRRE
	MURR
	TEKD
	MCRRE
	MURR
	MCRRE
	MURR
	MURR
	MCRRE
	MCRRE
	MCRRE

	10
	
	HK
	HKB
	LW
	HSL
	HMO
	AM
	GM
	MED
	KS
	KS arith
	KS max
	KS md
	KM1
	KM2
	KM3
	KM4
	KM5
	KM6
	KM7
	D
	KM8
	KM9

	
	0.75
	MURR
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	TEKD
	TEKD
	TEKD
	TEKD
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	TEKD

	
	0.85
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	TEKD
	MCRRE
	TEKD
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR

	
	0.95
	MURR
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR
	MURR
	MURR
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR

	
	
	KM10
	KM11
	KM12
	GK
	A1
	A2
	A3
	A4
	A5
	AV1
	AV2
	B1
	B2
	AB1
	AB2
	AB3
	AB4
	MU1
	MU2
	MU3
	MU4
	MU5

	
	0.75
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MRTTP
	MCRRE
	MCRRE
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MCRRE

	
	0.85
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MURR
	MURR
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR
	MCRRE
	MCRRE
	MURR
	MCRRE
	MCRRE
	MCRRE
	TEKD
	MCRRE
	MCRRE
	MCRRE
	MURR

	
	0.95
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR
	MURR
	MURR
	MURR
	MURR
	MCRRE
	MURR
	MCRRE
	MCRRE
	MURR
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MCRRE
	MURR


 


[bookmark: _Toc59655080]  Real Life Application
[bookmark: _Toc59655081]Example1 
In order to give more explanation to the study, we consider the data set in economics on total national research and development expenditures as a percent of gross national product originally due to (Akdeniz and Erol 2003) and later by (Gruber 2017), among others. This reflects the relationship between the dependent Y variable the percentage expended by the United States and the other four independent X1 , X2, X3, and X4 variables. The vector X1 reflects the amount that France spent, X2 that West Germany spent, X3 that Japan spent, and X4 that the former Soviet Union spent on.
The goal is to compare the traces of the estimated MSEM matrices of (ORR, MURR, AUGRE, PCR, RKCE, MCRRE, LE, AULE, MLE, R-D, LTE, TPE, KDC, TEKD, AUTPE and MRTTP). The trace of the MSEM of the ORR is given by equation (2.10),
the trace of the MSEM of the (MURR) (Batah and Gore 2009) is given by
	
	


SMSE()=tr(MSEM())=,
	


the trace of the MSEM of the (AUGRE) (Singh and Chaubey 1987) is given by
	


SMSE()=tr(MSEM())=,
	


the trace of the MSEM of the (PCR)(Massy 1965) is given by
	
	


SMSE()=tr(MSEM())=,
	


the trace of the MSEM of the (RKCE) (Baye and Parker 1984) is given by
	
	


SMSE()=tr(MSEM())=,
	


the trace of the MSEM of the (MCRRE) (Batah et al. 2009) is given by
	
	


SMSE()=tr(MSEM())=
	


the trace of the MSEM of the (LE) (Liu 1993 )is given by
	
	


SMSE()=tr(MSEM())=
	


the trace of the MSEM of the (AULE) (Akdeniz and Kaçiranlar 1995) is given by
	
	

SMSE()=tr(MSEM())=


	


the trace of the MSEM of the (r-d)( Kaciranlar and Sakallioglu )is given by
	
	

SMSE()=tr(MSEM())=


	


the trace of the MSEM of the (LTE) (Liu 2003 ) is given by
	
	

SMSE()=tr(MSEM())=


	


the trace of the MSEM of the (TPE) (Özkale and Kaciranlar 2007) is given by
	
	

SMSE()=tr(MSEM())=

,
	


the trace of the MSEM of the (KDC) (Sakallıoğlu and Kaçıranlar 2008) is given by
	
	

SMSE()=tr(MSEM())=

,
	


the trace of the MSEM of the (TEKD) (Yang and Chang 2010)  is given by
	
	

SMSE()=tr(MSEM())=

,
	


the trace of the MSEM of the (AUTPE) (Wu and Yang 2013)  is given 
	
	


SMSE()=tr(MSEM())=,
	


and the trace of the MSEM of the (MRTTPE) (Lukman et al. 2019) is given by
	
	

SMSE()=tr(MSEM())=

,
	






we are substituting β and  by their OLS estimates  andrespectively. For the standardized data since there are ten observations and four parameters, we obtain. The four eigenvalues of X' X are 2.95743, 0.91272, 0.10984, and 0.02021. The factors will deﬁne a 4-dimensional space and the  matrix will be as follows: 

We can observe that the variables in     matrix suffer from high correlations among them and this is one advantage of standardizing the X matrix where it can be seen which variables are highly correlated. The Condition Number   , which indicates that there is a moderate multicollinearity and may be corrected.
From Table (4-16), we can observe the following statements: the minimum  SMSE for the ORR estimator can be obtained, if k is estimated by A5. The minimum SMSE for the MURR estimator is given by estimating k by HKB. The minimum SMSE for the AUGRE .
From Table (2.17), we can observe the following results: the estimator is given by estimating k by GM. The minimum SMSE for the RKCE estimator is given by estimating k by D. The minimum SMSE for the MCRRE estimator is given by estimating k by KM8. The minimum SMSE for the LTE estimator is given by estimating k by KM6. The minimum SMSE for the TPE estimator is given by estimating k by AB2. The minimum SMSE for the KDC estimator is given by estimating k by AB2. The minimum SMSE for the TEKD estimator is given by estimating k by AB2. The minimum SMSE for the AUTPE estimator is given by estimating k by KM3 while the minimum SMSE for the MRTTP estimator is given by estimating k by HK. According to this study the most of them give minimum SMSE under moderate degree of multicollinearity when they are used in the MURR, AUGRE and MCRRE this is illustrated in Figures (2.2 to 2.5).



[bookmark: _Toc57369657]Table ‎2.16: The SMSE for different estimators and different estimated ridge parameter
	
	OLS
	ORR
	MURR
	AUGRE
	PCR
	RKCE
	MCRRE
	LE
	AULE
	RDK
	LTE
	TPE
	KDC
	TEKD
	AUTPE
	MRTTP

	HK
	0.2361
	0.1166
	0.0880
	0.1583
	0.1688
	0.1632
	0.1632
	0.1408
	0.1557
	0.1968
	52.8625
	0.1565
	0.1526
	0.1565
	0.2130
	0.1136

	HKB
	0.2361
	0.1140
	0.0876
	0.1466
	0.1688
	0.1633
	0.1622
	0.1408
	0.1557
	0.1968
	43.6961
	0.1618
	0.1570
	0.1618
	0.2083
	0.1153

	LW
	0.2361
	0.1213
	0.0910
	0.1708
	0.1688
	0.1633
	0.1642
	0.1408
	0.1557
	0.1968
	63.4063
	0.1518
	0.1488
	0.1518
	0.2174
	0.1141

	HSL
	0.2361
	0.1321
	0.1006
	0.1893
	0.1688
	0.1640
	0.1653
	0.1408
	0.1557
	0.1968
	81.0999
	0.1464
	0.1443
	0.1464
	0.2233
	0.1193

	HMO
	0.2361
	0.1591
	0.1503
	0.1189
	0.1688
	0.1909
	0.1504
	0.1408
	0.1557
	0.1968
	7.0964
	0.2270
	0.2089
	0.2270
	0.1733
	0.1856

	AM
	0.2361
	0.2963
	0.2950
	0.2450
	0.1688
	0.3019
	0.1347
	0.1408
	0.1557
	0.1968
	0.7995
	0.3338
	0.2740
	0.3338
	0.1560
	0.3232

	GM
	0.2361
	0.1356
	0.1227
	0.1129
	0.1688
	0.1762
	0.1544
	0.1408
	0.1557
	0.1968
	12.5492
	0.2045
	0.1915
	0.2045
	0.1821
	0.1572

	MED
	0.2361
	0.1137
	0.0879
	0.1441
	0.1688
	0.1634
	0.1620
	0.1408
	0.1557
	0.1968
	41.8076
	0.1631
	0.1581
	0.1631
	0.2073
	0.1159

	KS
	0.2361
	0.1310
	0.0996
	0.1879
	0.1688
	0.1639
	0.1653
	0.1408
	0.1557
	0.1968
	79.6072
	0.1467
	0.1446
	0.1467
	0.2229
	0.1187

	KS_arith
	0.2361
	0.1180
	0.0990
	0.1210
	0.1688
	0.1667
	0.1586
	0.1408
	0.1557
	0.1968
	23.6963
	0.1814
	0.1731
	0.1814
	0.1943
	0.1309

	KS max
	0.2361
	0.1771
	0.1703
	0.1286
	0.1688
	0.2034
	0.1478
	0.1408
	0.1557
	0.1968
	4.9303
	0.2420
	0.2201
	0.2420
	0.1687
	0.2052

	KS md
	0.2361
	0.1352
	0.1037
	0.1934
	0.1688
	0.1642
	0.1656
	0.1408
	0.1557
	0.1968
	85.5068
	0.1454
	0.1435
	0.1454
	0.2245
	0.1213

	KM1
	0.2361
	0.1234
	0.0926
	0.1752
	0.1688
	0.1635
	0.1645
	0.1408
	0.1557
	0.1968
	67.2720
	0.1504
	0.1476
	0.1504
	0.2189
	0.1148

	KM2
	0.2361
	0.5036
	0.5035
	0.4197
	0.1688
	0.5042
	0.1285
	0.1408
	0.1557
	0.1968
	0.5614
	0.5214
	0.2993
	0.5214
	0.1602
	0.5395

	KM3
	0.2361
	0.3497
	0.3490
	0.2888
	0.1688
	0.3524
	0.1317
	0.1408
	0.1557
	0.1968
	0.5790
	0.3815
	0.2858
	0.3815
	0.1552
	0.3847

	KM4
	0.2361
	0.3456
	0.3449
	0.2859
	0.1688
	0.3484
	0.1318
	0.1408
	0.1557
	0.1968
	0.5865
	0.3777
	0.2851
	0.3777
	0.1552
	0.3799

	KM5
	0.2361
	0.2338
	0.2308
	0.1772
	0.1688
	0.2475
	0.1407
	0.1408
	0.1557
	0.1968
	1.8439
	0.2850
	0.2497
	0.2850
	0.1600
	0.2609

	KM6
	0.2361
	0.4692
	0.4691
	0.3822
	0.1688
	0.4700
	0.1290
	0.1408
	0.1557
	0.1968
	0.5466
	0.4907
	0.2972
	0.4907
	0.1583
	0.5092

	KM7
	0.2361
	0.1829
	0.1766
	0.1324
	0.1688
	0.2076
	0.1470
	0.1408
	0.1557
	0.1968
	4.4226
	0.2466
	0.2234
	0.2466
	0.1675
	0.2112

	D
	0.2361
	0.1157
	0.0877
	0.1552
	0.1688
	0.1632
	0.1630
	0.1408
	0.1557
	0.1968
	50.4310
	0.1577
	0.1537
	0.1577
	0.2118
	0.1138

	KM8
	0.2361
	0.6421
	0.6421
	0.6364
	0.1688
	0.6421
	0.1274
	0.1408
	0.1557
	0.1968
	0.6441
	0.6429
	0.3058
	0.6429
	0.1726
	0.6441

	KM9
	0.2361
	0.1771
	0.1703
	0.1286
	0.1688
	0.2034
	0.1478
	0.1408
	0.1557
	0.1968
	4.9303
	0.2420
	0.2201
	0.2420
	0.1687
	0.2052

	KM10
	0.2361
	0.6205
	0.6205
	0.5953
	0.1688
	0.6206
	0.1276
	0.1408
	0.1557
	0.1968
	0.6299
	0.6242
	0.3049
	0.6242
	0.1702
	0.6293

	KM11
	0.2361
	0.1234
	0.0926
	0.1752
	0.1688
	0.1635
	0.1645
	0.1408
	0.1557
	0.1968
	67.2720
	0.1504
	0.1476
	0.1504
	0.2189
	0.1148

	KM12
	0.2361
	0.6282
	0.6282
	0.6096
	0.1688
	0.6282
	0.1275
	0.1408
	0.1557
	0.1968
	0.6349
	0.6308
	0.3052
	0.6308
	0.1710
	0.6346

	GK
	0.2361
	0.2825
	0.2810
	0.2307
	0.1688
	0.2894
	0.1358
	0.1408
	0.1557
	0.1968
	0.9273
	0.3224
	0.2695
	0.3224
	0.1565
	0.3084

	A1
	0.2361
	0.1338
	0.1023
	0.1917
	0.1688
	0.1641
	0.1655
	0.1408
	0.1557
	0.1968
	83.6307
	0.1458
	0.1439
	0.1458
	0.2240
	0.1204

	A2
	0.2361
	0.1233
	0.0926
	0.1750
	0.1688
	0.1635
	0.1644
	0.1408
	0.1557
	0.1968
	67.1280
	0.1505
	0.1477
	0.1505
	0.2188
	0.1147

	A3
	0.2361
	0.1200
	0.0901
	0.1679
	0.1688
	0.1633
	0.1640
	0.1408
	0.1557
	0.1968
	60.8952
	0.1528
	0.1496
	0.1528
	0.2165
	0.1137

	A4
	0.2361
	0.1205
	0.0904
	0.1692
	0.1688
	0.1633
	0.1641
	0.1408
	0.1557
	0.1968
	61.9677
	0.1524
	0.1492
	0.1524
	0.2169
	0.1139

	A5
	0.2361
	0.1135
	0.0890
	0.1384
	0.1688
	0.1637
	0.1614
	0.1408
	0.1557
	0.1968
	37.4555
	0.1664
	0.1608
	0.1664
	0.2046
	0.1180

	AV1
	0.2361
	0.1786
	0.1719
	0.1295
	0.1688
	0.2044
	0.1476
	0.1408
	0.1557
	0.1968
	4.7944
	0.2432
	0.2209
	0.2432
	0.1684
	0.2067

	AV2
	0.2361
	0.2477
	0.2452
	0.1921
	0.1688
	0.2591
	0.1392
	0.1408
	0.1557
	0.1968
	1.4883
	0.2953
	0.2559
	0.2953
	0.1587
	0.2740

	B1
	0.2361
	0.2675
	0.2656
	0.2142
	0.1688
	0.2762
	0.1372
	0.1408
	0.1557
	0.1968
	1.1207
	0.3104
	0.2640
	0.3104
	0.1573
	0.2932

	B2
	0.2361
	0.1321
	0.1184
	0.1131
	0.1688
	0.1743
	0.1551
	0.1408
	0.1557
	0.1968
	13.8713
	0.2007
	0.1885
	0.2007
	0.1839
	0.1526

	AB1
	0.2361
	0.1462
	0.1156
	0.2052
	0.1688
	0.1649
	0.1663
	0.1408
	0.1557
	0.1968
	99.9580
	0.1428
	0.1414
	0.1428
	0.2280
	0.1296

	AB2
	0.2361
	0.2043
	0.1899
	0.2333
	0.1688
	0.1677
	0.1682
	0.1408
	0.1557
	0.1968
	162.3190
	0.1395
	0.1393
	0.1395
	0.2354
	0.1918

	AB3
	0.2361
	0.1211
	0.1035
	0.1176
	0.1688
	0.1683
	0.1577
	0.1408
	0.1557
	0.1968
	20.4943
	0.1865
	0.1772
	0.1865
	0.1913
	0.1362

	AB4
	0.2361
	0.2299
	0.2268
	0.2360
	0.1688
	0.1686
	0.1687
	0.1408
	0.1557
	0.1968
	186.6576
	0.1404
	0.1404
	0.1404
	0.2361
	0.2269

	MU1
	0.2361
	0.1603
	0.1516
	0.1194
	0.1688
	0.1917
	0.1502
	0.1408
	0.1557
	0.1968
	6.9295
	0.2280
	0.2096
	0.2280
	0.1730
	0.1869

	MU2
	0.2361
	0.1468
	0.1162
	0.2057
	0.1688
	0.1649
	0.1663
	0.1408
	0.1557
	0.1968
	100.6546
	0.1427
	0.1414
	0.1427
	0.2281
	0.1301

	MU3
	0.2361
	0.3018
	0.3006
	0.2504
	0.1688
	0.3070
	0.1343
	0.1408
	0.1557
	0.1968
	0.7594
	0.3385
	0.2756
	0.3385
	0.1559
	0.3293

	MU4
	0.2361
	0.3230
	0.3221
	0.2690
	0.1688
	0.3268
	0.1329
	0.1408
	0.1557
	0.1968
	0.6497
	0.3572
	0.2809
	0.3572
	0.1554
	0.3535

	MU5
	0.2361
	0.1556
	0.1462
	0.1174
	0.1688
	0.1886
	0.1510
	0.1408
	0.1557
	0.1968
	7.6711
	0.2239
	0.2065
	0.2239
	0.1744
	0.1816



[bookmark: _Toc59655082]Example 2 
To give further context for the analysis, we analyze the data that were originally applied  on Portland cement by (Woods et al. 1932). The dataset was used extensively in other literatures (Kaçiranlar et al. 1999; Lukman et al. 2019).
An expreimental application was carried out on the heat added during the trails of hardening Portland cements for various compositions. The elevated trails heat was examined on the percentages of four compounds in the clinkers that cement was produced . In this example , the  responses variable Y is defined as heat added in calories per gram of cement . The explanatory variables are the amounts of the following compounds : tricalcium aluminate ( X1 ) , tricalcium silicate ( X2 ) , tetracalcium aluminoferrite ( X3 ) , and dicalcium silicate ( X4 ) . The model includes the intercept term . 
For the standardized data, since there are thirteen observations and four parameters, we obtain . The four eigenvalues of X' X are 2.23570, 1.57607, 0.18660, and 0.00162. The factors will deﬁne a 4-dimensional space and the  matrix will be as follows:

We can observe that the variables in     matrix straggles for high correlations among them. This is the one  of the advantage of standardizing the X matrix where it can be seen with the variables are highly correlated. The Condition Number is , which indicates that there is a severe multicollinearity and must be corrected.



[bookmark: _Toc57369658]Table ‎2.17: The SMSE for different estimators and different estimated ridge parameter
	
	OLS
	ORR
	MURR
	AUGRE
	PCR
	RKCE
	MCRRE
	LE
	AULE
	RDK
	LTE
	TPE
	KDC
	TEKD
	AUTPE
	MRTTP

	HK
	1.2186
	0.1776
	0.1157
	0.3095
	0.1632
	0.1627
	0.1629
	0.3715
	0.7014
	0.1850
	8901.99
	0.1671
	0.1668
	0.1671
	0.9165
	0.1549

	HKB
	1.2186
	0.1458
	0.1293
	0.1657
	0.1632
	0.1623
	0.1626
	0.3715
	0.7014
	0.1850
	1932.21
	0.1716
	0.1703
	0.1716
	0.8046
	0.1463

	LW
	1.2186
	0.1504
	0.1213
	0.2000
	0.1632
	0.1625
	0.1627
	0.3715
	0.7014
	0.1850
	3674.61
	0.1683
	0.1675
	0.1683
	0.8428
	0.1457

	HSL
	1.2186
	0.1804
	0.1159
	0.3189
	0.1632
	0.1627
	0.1629
	0.3715
	0.7014
	0.1850
	9360.54
	0.1673
	0.1670
	0.1673
	0.9216
	0.1561

	HMO
	1.2186
	0.1588
	0.1566
	0.1512
	0.1632
	0.1651
	0.1603
	0.3715
	0.7014
	0.1850
	72.114
	0.1948
	0.1876
	0.1948
	0.7202
	0.1648

	AM
	1.2186
	0.4873
	0.4873
	0.3778
	0.1632
	0.4874
	0.1513
	0.3715
	0.7014
	0.1850
	0.5643
	0.5142
	0.2467
	0.5142
	0.7098
	0.5340

	GM
	1.2186
	0.1605
	0.1584
	0.1521
	0.1632
	0.1661
	0.1600
	0.3715
	0.7014
	0.1850
	56.5862
	0.1971
	0.1890
	0.1971
	0.7178
	0.1671

	MED
	1.2186
	0.1462
	0.1373
	0.1503
	0.1632
	0.1621
	0.1623
	0.3715
	0.7014
	0.1850
	961.3406
	0.1759
	0.1739
	0.1759
	0.7743
	0.1491

	KS
	1.2186
	0.1791
	0.1158
	0.3144
	0.1632
	0.1627
	0.1629
	0.3715
	0.7014
	0.1850
	9141.5775
	0.1672
	0.1669
	0.1672
	0.9192
	0.1555

	KS_arith
	1.2186
	0.1547
	0.1520
	0.1486
	0.1632
	0.1632
	0.1610
	0.3715
	0.7014
	0.1850
	144.5398
	0.1889
	0.1838
	0.1889
	0.7289
	0.1593

	KS max
	1.2186
	0.1761
	0.1745
	0.1587
	0.1632
	0.1787
	0.1579
	0.3715
	0.7014
	0.1850
	12.2867
	0.2164
	0.1992
	0.2164
	0.7075
	0.1881

	KS md
	1.2186
	0.1519
	0.1201
	0.2084
	0.1632
	0.1625
	0.1628
	0.3715
	0.7014
	0.1850
	4075.0323
	0.1679
	0.1671
	0.1679
	0.8500
	0.1459

	KM1
	1.2186
	0.1587
	0.1170
	0.2397
	0.1632
	0.1626
	0.1628
	0.3715
	0.7014
	0.1850
	5563.0354
	0.1670
	0.1664
	0.1670
	0.8739
	0.1477

	KM2
	1.2186
	0.5660
	0.5660
	0.4841
	0.1632
	0.5661
	0.1509
	0.3715
	0.7014
	0.1850
	0.6062
	0.5823
	0.2516
	0.5823
	0.7161
	0.5972

	KM3
	1.2186
	0.4504
	0.4502
	0.3370
	0.1632
	0.4504
	0.1515
	0.3715
	0.7014
	0.1850
	0.5494
	0.4816
	0.2442
	0.4816
	0.7074
	0.5017

	KM4
	1.2186
	0.3187
	0.3183
	0.2341
	0.1632
	0.3189
	0.1525
	0.3715
	0.7014
	0.1850
	0.5887
	0.3611
	0.2329
	0.3611
	0.7021
	0.3678

	KM5
	1.2186
	0.1897
	0.1885
	0.1652
	0.1632
	0.1915
	0.1567
	0.3715
	0.7014
	0.1850
	5.4376
	0.2314
	0.2058
	0.2314
	0.7044
	0.2056

	KM6
	1.2186
	0.4989
	0.4988
	0.3917
	0.1632
	0.4989
	0.1512
	0.3715
	0.7014
	0.1850
	0.5697
	0.5243
	0.2475
	0.5243
	0.7106
	0.5437

	KM7
	1.2186
	0.1693
	0.1675
	0.1560
	0.1632
	0.1728
	0.1587
	0.3715
	0.7014
	0.1850
	21.1141
	0.2085
	0.1953
	0.2085
	0.7104
	0.1791

	D
	1.2186
	0.1459
	0.1288
	0.1671
	0.1632
	0.1623
	0.1626
	0.3715
	0.7014
	0.1850
	2013.8896
	0.1714
	0.1701
	0.1714
	0.8068
	0.1462

	KM8
	1.2186
	0.6736
	0.6736
	0.6732
	0.1632
	0.6736
	0.1506
	0.3715
	0.7014
	0.1850
	0.6737
	0.6736
	0.2575
	0.6736
	0.7276
	0.6737

	KM9
	1.2186
	0.1761
	0.1745
	0.1587
	0.1632
	0.1787
	0.1579
	0.3715
	0.7014
	0.1850
	12.2867
	0.2164
	0.1992
	0.2164
	0.7075
	0.1881

	KM10
	1.2186
	0.6620
	0.6620
	0.6505
	0.1632
	0.6620
	0.1506
	0.3715
	0.7014
	0.1850
	0.6661
	0.6639
	0.2569
	0.6639
	0.7262
	0.6659

	KM11
	1.2186
	0.1587
	0.1170
	0.2397
	0.1632
	0.1626
	0.1628
	0.3715
	0.7014
	0.1850
	5563.0354
	0.1670
	0.1664
	0.1670
	0.8739
	0.1477

	KM12
	1.2186
	0.6619
	0.6619
	0.6501
	0.1632
	0.6619
	0.1506
	0.3715
	0.7014
	0.1850
	0.6660
	0.6638
	0.2569
	0.6638
	0.7261
	0.6658

	GK
	1.2186
	0.2496
	0.2490
	0.1982
	0.1632
	0.2502
	0.1538
	0.3715
	0.7014
	0.1850
	0.9728
	0.2934
	0.2231
	0.2934
	0.7014
	0.2829

	A1
	1.2186
	0.1476
	0.1245
	0.1830
	0.1632
	0.1624
	0.1627
	0.3715
	0.7014
	0.1850
	2837.3652
	0.1695
	0.1685
	0.1695
	0.8261
	0.1456

	A2
	1.2186
	0.1461
	0.1367
	0.1510
	0.1632
	0.1621
	0.1623
	0.3715
	0.7014
	0.1850
	1018.9122
	0.1755
	0.1736
	0.1755
	0.7765
	0.1488

	A3
	1.2186
	0.1483
	0.1235
	0.1875
	0.1632
	0.1624
	0.1627
	0.3715
	0.7014
	0.1850
	3063.8085
	0.1691
	0.1682
	0.1691
	0.8308
	0.1455

	A4
	1.2186
	0.1507
	0.1210
	0.2017
	0.1632
	0.1625
	0.1628
	0.3715
	0.7014
	0.1850
	3755.8845
	0.1682
	0.1674
	0.1682
	0.8443
	0.1457

	A5
	1.2186
	0.1458
	0.1353
	0.1528
	0.1632
	0.1622
	0.1624
	0.3715
	0.7014
	0.1850
	1152.3306
	0.1748
	0.1730
	0.1748
	0.7812
	0.1483

	AV1
	1.2186
	0.1699
	0.1681
	0.1562
	0.1632
	0.1733
	0.1587
	0.3715
	0.7014
	0.1850
	20.1208
	0.2091
	0.1956
	0.2091
	0.7101
	0.1799

	AV2
	1.2186
	0.1986
	0.1976
	0.1700
	0.1632
	0.2000
	0.1560
	0.3715
	0.7014
	0.1850
	3.6175
	0.2408
	0.2093
	0.2408
	0.7033
	0.2169

	B1
	1.2186
	0.2310
	0.2303
	0.1883
	0.1632
	0.2317
	0.1544
	0.3715
	0.7014
	0.1850
	1.3503
	0.2744
	0.2191
	0.2744
	0.7017
	0.2586

	B2
	1.2186
	0.1488
	0.1437
	0.1463
	0.1632
	0.1621
	0.1619
	0.3715
	0.7014
	0.1850
	478.2539
	0.1804
	0.1776
	0.1804
	0.7526
	0.1524

	AB1
	1.2186
	0.1875
	0.1169
	0.3412
	0.1632
	0.1628
	0.1630
	0.3715
	0.7014
	0.1850
	10461.3979
	0.1678
	0.1675
	0.1678
	0.9331
	0.1593

	AB2
	1.2186
	0.5149
	0.3375
	0.9171
	0.1632
	0.1631
	0.1631
	0.3715
	0.7014
	0.1850
	51132.6968
	0.2230
	0.2232
	0.2230
	1.1386
	0.3890

	AB3
	1.2186
	0.1590
	0.1568
	0.1513
	0.1632
	0.1652
	0.1603
	0.3715
	0.7014
	0.1850
	69.9859
	0.1951
	0.1878
	0.1951
	0.7199
	0.1650

	AB4
	1.2186
	1.1405
	1.1032
	1.2160
	0.1632
	0.1632
	0.1632
	0.3715
	0.7014
	0.1850
	119590.2969
	0.3544
	0.3545
	0.3544
	1.2180
	1.1043

	MU1
	1.2186
	0.1887
	0.1874
	0.1646
	0.1632
	0.1905
	0.1567
	0.3715
	0.7014
	0.1850
	5.7376
	0.2303
	0.2053
	0.2303
	0.7046
	0.2043

	MU2
	1.2186
	0.1987
	0.1194
	0.3745
	0.1632
	0.1628
	0.1630
	0.3715
	0.7014
	0.1850
	12145.2365
	0.1688
	0.1686
	0.1688
	0.9492
	0.1648

	MU3
	1.2186
	0.1906
	0.1893
	0.1656
	0.1632
	0.1923
	0.1566
	0.3715
	0.7014
	0.1850
	5.2113
	0.2323
	0.2061
	0.2323
	0.7043
	0.2067

	MU4
	1.2186
	0.2241
	0.2233
	0.1845
	0.1632
	0.2249
	0.1547
	0.3715
	0.7014
	0.1850
	1.5839
	0.2672
	0.2173
	0.2672
	0.7018
	0.2495

	MU5
	1.2186
	0.1459
	0.1357
	0.1523
	0.1632
	0.1622
	0.1623
	0.3715
	0.7014
	0.1850
	1114.6518
	0.1750
	0.1732
	0.1750
	0.7799
	0.1484


From Table (2.17), we can observe the following results: the minimum  SMSE for the ORR estimator can be obtained, if k is estimated by D. The minimum SMSE for the MURR estimator is given by estimating k by KS. The minimum SMSE for the AUGRE estimator is given by estimating k by B2. The minimum SMSE for the RKCE estimator is given by estimating k by MED. The minimum SMSE for the MCRRE estimator is given by estimating k by KM8. The minimum SMSE for the LTE estimator is given by estimating k by KM3. The minimum SMSE for the TPE estimator is given by estimating k by KM1. The minimum SMSE for the KDC estimator is given by estimating k by KM11. The minimum SMSE for the TEKD estimator is given by estimating k by KM1. The minimum SMSE for the AUTPE estimator is given by estimating k by GK while the minimum SMSE for the MRTTP estimator is given by estimating k by A3. According to this study the most of them give minimum  SMSE under moderate degree of multicollinearity when they are used in the MURR ,AUGRE and MCRRE this is illustrated in Figures (2.2 to 2.5).
[image: C:\Users\mustafaalani\Desktop\untitledad0.5.bmp]
[bookmark: _Toc57556625]Figure 2.2: The SMSE of ridge estimators of (ORR, MURRE, AUGRE, PCR, RKCE and MCRRE) where d=0.5
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[bookmark: _Toc57556626]Figure 2.3: The SMSE of ridge estimators of (ORR, MURRE, AUGRE,LTE, TPE,KDC,TEKD,UTPE and MRTTP) where d=0.5
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[bookmark: _Toc57556627]Figure 2.4: The SMSE of ridge estimators of (ORR, MURRE, AUGRE, LTE, TPE, KDC, TEKD, UTPE and MRTTP) where d=0.01
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[bookmark: _Toc57556628]Figure 2.5: The SMSE of ridge estimators of (LE, AULE, RDC, LTE, TPE, KDC,TEKD, UTPE and MRTTP) where k=0.1














[bookmark: _Toc59655083]
Developing A new Biased Estimator as an Alternative to OLS Estimator


In this chapter, we propose a new two-parameter estimator as hybrid combination for the ORR and unbiased two-parameter. Then, we study broadly its mathematical characteristics and compared it with OLS, ORR and unbiased two-parameter estimators.
[bookmark: _Toc59655084]Introduction
Occasionally the prior information may be available about the specific distribution of β which can be used to solve the multicollinearity problem. (Swindel 1976) was the first one to suggest the use of prior information where he defined the ridge estimator with prior information b as follows: 
	
	

	


Swindel showed there exists a k value that results in a smaller MSEM than the OLS for any fixed prior information b.
(Crouse et al. 1995) demonstrated a method for relating prior information (URR) with ridge regression as follow:
	
	

	




where 𝐽 is a random vector with and is estimated by
(Wu 2014) introduced an unbiased two-parameter estimator (UTPE) based on prior information. The UTPE is given by:
	
	

	




 where 𝐽 is a random vector with   and  is TPE . 
Now, we propose the following estimator of β
	
	

	




whereand  

The new proposed estimator is called the modified unbiased two-parameter estimator (MUTP). It is developed from the fact, that the combination of two estimators may inherent the advantages of both of them. Therefor we combine the UTPE with ORR to get the MUTP in (3.4) and denoted by .
The MUTP estimator of γ is
	
	

	


[bookmark: _Toc59655085]Properties of the New Estimator.
1. Bias
	
	

	



where 
2. Variance
	
	

	






where 
3. Mean Squared Error Matrix 
	
	

	




4. Scalar Mean Squared Error 
	
	

	




then
	
	

	






where are eigenvalues of and is ith coefficient of .
[bookmark: _Toc59655086]Criteria used when comparing the new estimator 




(Theobald 1974) proved that for all n.n.d. matrices B if and only if is an n.n.d. matrix. Thus, the superiority of  over  with respect to the MSEM criterion is examined by comparing the mean squared error matrices.


 The MSEM of an estimator  of  can be written as follows:








where is the variance - covariance matrix of and bias() = E () -  is the bias of . You can also compute the SMSE as follows:  






The mean squared errors of and are the same, where can be any estimator and, is its canonical form, since



For any two estimators   we have





To test if is positive definite (p.d.) we should confine ourselves to the following case.





 As , it is easy to see that N > 0 implies . Hence the problem of deciding whether > 0 reduces to that of deciding whether a matrix of type is p.d. when A is p.d . Then we have the following result (Rao et al. 2008).
Lemma 3.1. Let M be an n × n positive definite matrix, that is, M> 0 and ω be some vector then M− ωω′ ≥ 0 if and only if ω′ M− 1ω ≤ 1 (Farebrother 1976).









Lemma 3.2. Let , i =1, 2, be two linear estimators of β. Suppose that where  i = 1, 2 denotes the covariance matrix of and  i = 1, 2. Consequently,  if and only if , where (Trenkler and Toutenburg 1990).
[bookmark: _Toc59655087]Comparison among the Estimators
1. 

Comparison between and.
 The difference between mean squared error matrix of OLS and MUTP is
	
	

	


We have the following theorem.

 Theorem 1.  If k > 0, the MUTP estimator is superior to OLS estimator using the MSEM criterion, that is,  if and only if
	
	

	



Proof. The variance of OLS is and the variance of MUTP is 
	
	

	






The difference between and   is
	
	

	








where  will be positive definite (p.d) if and only if .We observed that, for k > 0 and  0 < d < 1, .Therefore,   is p.d. Therefore, after applying lemma (3.2) the proof is complete 
2. 

Comparison between and.
 The mean squared error matrix of ORR is given by:
	
	

	



The difference between mean squared error matrix of ORR and MUTP is
	

	



 is positive definite wherever k > 0 and  0 < d < 1, Hence we have the following theorem.
Theorem 2. For 𝑘 > 0 and 0 < 𝑑 < 1.then, the modified unbiased two-parameter estimator always dominates the ORR estimator in the MSEM.
3. 

Comparison between and. 
The estimator of  UTPE respect to ℽ is
	
	

	

	
	

	




where  and 
The mean squared error matrix of UTPE is given by:
	
	

	


The difference between mean squared error matrix of UTPE and MUTP is
	
	

	


We have the following theorem.


Theorem 3. If k > 0 and 0 < d < 1, the MUTP estimator is superior to UTPE estimator using the MSEM criterion, that is, MSEM() − MSEM() > 0  if and only if
	
	

	




Proof. The variance of  is  using the difference between the dispersion matrix.
	
	

	







Where  will be p.d if and only if . We observed that, for k > 0 and  0 < d < 1, .Therefore,  is p.d. Therefore, after applying lemma (3.2) the proof is complete
[bookmark: _Toc59655088]Determination of Parameter k and Parameter d.
In this section, we discuss how to estimate the biasing parameters 𝑘 and 𝑑.
[bookmark: _Toc59655089]Estimating the Biasing Parameter 𝑑. 


In the definition of the new estimator, the OLS  is independent of 𝐽. Then and
	
	

	


From (3.23), if 𝜎2 is known, for a fixed 𝑘, we can get an unbiased estimator of 𝑑 found as follows:
	
	

	


When 𝜎2 is unknown, we use the following 𝑠2 to estimate 𝜎2:
	
	

	


and then an estimate of 𝑑 is
	
	

	




where  and  is the eigenvalue of 𝑆.Note that in (3.24) and (3.26) the estimator of 𝑑 may be negative. Thus, in this situation, one might try to denote 

 = 1. 

Summing up these results, the  may be presented as follows.

Results3.1: Assuming 𝜎2is known,
(i) 
if  then 
	
	

	



(ii) otherwise
	
	

	



Results 3.2: Assuming 𝜎2is unknown,
(iii) 
if  then 
	
	

	


(iv) otherwise
	
	

	




where   is an unbiased estimator of 𝜎2                                                                
[bookmark: _Toc59655090]Estimating the Ridge Parameter k. 
There is a need to estimate the parameter of the new estimator for practical use. The ridge biased parameter and the Unbiased Two-Parameter Estimator were determined by both (Hoerl and Kennard 1970)and (Wu 2014), respectively. Other authors have developed other estimator of these ridge parameters such as (Hoerl and Kennard 1970), (Kibria 2003a) and (Kibria and Banik 2016). k value has been identified previously. The optimal value of k is the one that minimizes from (3.10) 




Differentiating  with respect to k setting




setting




we obtain
	
	

	



The optimal value of k in (3.31) depends on unknown parameters σ2 and . All of these estimators are replaced by unbiased estimator. As a result we have

	

	


Following (Hoerl et al. 1975), the harmonic-mean version of (3.32) is defined as
	
	

	


According to (Özkale and Kaciranlar 2007) the minimum version of (3.32) is defined as
	
	

	


According to (Kibria 2003a) the median version of (3.32) is defined as 
	

	


[bookmark: _Toc59655091]A simulation study
The aim of the current study is to perform a comparison among estimators; ridge regression, unbiased two-parameter  estimator, and modified unbiased two-parameter estimator to identify some good estimators for practitioners. We conduct a simulation study using Matlab. This simulation has been designed based on specific factors that are expected to influence the properties of estimators which can be subjected to a statistical investigation. Since the degree of the collinearity among several explanatory variables (X’s) is very essential, (Kibria 2003b) is followed to generate X's using  equation (2.77).The response variable y is considered by using equation (2.78).

Also the number of explanatory variables, while the values of σ are chosen as (0.1, 1, 5, 10, 20). The correlation φ will choose as (0.75, 0.85, 0.90, 0.95) and sample size n=(50, 100, 150) .The coefficients β1, β2, …, βp  are selected as  the eigenvectors corresponding to the largest eigenvalue of the matrix X'X subject to constraint β'β = 1. Thus, for n, p, β, λ, φ, and σ, sets of Xs are created. Then the experiment was re-preformed 10000 times by creating new error terms. The EMSE for each estimator is calculated as follows: 
	
	

	



where  would be any of the estimators (OLS, ORR, UTP, or MUTP).
[bookmark: _Toc57369659]Table 3.1: The EMSE when n=50, p=3 and φ=0.75 and 0.85
	
	0.75
	0.85

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	1
	0.001
	0.2156
	0.2156
	0.2157
	0.2158
	0.2760
	0.2760
	0.2762
	0.2761

	
	0.004
	0.2156
	0.2158
	0.2162
	0.2164
	0.2760
	0.2758
	0.2767
	0.2764

	
	0.008
	0.2156
	0.2160
	0.2168
	0.2173
	0.2760
	0.2756
	0.2773
	0.2768

	
	0.01
	0.2156
	0.2162
	0.2171
	0.2177
	0.2760
	0.2755
	0.2776
	0.2771

	
	0.04
	0.2156
	0.2187
	0.2215
	0.2245
	0.2760
	0.2751
	0.2819
	0.2810

	
	0.08
	0.2156
	0.2231
	0.2268
	0.2339
	0.2760
	0.2764
	0.2872
	0.2877

	
	0.1
	0.2156
	0.2256
	0.2293
	0.2388
	0.2760
	0.2778
	0.2896
	0.2914

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	5
	0.001
	0.8006
	0.7996
	0.8003
	0.7993
	0.9306
	0.9301
	0.9303
	0.9298

	
	0.004
	0.8006
	0.7964
	0.7994
	0.7953
	0.9306
	0.9287
	0.9295
	0.9277

	
	0.008
	0.8006
	0.7924
	0.7983
	0.7902
	0.9306
	0.9270
	0.9285
	0.9250

	
	0.01
	0.8006
	0.7905
	0.7977
	0.7878
	0.9306
	0.9262
	0.9280
	0.9237

	
	0.04
	0.8006
	0.7656
	0.7900
	0.7583
	0.9306
	0.9158
	0.9215
	0.9091

	
	0.08
	0.8006
	0.7423
	0.7819
	0.7335
	0.9306
	0.9067
	0.9152
	0.8980

	
	0.1
	0.8006
	0.7337
	0.7786
	0.7251
	0.9306
	0.9035
	0.9128
	0.8946

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	10
	0.001
	0.7450
	0.7449
	0.7450
	0.7449
	0.9615
	0.9609
	0.9613
	0.9607

	
	0.004
	0.7450
	0.7448
	0.7448
	0.7446
	0.9615
	0.9589
	0.9608
	0.9582

	
	0.008
	0.7450
	0.7446
	0.7447
	0.7442
	0.9615
	0.9564
	0.9600
	0.9550

	
	0.01
	0.7450
	0.7445
	0.7446
	0.7441
	0.9615
	0.9551
	0.9597
	0.9534

	
	0.04
	0.7450
	0.7435
	0.7435
	0.7425
	0.9615
	0.9388
	0.9546
	0.9334

	
	0.08
	0.7450
	0.7433
	0.7425
	0.7422
	0.9615
	0.9220
	0.9488
	0.9141

	
	0.1
	0.7450
	0.7436
	0.7422
	0.7427
	0.9615
	0.9152
	0.9463
	0.9066

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	20
	0.001
	0.9591
	0.9588
	0.9590
	0.9587
	1.0788
	1.0779
	1.0786
	1.0777

	
	0.004
	0.9591
	0.9580
	0.9586
	0.9575
	1.0788
	1.0750
	1.0780
	1.0743

	
	0.008
	0.9591
	0.9569
	0.9582
	0.9560
	1.0788
	1.0714
	1.0772
	1.0700

	
	0.01
	0.9591
	0.9564
	0.9579
	0.9553
	1.0788
	1.0697
	1.0768
	1.0679

	
	0.04
	0.9591
	0.9493
	0.9548
	0.9455
	1.0788
	1.0480
	1.0714
	1.0434

	
	0.08
	0.9591
	0.9416
	0.9510
	0.9354
	1.0788
	1.0282
	1.0655
	1.0225

	
	0.1
	0.9591
	0.9385
	0.9492
	0.9313
	1.0788
	1.0209
	1.0629
	1.0151



[bookmark: _Toc57369660]

Table 3.2: The EMSE when n=50, p=3 and φ=0.90 and 0.95
	
	0.90
	0.95

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	1
	0.001
	0.3394
	0.3378
	0.3384
	0.3368
	0.4532
	0.4476
	0.4503
	0.4447

	
	0.004
	0.3394
	0.3332
	0.3356
	0.3296
	0.4532
	0.4318
	0.4422
	0.4219

	
	0.008
	0.3394
	0.3275
	0.3321
	0.3210
	0.4532
	0.4134
	0.4325
	0.3965

	
	0.01
	0.3394
	0.3249
	0.3304
	0.3170
	0.4532
	0.4052
	0.4281
	0.3857

	
	0.04
	0.3394
	0.2968
	0.3116
	0.2806
	0.4532
	0.3301
	0.3840
	0.3020

	
	0.08
	0.3394
	0.2790
	0.2975
	0.2647
	0.4532
	0.2931
	0.3569
	0.2750

	
	0.1
	0.3394
	0.2746
	0.2930
	0.2627
	0.4532
	0.2848
	0.3492
	0.2719

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	5
	0.001
	1.0576
	1.0560
	1.0568
	1.0552
	1.0488
	1.0446
	1.0467
	1.0425

	
	0.004
	1.0576
	1.0515
	1.0545
	1.0486
	1.0488
	1.0327
	1.0407
	1.0252

	
	0.008
	1.0576
	1.0458
	1.0516
	1.0404
	1.0488
	1.0183
	1.0333
	1.0051

	
	0.01
	1.0576
	1.0431
	1.0502
	1.0365
	1.0488
	1.0118
	1.0299
	0.9961

	
	0.04
	1.0576
	1.0112
	1.0332
	0.9951
	1.0488
	0.9435
	0.9915
	0.9127

	
	0.08
	1.0576
	0.9851
	1.0178
	0.9662
	1.0488
	0.8977
	0.9617
	0.8672

	
	0.1
	1.0576
	0.9761
	1.0120
	0.9575
	1.0488
	0.8838
	0.9516
	0.8556

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	10
	0.001
	1.1141
	1.1140
	1.1140
	1.1139
	1.1863
	1.1820
	1.1854
	1.1811

	
	0.004
	1.1141
	1.1138
	1.1139
	1.1136
	1.1863
	1.1700
	1.1828
	1.1670

	
	0.008
	1.1141
	1.1135
	1.1137
	1.1131
	1.1863
	1.1557
	1.1796
	1.1508

	
	0.01
	1.1141
	1.1134
	1.1136
	1.1129
	1.1863
	1.1493
	1.1781
	1.1437

	
	0.04
	1.1141
	1.1115
	1.1123
	1.1098
	1.1863
	1.0863
	1.1614
	1.0810

	
	0.08
	1.1141
	1.1092
	1.1107
	1.1062
	1.1863
	1.0494
	1.1480
	1.0491

	
	0.1
	1.1141
	1.1082
	1.1099
	1.1045
	1.1863
	1.0392
	1.1432
	1.0405

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	20
	0.001
	1.3657
	1.3614
	1.3636
	1.3593
	1.4928
	1.4869
	1.4899
	1.4841

	
	0.004
	1.3657
	1.3492
	1.3574
	1.3413
	1.4928
	1.4705
	1.4817
	1.4604

	
	0.008
	1.3657
	1.3338
	1.3496
	1.3193
	1.4928
	1.4509
	1.4717
	1.4330

	
	0.01
	1.3657
	1.3266
	1.3459
	1.3091
	1.4928
	1.4419
	1.4671
	1.4209

	
	0.04
	1.3657
	1.2433
	1.3011
	1.2023
	1.4928
	1.3507
	1.4160
	1.3112

	
	0.08
	1.3657
	1.1775
	1.2621
	1.1318
	1.4928
	1.2917
	1.3776
	1.2532

	
	0.1
	1.3657
	1.1555
	1.2478
	1.1111
	1.4928
	1.2738
	1.3646
	1.2374



[bookmark: _Toc57369661]Table ‎3.3: The EMSE when n=100, p=3 and φ=0.75 and 0.85
	
	0.75
	0.85

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	1
	0.001
	0.1954
	0.1957
	0.1955
	0.1957
	0.2041
	0.2042
	0.2041
	0.2043

	
	0.004
	0.1954
	0.1964
	0.1957
	0.1966
	0.2041
	0.2047
	0.2042
	0.2048

	
	0.008
	0.1954
	0.1973
	0.1960
	0.1978
	0.2041
	0.2053
	0.2044
	0.2056

	
	0.01
	0.1954
	0.1977
	0.1961
	0.1984
	0.2041
	0.2056
	0.2045
	0.2060

	
	0.04
	0.1954
	0.2046
	0.1982
	0.2075
	0.2041
	0.2104
	0.2059
	0.2125

	
	0.08
	0.1954
	0.2137
	0.2012
	0.2196
	0.2041
	0.2172
	0.2083
	0.2220

	
	0.1
	0.1954
	0.2183
	0.2027
	0.2256
	0.2041
	0.2207
	0.2096
	0.2270

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	5
	0.001
	0.7504
	0.7503
	0.7504
	0.7503
	0.8207
	0.8203
	0.8205
	0.8201

	
	0.004
	0.7504
	0.7501
	0.7502
	0.7499
	0.8207
	0.8190
	0.8198
	0.8181

	
	0.008
	0.7504
	0.7498
	0.7500
	0.7494
	0.8207
	0.8174
	0.8188
	0.8156

	
	0.01
	0.7504
	0.7496
	0.7499
	0.7491
	0.8207
	0.8166
	0.8184
	0.8144

	
	0.04
	0.7504
	0.7478
	0.7486
	0.7466
	0.8207
	0.8067
	0.8123
	0.8002

	
	0.08
	0.7504
	0.7468
	0.7475
	0.7458
	0.8207
	0.7974
	0.8062
	0.7887

	
	0.1
	0.7504
	0.7467
	0.7472
	0.7461
	0.8207
	0.7941
	0.8038
	0.7852

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	10
	0.001
	0.9031
	0.9028
	0.9029
	0.9026
	0.9037
	0.9037
	0.9037
	0.9037

	
	0.004
	0.9031
	0.9017
	0.9023
	0.9008
	0.9037
	0.9038
	0.9037
	0.9039

	
	0.008
	0.9031
	0.9003
	0.9015
	0.8986
	0.9037
	0.9040
	0.9038
	0.9041

	
	0.01
	0.9031
	0.8996
	0.9010
	0.8976
	0.9037
	0.9040
	0.9038
	0.9042

	
	0.04
	0.9031
	0.8904
	0.8955
	0.8840
	0.9037
	0.9051
	0.9042
	0.9056

	
	0.08
	0.9031
	0.8810
	0.8894
	0.8714
	0.9037
	0.9065
	0.9047
	0.9075

	
	0.1
	0.9031
	0.8773
	0.8868
	0.8668
	0.9037
	0.9072
	0.9049
	0.9085

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	20

	0.001
	0.9012
	0.9012
	0.9012
	0.9012
	1.0485
	1.0480
	1.0484
	1.0479

	
	0.004
	0.9012
	0.9013
	0.9012
	0.9013
	1.0485
	1.0466
	1.0479
	1.0460

	
	0.008
	0.9012
	0.9014
	0.9012
	0.9014
	1.0485
	1.0447
	1.0473
	1.0436

	
	0.01
	0.9012
	0.9014
	0.9012
	0.9015
	1.0485
	1.0438
	1.0470
	1.0425

	
	0.04
	0.9012
	0.9022
	0.9014
	0.9025
	1.0485
	1.0327
	1.0431
	1.0290

	
	0.08
	0.9012
	0.9034
	0.9017
	0.9041
	1.0485
	1.0227
	1.0389
	1.0176

	
	0.1
	0.9012
	0.9040
	0.9019
	0.9049
	1.0485
	1.0190
	1.0371
	1.0135
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Table ‎3.4: The EMSE when n=100, p=3 and φ=0.90 and 0.95
	
	0.90
	0.95

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	1
	0.001
	0.2423
	0.2423
	0.2424
	0.2424
	0.2705
	0.2706
	0.2706
	0.2707

	
	0.004
	0.2423
	0.2423
	0.2427
	0.2427
	0.2705
	0.2709
	0.2711
	0.2715

	
	0.008
	0.2423
	0.2424
	0.2431
	0.2432
	0.2705
	0.2714
	0.2717
	0.2726

	
	0.01
	0.2423
	0.2425
	0.2433
	0.2435
	0.2705
	0.2717
	0.2720
	0.2731

	
	0.04
	0.2423
	0.2444
	0.2463
	0.2486
	0.2705
	0.2761
	0.2761
	0.2812

	
	0.08
	0.2423
	0.2489
	0.2500
	0.2571
	0.2705
	0.2825
	0.2809
	0.2918

	
	0.1
	0.2423
	0.2516
	0.2519
	0.2617
	0.2705
	0.2858
	0.2830
	0.2970

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	5
	0.001
	0.9196
	0.9186
	0.9195
	0.9184
	0.9266
	0.9221
	0.9261
	0.9216

	
	0.004
	0.9196
	0.9156
	0.9189
	0.9149
	0.9266
	0.9091
	0.9247
	0.9076

	
	0.008
	0.9196
	0.9117
	0.9182
	0.9105
	0.9266
	0.8935
	0.9229
	0.8912

	
	0.01
	0.9196
	0.9099
	0.9179
	0.9084
	0.9266
	0.8863
	0.9221
	0.8838

	
	0.04
	0.9196
	0.8860
	0.9133
	0.8822
	0.9266
	0.8114
	0.9122
	0.8141

	
	0.08
	0.9196
	0.8633
	0.9081
	0.8593
	0.9266
	0.7635
	0.9039
	0.7763

	
	0.1
	0.9196
	0.8548
	0.9058
	0.8512
	0.9266
	0.7499
	0.9008
	0.7666

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	10
	0.001
	0.9347
	0.9343
	0.9345
	0.9342
	1.1406
	1.1390
	1.1397
	1.1381

	
	0.004
	0.9347
	0.9332
	0.9342
	0.9327
	1.1406
	1.1344
	1.1371
	1.1311

	
	0.008
	0.9347
	0.9318
	0.9337
	0.9310
	1.1406
	1.1289
	1.1338
	1.1230

	
	0.01
	0.9347
	0.9312
	0.9335
	0.9301
	1.1406
	1.1263
	1.1323
	1.1193

	
	0.04
	0.9347
	0.9235
	0.9307
	0.9211
	1.1406
	1.0990
	1.1154
	1.0845

	
	0.08
	0.9347
	0.9175
	0.9279
	0.9148
	1.1406
	1.0802
	1.1021
	1.0652

	
	0.1
	0.9347
	0.9156
	0.9268
	0.9130
	1.1406
	1.0744
	1.0976
	1.0599

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	20
	0.001
	0.9392
	0.9377
	0.9383
	0.9369
	1.1475
	1.1466
	1.1470
	1.1461

	
	0.004
	0.9392
	0.9336
	0.9360
	0.9305
	1.1475
	1.1441
	1.1456
	1.1423

	
	0.008
	0.9392
	0.9284
	0.9329
	0.9225
	1.1475
	1.1409
	1.1439
	1.1377

	
	0.01
	0.9392
	0.9258
	0.9314
	0.9188
	1.1475
	1.1395
	1.1431
	1.1356

	
	0.04
	0.9392
	0.8955
	0.9130
	0.8768
	1.1475
	1.1230
	1.1333
	1.1142

	
	0.08
	0.9392
	0.8697
	0.8957
	0.8466
	1.1475
	1.1106
	1.1250
	1.1002

	
	0.1
	0.9392
	0.8608
	0.8891
	0.8375
	1.1475
	1.1064
	1.1219
	1.0960



[bookmark: _Toc57369663]Table ‎3.5: The EMSE when n=150, p=3 and φ=0.75 and 0.85
	
	0.75
	0.85

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	1
	0.001
	0.2296
	0.2298
	0.2297
	0.2298
	0.2492
	0.2493
	0.2493
	0.2494

	
	0.004
	0.2296
	0.2304
	0.2298
	0.2306
	0.2492
	0.2497
	0.2497
	0.2502

	
	0.008
	0.2296
	0.2312
	0.2300
	0.2316
	0.2492
	0.2502
	0.2502
	0.2513

	
	0.01
	0.2296
	0.2316
	0.2301
	0.2321
	0.2492
	0.2505
	0.2505
	0.2518

	
	0.04
	0.2296
	0.2376
	0.2319
	0.2400
	0.2492
	0.2548
	0.2543
	0.2597

	
	0.08
	0.2296
	0.2458
	0.2344
	0.2509
	0.2492
	0.2611
	0.2589
	0.2703

	
	0.1
	0.2296
	0.2499
	0.2357
	0.2566
	0.2492
	0.2644
	0.2611
	0.2755

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	5
	0.001
	0.7444
	0.7444
	0.7444
	0.7444
	0.8050
	0.8044
	0.8047
	0.8041

	
	0.004
	0.7444
	0.7444
	0.7443
	0.7443
	0.8050
	0.8027
	0.8038
	0.8016

	
	0.008
	0.7444
	0.7444
	0.7442
	0.7442
	0.8050
	0.8006
	0.8027
	0.7986

	
	0.01
	0.7444
	0.7444
	0.7442
	0.7441
	0.8050
	0.7996
	0.8022
	0.7972

	
	0.04
	0.7444
	0.7446
	0.7436
	0.7442
	0.8050
	0.7877
	0.7957
	0.7815

	
	0.08
	0.7444
	0.7457
	0.7433
	0.7458
	0.8050
	0.7780
	0.7898
	0.7712

	
	0.1
	0.7444
	0.7465
	0.7433
	0.7470
	0.8050
	0.7749
	0.7877
	0.7686

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	10
	0.001
	0.8366
	0.8365
	0.8366
	0.8364
	0.8647
	0.8642
	0.8643
	0.8637

	
	0.004
	0.8366
	0.8362
	0.8363
	0.8358
	0.8647
	0.8626
	0.8630
	0.8609

	
	0.008
	0.8366
	0.8357
	0.8360
	0.8351
	0.8647
	0.8605
	0.8612
	0.8572

	
	0.01
	0.8366
	0.8355
	0.8358
	0.8347
	0.8647
	0.8596
	0.8604
	0.8555

	
	0.04
	0.8366
	0.8329
	0.8338
	0.8307
	0.8647
	0.8474
	0.8498
	0.8357

	
	0.08
	0.8366
	0.8307
	0.8317
	0.8279
	0.8647
	0.8367
	0.8395
	0.8208

	
	0.1
	0.8366
	0.8301
	0.8309
	0.8273
	0.8647
	0.8330
	0.8355
	0.8162

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	20
	0.001
	0.9452
	0.9451
	0.9452
	0.9451
	0.9559
	0.9554
	0.9554
	0.9550

	
	0.004
	0.9452
	0.9450
	0.9450
	0.9449
	0.9559
	0.9540
	0.9541
	0.9523

	
	0.008
	0.9452
	0.9448
	0.9449
	0.9445
	0.9559
	0.9521
	0.9525
	0.9489

	
	0.01
	0.9452
	0.9448
	0.9448
	0.9444
	0.9559
	0.9512
	0.9517
	0.9473

	
	0.04
	0.9452
	0.9438
	0.9438
	0.9426
	0.9559
	0.9400
	0.9410
	0.9279

	
	0.08
	0.9452
	0.9429
	0.9428
	0.9414
	0.9559
	0.9295
	0.9303
	0.9118

	
	0.1
	0.9452
	0.9427
	0.9424
	0.9410
	0.9559
	0.9256
	0.9259
	0.9064





[bookmark: _Toc57369664]Table ‎3.6: The EMSE when n=150, p=3 and φ=0.90 and 0.95
	
	0.90
	0.95

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	1
	0.001
	0.2864
	0.2860
	0.2862
	0.2858
	0.3178
	0.3157
	0.3165
	0.3144

	
	0.004
	0.2864
	0.2850
	0.2856
	0.2842
	0.3178
	0.3098
	0.3127
	0.3052

	
	0.008
	0.2864
	0.2837
	0.2849
	0.2823
	0.3178
	0.3031
	0.3083
	0.2953

	
	0.01
	0.2864
	0.2831
	0.2846
	0.2815
	0.3178
	0.3001
	0.3063
	0.2912

	
	0.04
	0.2864
	0.2768
	0.2807
	0.2737
	0.3178
	0.2747
	0.2875
	0.2625

	
	0.08
	0.2864
	0.2741
	0.2780
	0.2726
	0.3178
	0.2652
	0.2774
	0.2589

	
	0.1
	0.2864
	0.2742
	0.2774
	0.2742
	0.3178
	0.2643
	0.2750
	0.2611

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	5
	0.001
	0.8434
	0.8426
	0.8431
	0.8422
	0.9009
	0.8992
	0.8996
	0.8978

	
	0.004
	0.8434
	0.8402
	0.8421
	0.8390
	0.9009
	0.8942
	0.8957
	0.8894

	
	0.008
	0.8434
	0.8373
	0.8408
	0.8350
	0.9009
	0.8883
	0.8910
	0.8796

	
	0.01
	0.8434
	0.8359
	0.8402
	0.8331
	0.9009
	0.8856
	0.8888
	0.8753

	
	0.04
	0.8434
	0.8201
	0.8330
	0.8139
	0.9009
	0.8586
	0.8658
	0.8386

	
	0.08
	0.8434
	0.8084
	0.8267
	0.8023
	0.9009
	0.8426
	0.8499
	0.8236

	
	0.1
	0.8434
	0.8049
	0.8244
	0.7994
	0.9009
	0.8385
	0.8450
	0.8210

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	10
	0.001
	0.8763
	0.8760
	0.8762
	0.8759
	0.8908
	0.8895
	0.8904
	0.8892

	
	0.004
	0.8763
	0.8751
	0.8758
	0.8746
	0.8908
	0.8859
	0.8893
	0.8846

	
	0.008
	0.8763
	0.8740
	0.8754
	0.8731
	0.8908
	0.8817
	0.8880
	0.8795

	
	0.01
	0.8763
	0.8734
	0.8752
	0.8724
	0.8908
	0.8798
	0.8873
	0.8773

	
	0.04
	0.8763
	0.8668
	0.8723
	0.8641
	0.8908
	0.8623
	0.8807
	0.8592

	
	0.08
	0.8763
	0.8614
	0.8695
	0.8582
	0.8908
	0.8535
	0.8760
	0.8523

	
	0.1
	0.8763
	0.8596
	0.8684
	0.8565
	0.8908
	0.8516
	0.8745
	0.8511

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	20
	0.001
	1.0334
	1.0333
	1.0333
	1.0333
	1.1403
	1.1386
	1.1395
	1.1377

	
	0.004
	1.0334
	1.0330
	1.0332
	1.0329
	1.1403
	1.1336
	1.1370
	1.1305

	
	0.008
	1.0334
	1.0327
	1.0330
	1.0324
	1.1403
	1.1276
	1.1339
	1.1219

	
	0.01
	1.0334
	1.0325
	1.0330
	1.0321
	1.1403
	1.1248
	1.1324
	1.1181

	
	0.04
	1.0334
	1.0305
	1.0318
	1.0292
	1.1403
	1.0950
	1.1160
	1.0817

	
	0.08
	1.0334
	1.0285
	1.0305
	1.0266
	1.1403
	1.0747
	1.1032
	1.0616

	
	0.1
	1.0334
	1.0278
	1.0300
	1.0256
	1.1403
	1.0685
	1.0988
	1.0562



[bookmark: _Toc57369665]Table ‎3.7: The EMSE when n=50, p=5 and φ=0.75 and 0.85
	
	0.75
	0.85

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	1
	0.001
	0.2795
	0.2795
	0.2795
	0.2795
	0.3723
	0.3717
	0.3720
	0.3713

	
	0.004
	0.2795
	0.2797
	0.2796
	0.2798
	0.3723
	0.3699
	0.3709
	0.3685

	
	0.008
	0.2795
	0.2799
	0.2798
	0.2802
	0.3723
	0.3677
	0.3695
	0.3651

	
	0.01
	0.2795
	0.2800
	0.2798
	0.2804
	0.3723
	0.3666
	0.3688
	0.3635

	
	0.04
	0.2795
	0.2820
	0.2811
	0.2839
	0.3723
	0.3544
	0.3608
	0.3468

	
	0.08
	0.2795
	0.2855
	0.2829
	0.2896
	0.3723
	0.3453
	0.3541
	0.3374

	
	0.1
	0.2795
	0.2874
	0.2839
	0.2927
	0.3723
	0.3427
	0.3518
	0.3357

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	5
	0.001
	0.8783
	0.8770
	0.8777
	0.8764
	0.9789
	0.9781
	0.9785
	0.9777

	
	0.004
	0.8783
	0.8732
	0.8757
	0.8707
	0.9789
	0.9758
	0.9773
	0.9743

	
	0.008
	0.8783
	0.8683
	0.8733
	0.8636
	0.9789
	0.9729
	0.9758
	0.9699

	
	0.01
	0.8783
	0.8660
	0.8721
	0.8602
	0.9789
	0.9714
	0.9751
	0.9678

	
	0.04
	0.8783
	0.8354
	0.8561
	0.8183
	0.9789
	0.9526
	0.9652
	0.9416

	
	0.08
	0.8783
	0.8058
	0.8397
	0.7822
	0.9789
	0.9335
	0.9546
	0.9175

	
	0.1
	0.8783
	0.7943
	0.8330
	0.7697
	0.9789
	0.9259
	0.9502
	0.9086

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	10
	0.001
	0.9943
	0.9929
	0.9937
	0.9923
	1.0834
	1.0796
	1.0809
	1.0771

	
	0.004
	0.9943
	0.9887
	0.9919
	0.9863
	1.0834
	1.0688
	1.0735
	1.0593

	
	0.008
	0.9943
	0.9832
	0.9896
	0.9786
	1.0834
	1.0550
	1.0641
	1.0371

	
	0.01
	0.9943
	0.9805
	0.9884
	0.9749
	1.0834
	1.0485
	1.0596
	1.0267

	
	0.04
	0.9943
	0.9453
	0.9728
	0.9282
	1.0834
	0.9689
	1.0039
	0.9110

	
	0.08
	0.9943
	0.9094
	0.9559
	0.8848
	1.0834
	0.9000
	0.9529
	0.8272

	
	0.1
	0.9943
	0.8951
	0.9488
	0.8686
	1.0834
	0.8754
	0.9338
	0.8013

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	20
	0.001
	1.0517
	1.0511
	1.0513
	1.0507
	1.2021
	1.1975
	1.1997
	1.1952

	
	0.004
	1.0517
	1.0493
	1.0501
	1.0477
	1.2021
	1.1843
	1.1929
	1.1756

	
	0.008
	1.0517
	1.0469
	1.0486
	1.0438
	1.2021
	1.1676
	1.1843
	1.1510

	
	0.01
	1.0517
	1.0457
	1.0478
	1.0419
	1.2021
	1.1596
	1.1800
	1.1395

	
	0.04
	1.0517
	1.0297
	1.0372
	1.0172
	1.2021
	1.0611
	1.1269
	1.0077

	
	0.08
	1.0517
	1.0124
	1.0254
	0.9923
	1.2021
	0.9741
	1.0764
	0.9078

	
	0.1
	1.0517
	1.0051
	1.0203
	0.9824
	1.2021
	0.9428
	1.0570
	0.8758




[bookmark: _Toc57369666]Table 3.8: The EMSE when n=50, p=5 and φ=0.90 and 0.95
	
	0.90
	0.95

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	1
	0.001
	0.3977
	0.3972
	0.3974
	0.3969
	0.4660
	0.4641
	0.4650
	0.4631

	
	0.004
	0.3977
	0.3957
	0.3965
	0.3946
	0.4660
	0.4588
	0.4621
	0.4552

	
	0.008
	0.3977
	0.3938
	0.3954
	0.3918
	0.4660
	0.4524
	0.4586
	0.4459

	
	0.01
	0.3977
	0.3929
	0.3949
	0.3904
	0.4660
	0.4494
	0.4569
	0.4418

	
	0.04
	0.3977
	0.3824
	0.3884
	0.3760
	0.4660
	0.4179
	0.4385
	0.4028

	
	0.08
	0.3977
	0.3738
	0.3827
	0.3667
	0.4660
	0.3974
	0.4246
	0.3840

	
	0.1
	0.3977
	0.3711
	0.3806
	0.3644
	0.4660
	0.3917
	0.4201
	0.3802

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	5
	0.001
	0.9947
	0.9905
	0.9925
	0.9884
	1.1010
	1.0954
	1.0966
	1.0911

	
	0.004
	0.9947
	0.9786
	0.9862
	0.9705
	1.1010
	1.0793
	1.0841
	1.0632

	
	0.008
	0.9947
	0.9639
	0.9783
	0.9493
	1.1010
	1.0595
	1.0685
	1.0301

	
	0.01
	0.9947
	0.9570
	0.9745
	0.9396
	1.1010
	1.0503
	1.0612
	1.0151

	
	0.04
	0.9947
	0.8818
	0.9318
	0.8450
	1.1010
	0.9490
	0.9785
	0.8704

	
	0.08
	0.9947
	0.8276
	0.8975
	0.7902
	1.1010
	0.8763
	0.9147
	0.7918

	
	0.1
	0.9947
	0.8105
	0.8857
	0.7757
	1.1010
	0.8535
	0.8934
	0.7726

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	10
	0.001
	1.1346
	1.1320
	1.1332
	1.1306
	1.2079
	1.1956
	1.2019
	1.1898

	
	0.004
	1.1346
	1.1245
	1.1292
	1.1193
	1.2079
	1.1616
	1.1852
	1.1414

	
	0.008
	1.1346
	1.1149
	1.1241
	1.1051
	1.2079
	1.1224
	1.1655
	1.0887

	
	0.01
	1.1346
	1.1103
	1.1216
	1.0985
	1.2079
	1.1050
	1.1566
	1.0665

	
	0.04
	1.1346
	1.0541
	1.0902
	1.0222
	1.2079
	0.9503
	1.0701
	0.8983

	
	0.08
	1.1346
	1.0042
	1.0603
	0.9641
	1.2079
	0.8725
	1.0173
	0.8367

	
	0.1
	1.1346
	0.9861
	1.0488
	0.9455
	1.2079
	0.8530
	1.0016
	0.8243

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	20
	0.001
	1.3609
	1.3589
	1.3604
	1.3584
	2.0186
	1.9880
	2.0036
	1.9735

	
	0.004
	1.3609
	1.3531
	1.3588
	1.3511
	2.0186
	1.9033
	1.9618
	1.8523

	
	0.008
	1.3609
	1.3456
	1.3568
	1.3419
	2.0186
	1.8043
	1.9121
	1.7180

	
	0.01
	1.3609
	1.3421
	1.3558
	1.3375
	2.0186
	1.7599
	1.8895
	1.6603

	
	0.04
	1.3609
	1.2977
	1.3427
	1.2859
	2.0186
	1.3413
	1.6632
	1.1934

	
	0.08
	1.3609
	1.2572
	1.3290
	1.2427
	2.0186
	1.1060
	1.5152
	0.9942

	
	0.1
	1.3609
	1.2420
	1.3232
	1.2274
	2.0186
	1.0420
	1.4693
	0.9488



[bookmark: _Toc57369667]Table ‎3.9: The EMSE when n=100, p=5 and φ=0.75 and 0.85
	
	0.75
	0.85

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	1
	0.001
	0.3132
	0.3133
	0.3132
	0.3133
	0.3488
	0.3486
	0.3487
	0.3485

	
	0.004
	0.3132
	0.3134
	0.3132
	0.3134
	0.3488
	0.3481
	0.3483
	0.3476

	
	0.008
	0.3132
	0.3136
	0.3132
	0.3136
	0.3488
	0.3474
	0.3478
	0.3465

	
	0.01
	0.3132
	0.3137
	0.3132
	0.3137
	0.3488
	0.3471
	0.3476
	0.3459

	
	0.04
	0.3132
	0.3156
	0.3134
	0.3161
	0.3488
	0.3433
	0.3446
	0.3404

	
	0.08
	0.3132
	0.3187
	0.3140
	0.3206
	0.3488
	0.3408
	0.3420
	0.3377

	
	0.1
	0.3132
	0.3205
	0.3145
	0.3233
	0.3488
	0.3402
	0.3411
	0.3377

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	5
	0.001
	0.7662
	0.7652
	0.7660
	0.7650
	0.9470
	0.9461
	0.9463
	0.9454

	
	0.004
	0.7662
	0.7621
	0.7654
	0.7613
	0.9470
	0.9436
	0.9441
	0.9408

	
	0.008
	0.7662
	0.7581
	0.7646
	0.7567
	0.9470
	0.9403
	0.9414
	0.9349

	
	0.01
	0.7662
	0.7561
	0.7643
	0.7544
	0.9470
	0.9387
	0.9400
	0.9321

	
	0.04
	0.7662
	0.7313
	0.7593
	0.7273
	0.9470
	0.9178
	0.9221
	0.8969

	
	0.08
	0.7662
	0.7075
	0.7542
	0.7040
	0.9470
	0.8967
	0.9033
	0.8652

	
	0.1
	0.7662
	0.6985
	0.7521
	0.6959
	0.9470
	0.8882
	0.8956
	0.8538

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	10
	0.001
	0.9954
	0.9948
	0.9951
	0.9945
	1.0096
	1.0082
	1.0089
	1.0075

	
	0.004
	0.9954
	0.9932
	0.9941
	0.9919
	1.0096
	1.0040
	1.0070
	1.0015

	
	0.008
	0.9954
	0.9911
	0.9929
	0.9886
	1.0096
	0.9988
	1.0045
	0.9940

	
	0.01
	0.9954
	0.9900
	0.9922
	0.9870
	1.0096
	0.9962
	1.0032
	0.9904

	
	0.04
	0.9954
	0.9761
	0.9839
	0.9664
	1.0096
	0.9645
	0.9877
	0.9487

	
	0.08
	0.9954
	0.9615
	0.9747
	0.9467
	1.0096
	0.9353
	0.9727
	0.9155

	
	0.1
	0.9954
	0.9555
	0.9708
	0.9392
	1.0096
	0.9245
	0.9668
	0.9045

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	20
	0.001
	1.0183
	1.0180
	1.0182
	1.0179
	1.0202
	1.0198
	1.0199
	1.0195

	
	0.004
	1.0183
	1.0171
	1.0177
	1.0164
	1.0202
	1.0187
	1.0191
	1.0176

	
	0.008
	1.0183
	1.0158
	1.0171
	1.0146
	1.0202
	1.0172
	1.0181
	1.0152

	
	0.01
	1.0183
	1.0152
	1.0168
	1.0137
	1.0202
	1.0165
	1.0176
	1.0141

	
	0.04
	1.0183
	1.0072
	1.0126
	1.0026
	1.0202
	1.0073
	1.0109
	0.9997

	
	0.08
	1.0183
	0.9991
	1.0081
	0.9922
	1.0202
	0.9981
	1.0039
	0.9868

	
	0.1
	1.0183
	0.9958
	1.0062
	0.9883
	1.0202
	0.9945
	1.0010
	0.9821




[bookmark: _Toc57369668]Table ‎3.10: The EMSE when n=100, p=5 and φ=0.90 and 0.95
	
	0.90
	0.95

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	1
	0.001
	0.3588
	0.3586
	0.3586
	0.3584
	0.4183
	0.4165
	0.4174
	0.4157

	
	0.004
	0.3588
	0.3578
	0.3581
	0.3571
	0.4183
	0.4116
	0.4151
	0.4088

	
	0.008
	0.3588
	0.3569
	0.3575
	0.3557
	0.4183
	0.4058
	0.4124
	0.4009

	
	0.01
	0.3588
	0.3564
	0.3572
	0.3550
	0.4183
	0.4032
	0.4111
	0.3975

	
	0.04
	0.3588
	0.3521
	0.3537
	0.3491
	0.4183
	0.3781
	0.3979
	0.3695

	
	0.08
	0.3588
	0.3501
	0.3512
	0.3482
	0.4183
	0.3649
	0.3894
	0.3600

	
	0.1
	0.3588
	0.3501
	0.3506
	0.3493
	0.4183
	0.3620
	0.3870
	0.3593

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	5
	0.001
	0.9749
	0.9700
	0.9729
	0.9680
	1.0281
	1.0208
	1.0249
	1.0177

	
	0.004
	0.9749
	0.9561
	0.9671
	0.9489
	1.0281
	1.0005
	1.0158
	0.9893

	
	0.008
	0.9749
	0.9392
	0.9600
	0.9265
	1.0281
	0.9764
	1.0047
	0.9571

	
	0.01
	0.9749
	0.9314
	0.9566
	0.9163
	1.0281
	0.9655
	0.9995
	0.9431

	
	0.04
	0.9749
	0.8492
	0.9185
	0.8209
	1.0281
	0.8610
	0.9456
	0.8252

	
	0.08
	0.9749
	0.7946
	0.8887
	0.7695
	1.0281
	0.8015
	0.9083
	0.7735

	
	0.1
	0.9749
	0.7784
	0.8786
	0.7565
	1.0281
	0.7855
	0.8965
	0.7621

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	10
	0.001
	1.0918
	1.0907
	1.0913
	1.0901
	1.3265
	1.3182
	1.3206
	1.3124

	
	0.004
	1.0918
	1.0872
	1.0896
	1.0851
	1.3265
	1.2948
	1.3039
	1.2737

	
	0.008
	1.0918
	1.0829
	1.0875
	1.0789
	1.3265
	1.2666
	1.2836
	1.2290

	
	0.01
	1.0918
	1.0808
	1.0864
	1.0759
	1.3265
	1.2537
	1.2741
	1.2091

	
	0.04
	1.0918
	1.0558
	1.0735
	1.0432
	1.3265
	1.1200
	1.1732
	1.0321

	
	0.08
	1.0918
	1.0344
	1.0614
	1.0190
	1.3265
	1.0322
	1.1013
	0.9460

	
	0.1
	1.0918
	1.0268
	1.0567
	1.0113
	1.3265
	1.0059
	1.0782
	0.9258

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	20
	0.001
	1.2437
	1.2405
	1.2421
	1.2389
	1.3319
	1.3234
	1.3248
	1.3164

	
	0.004
	1.2437
	1.2313
	1.2374
	1.2253
	1.3319
	1.2992
	1.3048
	1.2739

	
	0.008
	1.2437
	1.2196
	1.2315
	1.2084
	1.3319
	1.2704
	1.2808
	1.2257

	
	0.01
	1.2437
	1.2140
	1.2286
	1.2004
	1.3319
	1.2572
	1.2697
	1.2045

	
	0.04
	1.2437
	1.1457
	1.1924
	1.1098
	1.3319
	1.1254
	1.1560
	1.0264

	
	0.08
	1.2437
	1.0858
	1.1582
	1.0413
	1.3319
	1.0438
	1.0806
	0.9513

	
	0.1
	1.2437
	1.0643
	1.1450
	1.0194
	1.3319
	1.0204
	1.0576
	0.9362



[bookmark: _Toc57369669]Table ‎3.11: The EMSE when n=150, p=5 and φ=0.75 and 0.85
	
	0.75
	0.85

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	1
	0.001
	0.3097
	0.3097
	0.3097
	0.3097
	0.3483
	0.3481
	0.3482
	0.3480

	
	0.004
	0.3097
	0.3099
	0.3097
	0.3100
	0.3483
	0.3477
	0.3479
	0.3474

	
	0.008
	0.3097
	0.3102
	0.3097
	0.3102
	0.3483
	0.3473
	0.3476
	0.3466

	
	0.01
	0.3097
	0.3103
	0.3097
	0.3104
	0.3483
	0.3470
	0.3474
	0.3463

	
	0.04
	0.3097
	0.3126
	0.3101
	0.3135
	0.3483
	0.3447
	0.3455
	0.3430

	
	0.08
	0.3097
	0.3164
	0.3112
	0.3190
	0.3483
	0.3437
	0.3441
	0.3427

	
	0.1
	0.3097
	0.3184
	0.3118
	0.3221
	0.3483
	0.3438
	0.3437
	0.3437

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	5
	0.001
	0.6880
	0.6879
	0.6880
	0.6878
	0.7875
	0.7871
	0.7873
	0.7869

	
	0.004
	0.6880
	0.6874
	0.6877
	0.6871
	0.7875
	0.7860
	0.7864
	0.7849

	
	0.008
	0.6880
	0.6868
	0.6874
	0.6862
	0.7875
	0.7845
	0.7853
	0.7824

	
	0.01
	0.6880
	0.6865
	0.6872
	0.6858
	0.7875
	0.7838
	0.7848
	0.7812

	
	0.04
	0.6880
	0.6830
	0.6852
	0.6809
	0.7875
	0.7748
	0.7780
	0.7674

	
	0.08
	0.6880
	0.6799
	0.6833
	0.6776
	0.7875
	0.7668
	0.7714
	0.7570

	
	0.1
	0.6880
	0.6790
	0.6826
	0.6769
	0.7875
	0.7640
	0.7688
	0.7538

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	10
	0.001
	0.8264
	0.8259
	0.8260
	0.8255
	0.8520
	0.8514
	0.8516
	0.8511

	
	0.004
	0.8264
	0.8244
	0.8250
	0.8231
	0.8520
	0.8498
	0.8506
	0.8485

	
	0.008
	0.8264
	0.8226
	0.8237
	0.8200
	0.8520
	0.8478
	0.8493
	0.8453

	
	0.01
	0.8264
	0.8217
	0.8231
	0.8186
	0.8520
	0.8468
	0.8487
	0.8438

	
	0.04
	0.8264
	0.8099
	0.8145
	0.8002
	0.8520
	0.8343
	0.8404
	0.8251

	
	0.08
	0.8264
	0.7982
	0.8056
	0.7839
	0.8520
	0.8224
	0.8320
	0.8097

	
	0.1
	0.8264
	0.7937
	0.8019
	0.7782
	0.8520
	0.8179
	0.8286
	0.8046

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	20
	0.001
	1.0530
	1.0527
	1.0529
	1.0526
	1.1257
	1.1249
	1.1253
	1.1245

	
	0.004
	1.0530
	1.0519
	1.0525
	1.0514
	1.1257
	1.1226
	1.1241
	1.1211

	
	0.008
	1.0530
	1.0509
	1.0520
	1.0499
	1.1257
	1.1196
	1.1226
	1.1167

	
	0.01
	1.0530
	1.0504
	1.0517
	1.0491
	1.1257
	1.1182
	1.1219
	1.1146

	
	0.04
	1.0530
	1.0435
	1.0482
	1.0395
	1.1257
	1.0992
	1.1119
	1.0884

	
	0.08
	1.0530
	1.0361
	1.0443
	1.0299
	1.1257
	1.0804
	1.1015
	1.0649

	
	0.1
	1.0530
	1.0331
	1.0426
	1.0262
	1.1257
	1.0729
	1.0972
	1.0564




[bookmark: _Toc57369670]Table ‎3.12: The EMSE when n=150, p=5 and φ=0.90 and 0.95
	
	0.90
	0.95

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	1
	0.001
	0.3936
	0.3928
	0.3932
	0.3924
	0.5139
	0.5086
	0.5109
	0.5056

	
	0.004
	0.3936
	0.3906
	0.3921
	0.3892
	0.5139
	0.4939
	0.5025
	0.4838

	
	0.008
	0.3936
	0.3878
	0.3906
	0.3852
	0.5139
	0.4772
	0.4928
	0.4603

	
	0.01
	0.3936
	0.3866
	0.3900
	0.3834
	0.5139
	0.4699
	0.4884
	0.4506

	
	0.04
	0.3936
	0.3724
	0.3824
	0.3662
	0.5139
	0.4068
	0.4470
	0.3808

	
	0.08
	0.3936
	0.3631
	0.3768
	0.3583
	0.5139
	0.3780
	0.4233
	0.3607

	
	0.1
	0.3936
	0.3606
	0.3751
	0.3574
	0.5139
	0.3718
	0.4168
	0.3585

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	5
	0.001
	0.8394
	0.8383
	0.8387
	0.8377
	0.8960
	0.8922
	0.8947
	0.8910

	
	0.004
	0.8394
	0.8351
	0.8369
	0.8328
	0.8960
	0.8816
	0.8911
	0.8772

	
	0.008
	0.8394
	0.8311
	0.8345
	0.8266
	0.8960
	0.8689
	0.8866
	0.8613

	
	0.01
	0.8394
	0.8292
	0.8334
	0.8237
	0.8960
	0.8631
	0.8846
	0.8543

	
	0.04
	0.8394
	0.8051
	0.8187
	0.7895
	0.8960
	0.8058
	0.8621
	0.7928

	
	0.08
	0.8394
	0.7831
	0.8043
	0.7627
	0.8960
	0.7718
	0.8458
	0.7642

	
	0.1
	0.8394
	0.7751
	0.7987
	0.7541
	0.8960
	0.7625
	0.8406
	0.7578

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	10
	0.001
	0.9519
	0.9508
	0.9511
	0.9501
	1.0791
	1.0757
	1.0772
	1.0738

	
	0.004
	0.9519
	0.9478
	0.9490
	0.9450
	1.0791
	1.0659
	1.0716
	1.0588

	
	0.008
	0.9519
	0.9439
	0.9462
	0.9387
	1.0791
	1.0538
	1.0647
	1.0409

	
	0.01
	0.9519
	0.9421
	0.9449
	0.9357
	1.0791
	1.0481
	1.0614
	1.0327

	
	0.04
	0.9519
	0.9205
	0.9289
	0.9042
	1.0791
	0.9856
	1.0231
	0.9510

	
	0.08
	0.9519
	0.9027
	0.9147
	0.8826
	1.0791
	0.9396
	0.9916
	0.9024

	
	0.1
	0.9519
	0.8965
	0.9095
	0.8763
	1.0791
	0.9250
	0.9805
	0.8893

	

	k
	OLS
	ORR
	UTP
	MUTP
	OLS
	ORR
	UTP
	MUTP

	20
	0.001
	1.0925
	1.0903
	1.0917
	1.0895
	1.2150
	1.2115
	1.2133
	1.2098

	
	0.004
	1.0925
	1.0839
	1.0893
	1.0808
	1.2150
	1.2016
	1.2082
	1.1952

	
	0.008
	1.0925
	1.0759
	1.0862
	1.0702
	1.2150
	1.1894
	1.2019
	1.1779

	
	0.01
	1.0925
	1.0721
	1.0847
	1.0653
	1.2150
	1.1837
	1.1990
	1.1702

	
	0.04
	1.0925
	1.0278
	1.0666
	1.0123
	1.2150
	1.1232
	1.1656
	1.0958



[bookmark: _Toc59655092]Simulation Results and Discussion
From Tables (3.1–3.12), it seems that, as the values of σ increase, the values of EMSE also increase, while the values of EMSE decrease as the size of the sample increases. Ridge regression , UTPE and proposed MUTP estimators consistently dominate the OLS estimator expect for when (n=(50,100,150) , p=3, σ=1 and φ=0.75) and (n=(100,150), p=3, σ=1 and φ=0.85) the OLS is batter than all other estimators. In general, increasing in multicollinearity levels and the number of explanatory variables from these tables increase the EMSE values of the estimators. We also show the supremacy of the new estimator in the EMSE sense over the OLS estimator, the ORR estimator and the UTPE estimator. While ORR performed much better than both proposed and UTPE estimators for (n=50, p=3, σ=1, φ=0.75 and k = 0.04 or less). When we look at all Tables 5.1–5.12, we noted the conclusions remain the same about the performance of all estimators same for p = 3 and p = 5 respectively.

[bookmark: _Toc59655093] Numerical Example
We use the data set given in exmple 1 for total national research and development expenditures as a percent of gross national.
The goal is to compare the traces of the calculated mean square error matrices for (ORR), (UTPE), and (MUTP). The trace of the MSEM of the ORR is given by equation (2.10), the trace of the MSEM of the MUTP is given by equation (3.10) and the trace of the MSEM of the (UTPE) (Wu 2014) is given by
	
	


SMSE()=tr(MSEM())=,
	


[bookmark: _Toc57369671]Table 3.13: The results of SMSE for estimators and different estimated ridge parameter
	
	
   
	
   
	
    
	
   
	

	


	OLS
	0.2361
	0.2361
	0.2361
	0.2361
	0.2361
	0.2361

	ORR
	0.0859
	0.0770
	0.0967
	0.1853
	0.2423
	0.0965

	UTPE
	0.1851
	0.1797
	0.1906
	0.2225
	0.1220
	0.1378

	MUTP
	0.0716
	0.0638
	0.0815
	0.1750
	0.2419
	0.0935




From Table 3.13 and Figures (3.1 to 3.5), the proposed estimator had the best performance in the sense of a smaller SMSE expect () where the UTPE estimator is better than of them. This study gives us a broad view on the behavior of the estimators and when they can be used to give a good performance compared to the other suggested estimators.
.

[bookmark: _Toc57556629]Figure 3.1: The SMSE of ridge estimators of (OLS, ORR, UTPE and MUTP) where d=0.1

[bookmark: _Toc57556630]Figure ‎3.2: The SMSE of ridge estimators of (OLS, ORR, UTPE and MUTP) where d=0.5

[bookmark: _Toc57556631]Figure ‎3.3: The SMSE of ridge estimators of (OLS, ORR, UTPE and MUTP) where d=0.9
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Conclusions and Recommendations



In this chapter, we concluded the most important results that are made from all methods using the biased estimator methods. We also give some recommendation for a future work. 
[bookmark: _Toc59655095]Conclusions
1-  The biased estimators performed better in different situations than OLS except when σ = 0.1, where in this case, the OLS estimator will be better.
2- By comparing the performance of the families of biased estimators, we found that, the family of ridge regression estimators doing well for different sample size, some levels of correlation and σ. Then we can say that when correlation and σ increasing, the family of principal component estimators doing well in the sense that , it gives the minimum EMSE.  
3- When we go inside of the family of ridge regression estimators, we found that, the MURR is the best estimator in the sense that, it gives minimum EMSE for different correlations, sample size and σ. Also, the AUGRE will be the best one when σ = 1 for different level of correlation and simple size.
4- The MCRRE in the family of principal component estimators is the best one comparing to other estimators in this family for different correlations, sample size and when σ = 5, 10.
5- The LTE estimator in the family of hybrids will be the best according to the limitation of this study when d=0.1and n=50, 100, 150, in different degrees of correlation when σ = 5, 10 .The estimators KDC and TEKD when d=0.5, σ =1, 5, 10 n=50, 100 and φ=0.95) are giving better results for some estimated ridge parameter.
6- When the sample size and σ increasing and for different levels of correlation, the best performance for estimating ridge parameter was by KM8. Also, when n=50 , σ=10 and for different levels of correlation, the AV1 is best estimator for estimating  ridge parameter. The estimated ridge parameters MED and HMO have minimum estimated mean squared error for the some sample sizes regardless of correction and σ.
7- The proposed estimated ridge parameters (MU1-MU5) are well-behaved comparing to others estimated ridge parameter, especially with MCRRE estimator in different level of correlation, sample size and σ .
8- The proposed MUTP estimator has achieved the best performance among the other three estimators OLS, ORR and UTPE which gave minimum EMSE value.  

[bookmark: _Toc59655096]Recommendations
1- When σ = 0.1, we recommend not to use the biased estimation as a procedure to solve the problem of multicollinearity, where the OLS estimator will be better.
2- When σ = 1, we recommend to use the estimator AUGRE for deferent sample size and some deferent levels of correlations.
3- We recommend to use the estimator MCRRE instead of OLS for deferent sample size and some deferent levels of correlations when σ = 5, 10.
4- We recommend to use the proposed MUTP estimator instead of ORR and UTP according to the limitation of this study.
5- When the number of explanatory variables equal five, the ridge parameter, we recommend to use KM8, AV1, MED and HMO as estimators for k, where they are giving minimum mean squared error compared to others. 
6- We recommend to use the philosophy of combining two estimators to get new estimator that can take the advantages of both estimators and consequently, to give well performance.
7- 
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%inter n the sample size and the degree of correlation roh
function [n,roh,s,p]=  data_simulation_study  (n,roh,s)
dd=zeros(44,16);
z=normrnd(0,1,n,6);
x1=sqrt(1-roh^2)*z(:,1)+roh*z(:,6);
x2=sqrt(1-roh^2)*z(:,2)+roh*z(:,6);
x3=sqrt(1-roh^2)*z(:,3)+roh*z(:,6);
x4=sqrt(1-roh^2)*z(:,4)+roh*z(:,6);
x5=sqrt(1-roh^2)*z(:,5)+roh*z(:,6);
X=[x1 x2 x3 x4 x5];
[n, p]=size(X);
 XX=corrcoef(X);
 XS=sqrt(1/n)*standardize(X);
 [V E]=eig(XS'*XS);
B=V(:,p);
epslon=normrnd(0,s,n,1);
XtX=XS'*XS;
 
for gg=1:10000
Y=B(1,1)*x1+B(2,1)*x2+B(3,1)*x3+B(4,1)*x4+B(5,1)*x5+epslon;
 YS=sqrt(1/n)*standardize(Y);
XtY=XS'*YS;
BETAOLS_STANDER=inv(XtX)*XtY; %beta ols
sigma_ols=(norm(YS-XS*BETAOLS_STANDER)^2)/(n-p);
for i=1:p
     EE(:,i)=E(:,p+1-i);
     VV(:,i)=V(:,p+1-i);
    for j=1:p
   EEE(j,i)=EE(p+1-j,i);
    end
end
EEE; % the matrix used as the eigen value matrix
VV;% the matrix used as the eigen vectot matrix
ZtY=VV'*XS'*YS;
ELFAOLS=EEE\ZtY;
%spectral decomposition of the matrix X'X 
for i=1:5
    Daig(i,i)=E(6-i,6-i);
    if (Daig(i,i)<=0.05 ) 
        Daig(i,i) = 0;
    else Daig(i,i);
        Va(:,i)=V(:,6-i);
    end
end
 
 [a1 c]=size(Va);
d=0.5;
a=1;
b=1;
cc=1;
ccc=1;
nnn=1;
nnnn=1;
oo=1;
yy=1;
for i=1:p
    jjj(i)=EEE(i,i);
    sq(i)=sqrt(EEE(i,i));
    d1(i)=(EEE(i,i)*ELFAOLS(i,1))^2;
    ds(i)=EEE(i,i)*ELFAOLS(i,1)^2;
    dr(i)=sigma_ols/(ELFAOLS(i,1)^2);
    a=a*ELFAOLS(i,1)^2;
    TT(i)=ELFAOLS(i,1)^2;
    ff(i)=(EEE(i,i)*sigma_ols)/((n-p)*sigma_ols+EEE(i,i)*ELFAOLS(i,1)^2);
    b=b*(ff(i))^(1/p);
    cc=(cc*(1/(sqrt(dr(i)))))^(1/p);
    ccc=(ccc*dr(i))^(1/p);
    oo=oo*(2*sigma_ols/(max(jjj)*TT(i)));
    sqer(i)=sqrt(dr(i));
    oooo(i)=1/(sqer(i));
    yy=yy*(max(jjj)*TT(i)/(2*sigma_ols));
 
    jj(i)=(jjj(i))*sigma_ols/((n-p)*sigma_ols+jjj(i)*ELFAOLS(i,1)^2);
      mmm(i)=ELFAOLS(i,1)^2/(1+(1+EEE(i,i)*(ELFAOLS(i,1)^2/sigma_ols)^(1/2)));
    VIF=diag(inv(corrcoef(XS)));
g(i)=(max(EEE(i,i))*sigma_ols)/(((n-p)*sigma_ols)+(max(EEE(i,i))*TT(i)));
    gg2(i)=1/g(i);
    nnn=nnn*(gg2(i))^(1/p);
    nnnn=nnnn*(g(i))^(1/p);
  
    mm1=2/(max(jjj)+min(jjj));
 
end
sss=max(jjj)*TT;
ddd1=sum(d1);
ddd2=(sum(ds))^2;
%Ridge Parameter k 
HK=sigma_ols/(max((ELFAOLS).^2));
HKB=p*sigma_ols/((ELFAOLS'*ELFAOLS));
LW=p*sigma_ols/((ELFAOLS'*EEE*ELFAOLS));
HSL=sigma_ols*(ddd1/ddd2);
HMO=p*sigma_ols/sum(mmm);
AM=(1/p)*sum(dr);
GM=sigma_ols/a^(1/p);
MED=median(dr);
KS=(max(jjj)*sigma_ols)/((n-p)*sigma_ols+max(jjj)*max(TT));
KS_arith=(1/p)*sum(ff);
KS_max=max(ff);
KS_md=median(ff);
KM1=b;
KM2=max(oooo);
KM3=max(sqrt(dr));
KM4=cc;
KM5=ccc;
KM6=median(oooo);
KM7=median(sqrt(dr));
KD=max(0,HKB-(1/(n*max(VIF))));
KM8=max(gg2);
KM9=max(g);
KM10=(nnn);
KM11=nnnn;
KM12=median(gg2);
GK=HK+(mm1');
A1=p^2*sigma_ols/(((max(jjj))^2)*sum(TT));
A2=p^3*sigma_ols/(((max(jjj))^3)*sum(TT));
A3=p*sigma_ols/((max(jjj))^(1/3)*sum(TT));
A4=p*sigma_ols/((sum(sq))^(1/3)*sum(TT));
A5=2*p*sigma_ols/(sqrt(max(jjj))*sum(TT));
AV1=sigma_ols/(median(TT))^2;
AV2=sqrt(median(TT));
B1=HKB+1/((max(jjj))*(ELFAOLS'*ELFAOLS));
B2=HKB+(1/(2*(sqrt(max(jjj)/min(jjj)))));
AB1=max(2*sigma_ols/(sss'));
AB2=max((max(jjj)*TT)/(2*sigma_ols));
AB3=oo^(1/p);
AB4=yy^(1/p);
MU1=sum(TT)*(median(jjj)/(max(jjj)));
MU2=abs(LW-HKB);
MU3=min(sqrt((max(jjj)*TT)/(sigma_ols)));
MU4=max(sqrt((min(jjj)*TT)/(sigma_ols)));
MU5=max((min(jjj)*TT)/(sqrt(sigma_ols)));
% matrix all (k)
k_hk=[HK;HKB;LW;HSL;HMO;AM;GM;MED;KS;KS_arith;KS_max;KS_md;KM1;KM2;KM3;KM4;KM5;KM6;KM7;KD;KM8;KM9;KM10;KM11;KM12;GK;A1;A2;A3;A4;A5;AV1;AV2;B1;B2;AB1;AB2;AB3;AB4;MU1;MU2;MU3;MU4;MU5];
%prior information J
JJ=abs((sum(ELFAOLS))/p);
 
id=[1 1 1 1 1]';
J=JJ*id; 
%Estimators 
for h=1:44
% 1-BETAOLS
BETAOLS(:,h)= BETAOLS_STANDER;
%2 Ridge Regression 
BETA_R1(:,h)=inv(EEE+k_hk(h)*eye(p))*ZtY;
BETA_R(:,h)=VV*BETA_R1(:,h);
 
%3-battah and gore
BETA_J_k1(:,h)=((eye(p)-(k_hk(h)*inv(EEE+k_hk(h)*eye(p)))))*(inv(EEE+k_hk(h)*eye(p)))*(ZtY+k_hk(h)*J);
BETA_J_k(:,h)=VV*BETA_J_k1(:,h);
%4-chaubey
A=(EEE+k_hk(h)*eye(p));
AC=(inv(A)*k_hk(h)*eye(p))*(inv(A)*k_hk(h)*eye(p));
BETA_C_U1(:,h)=(eye(p)-AC)*ELFAOLS;
BETA_C_U(:,h)=VV*BETA_C_U1(:,h);
%5-PCR Estimator
BETA_PCR=Va*inv(Va'*XtX*Va)*Va'*XtY;
BETAPCR(:,h)=BETA_PCR;
 
%6-BETA(r-k) estimator
BETA_R_k(:,h)=Va*inv(Va'*XtX*Va+k_hk(h)*eye(c))*Va'*XtY;
 
%7-Battah and ozkale and gore
BETA_R_k_J(:,h)=Va*inv(Va'*XtX*Va+k_hk(h)*eye(c))*Va'*(XtY+k_hk(h)*J);
%8-Liu
BETA_d1(:,h)=inv(EEE+eye(p))*(ZtY+d*ELFAOLS);
BETA_d(:,h)=VV*BETA_d1(:,h);
%9- Akdeniz and Kaciranlar 
DDDD=(inv(EEE+eye(p)))*(inv(EEE+eye(p)));
BETA_d_au1(:,h)=((eye(p)-(DDDD*(eye(p)-eye(p)*d)^2)))*ELFAOLS;
BETA_d_au(:,h)=VV*BETA_d_au1(:,h);
%10-BETA(r-d) estimator
BETA_R_d(:,h)=Va*inv(Va'*XtX*Va+eye(c))*((Va'*XtY)+(d*Va'*BETA_PCR));
%11-Liu 2003
BETA_K_LD1(:,h)=(inv(EEE+k_hk(h)*eye(p)))*((ZtY)-(d*ELFAOLS));
BETA_K_LD(:,h)=VV*BETA_K_LD1(:,h);
%12-Ozkale and kariranal
BETA_K_D1(:,h)=(inv(EEE+k_hk(h)*eye(p)))*(ZtY+k_hk(h)*d*ELFAOLS);
BETA_K_D(:,h)=VV*BETA_K_D1(:,h);
%13-Sadullah and Selahattin, (2008) 
BETA_KDC1(:,h)=(inv(EEE+eye(p)))*(ZtY+d*(inv(EEE+k_hk(h)*eye(p))*ZtY));
BETA_KDC(:,h)=VV*BETA_KDC1(:,h);
%14-Yang H. and Chang 2010
BETA_TEKD1(:,h)=(inv(EEE+eye(p)))*(EEE+d*eye(p))*(inv(EEE+k_hk(h)*eye(p))*ZtY);
BETA_TEKD(:,h)=VV*BETA_TEKD1(:,h);
%15-Wu and yang
BETA_A_U_T_P_k_d1(:,h)=(eye(p)-(k_hk(h)^2*(1-d)^2)*(EEE+k_hk(h)*eye(p))^-2)*ELFAOLS;
BETA_A_U_T_P_k_d(:,h)=VV*BETA_A_U_T_P_k_d1(:,h);
%16- MRT estimator Adewale F. Lukman
BETA_MRT1(:,h)=inv(EEE+(k_hk(h)*(1+d)*eye(p)))*EEE*ELFAOLS;
BETA_MRT(:,h)=VV*BETA_MRT1(:,h);
 
%mean squared error matrix 
MSE_B_OLS(:,h)=(BETAOLS(1:5,h)-B)'*(BETAOLS(1:5,h)-B);
MSE_B_R(:,h)=(BETA_R(1:5,h)-B)'*(BETA_R(1:5,h)-B);
MSE_B_J_k(:,h)=(BETA_J_k(1:5,h)-B)'*(BETA_J_k(1:5,h)-B);
MSE_B_C_U(:,h)=(BETA_C_U(1:5,h)-B)'*(BETA_C_U(1:5,h)-B);
MSE_B_PCR(:,h)=(BETAPCR(1:5,h)-B)'*(BETAPCR(1:5,h)-B);
MSE_B_R_k(:,h)=(BETA_R_k(1:5,h)-B)'*(BETA_R_k(1:5,h)-B);
MSE_B_R_k_J(:,h)=(BETA_R_k_J(1:5,h)-B)'*(BETA_R_k_J(1:5,h)-B);
MSE_d(:,h)=(BETA_d(1:5,h)-B)'*(BETA_d(1:5,h)-B);
MSE_d_au(:,h)=(BETA_d_au(1:5,h)-B)'*(BETA_d_au(1:5,h)-B);
MSE_R_D(:,h)=(BETA_R_d(1:5,h)-B)'*(BETA_R_d(1:5,h)-B);
MSE_K_LD(:,h)=(BETA_K_LD(1:5,h)-B)'*(BETA_K_LD(1:5,h)-B);
MSE_B_K_D(:,h)=(BETA_K_D(1:5,h)-B)'*(BETA_K_D(1:5,h)-B);
MSE_KDC(:,h)=(BETA_KDC(1:5,h)-B)'*(BETA_KDC(1:5,h)-B);
MSE_TEKD(:,h)=(BETA_TEKD(1:5,h)-B)'*(BETA_TEKD(1:5,h)-B);
MSE_B_A_U_T_P_k_d(:,h)=(BETA_A_U_T_P_k_d(1:5,h)-B)'*(BETA_A_U_T_P_k_d(1:5,h)-B);
MSE_B_MRT(:,h)=(BETA_MRT(1:5,h)-B)'*(BETA_MRT(1:5,h)-B);
 
       end
 
 
MSEM_all(:,:,gg)=[MSE_B_OLS',MSE_B_R',MSE_B_J_k',MSE_B_C_U',MSE_B_PCR',MSE_B_R_k',MSE_B_R_k_J',MSE_d',MSE_d_au',MSE_R_D',MSE_K_LD',MSE_B_K_D',MSE_KDC',MSE_TEKD',MSE_B_A_U_T_P_k_d',MSE_B_MRT'];
   dd(1:44,1:16)=dd(1:44,1:16)+MSEM_all(1:44,1:16);
 
 
end
%Estimated mean squared error
 
OLS=dd(1:44,1)/10000;
ORR=dd(1:44,2)/10000;
MURR=dd(1:44,3)/10000;
AUGRE=dd(1:44,4)/10000;
PCR=dd(1:44,5)/10000;
RKCE=dd(1:44,6)/10000;
MCRRE=dd(1:44,7)/10000;
LE=dd(1:44,8)/10000;
AULE=dd(1:44,9)/10000;
RDK=dd(1:44,10)/10000;
LTE=dd(1:44,11)/10000;
TPE=dd(1:44,12)/10000;
KDC=dd(1:44,13)/10000;
TEKD=dd(1:44,14)/10000;
AUTPE=dd(1:44,15)/10000;
MRTTP=dd(1:44,16)/10000;
AL=[OLS ORR MURR AUGRE PCR RKCE MCRRE LE AULE RDK LTE TPE KDC TEKD AUTPE MRTTP]
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المستخلص
التقدير المتحيز هو أحد أكثر الطرق شيوعا للحد من تأثير مشكلة التداخل الخطي. وقد اقترحت دراسات عديدة عدة مقدرات تم تطبيقها بنجاح لتقليل تأثير هذه المشكلة في التقدير. ومع ذلك، لا يزال الباحثون يحسنون هذه الطرق لاختيار أفضل مقدر يمكنه حل مشكلة التداخل الخطي.
في هذه الرسالة، تمت دراسة مفهوم التقدير المتحيز كاحد الحلول لمشكلة لتقليل تأثير التداخل الخطي على تقدير المعلمة. لقد درسنا ثلاث طرق رئيسية للتقدير المتحيز هي: عائلة مقدر انحدار الحافة وعائلة مقدر انحدار المكونات الرئيسية وعائلة المقدرات الهجينة. وعلى وجه التحديد، قمنا بدراسة 16 مقدراً من بين هذه المقدرات المتحيزة التي تم اقتراحها في البحوث وقمنا بالمقارنة بين هذه المقدرات باستخدام المحاكاة بالاعتماد على متوسط مربعات الخطأ المقدرة. كما درسنا 39 مقدرا من معلمة الحافة (k) التي قدمت أيضا في البحوث واقترحنا 5 معلمات أخرى جديدة وعمل مقارنة بين جميع معلمات الحافة مع الـ 16 مقدرا للعثور على أفضل مقدّر الذي يمكن استخدامه لتقليل تأثير التداخل الخطي في حالات مختلفة. وقد وجدنا ان نتائج هذه المقارنة أن المقدرات ) modified unbiased ridge regression, almost unbiased generalized ridge estimator and modified (r-k) class ridge regression estimator) هي أفضل المقدرات من 16. وكذلك أظهرت نتائج دراسة المحاكاة أن KM8 هو أفضل مقدر بين كل معلمات الحافة. 
عندما يتوفر مقدران مختلفان للمعلمة، فمن المأمول أن ترث مجموعة من هذين المقدرين مزايا كليهما.مع كل من ordinary ridge regression and the unbiased two-parameter estimator.  اقترحنا مقدّراً متحيزاً جديداً اسمه modified unbiased two-parameter estimator. تم دراسة أداء المقدّر المقترح مقارنة مع بعض المقدرات. كما تم تقديم دراسة المحاكاة لدعم النتائج، وقارنا نتائج دراسة المحاكاة لمقدر modified unbiased two-parameter مع ثلاثة مقدرات آخرى التي تم اقتراحها في البحوث وهي؛ ordinary least squares estimator, ordinary ridge regression and the unbiased two-parameter estimator للكشف عن أفضل المقدّر الذي يمكن أن يعطي أداء أفضل من المقدرات الاخرى. ومن الجدير بالذكر أن المقدّر الجديد المقترح قد أظهر أداءً أفضل من المقدّرات الثلاثة المختارة. ولذلك، يمكن القول بوضوح إن المقدّر المقترح الجديد قد تميز بأداء أفضل من المقدرات الباقية.  
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