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Abstract. The direct and inverse algebraic polynomials approximation theorems in weighted 

spaces of unbounded functions are proved by using modulus of smoothness. Also, we obtain 

sharp Jackson ( direct ) inequality of algebraic approximation of unbounded functions in terms 

modulus of smoothness . In addition, constructive  characterization of modulus of  smoothness 

are considered. 

1. Introduction 

Approximation problems concerning algebraic polynomials was recently studied in various spaces of 

algebraic polynomials for example , in the papers [6] , [9] , [12] , [14] , [15] and [17] . 

Approximation problems for functions of one variable were also studied by many mathematicians. 

Some of these results can be found in  [10] , [11] , [16] and [18] . For more general doubling weighted 

direct and converse algebraic approximation problems was investigated in [2] ,[8] and [13]. For a 

general discussion of weighted polynomial approximation was can refer to the [1] and [7]. 

Some direct and converse approximation by relational algebraic polynomials of some weighted 

bounded functions spaces defined on sufficiently modulus of smooth are investigates in [3] and [4] . 

In the present work we consider the improved direct and inverse approximation theorems by algebraic 

polynomials by using modulus of smoothness in the weighted space 𝐿𝑝,𝛼(𝑋)  , 1 ≤ 𝑝 < ∞ . 

For formulation of the problem we need some further notations properties.  

Let 𝑋 = [0, 1] and 𝐿𝑝(𝑥) , 1 ≤ 𝑝 < ∞  be the space of all bounded functions with norm equipped : 

‖𝑓‖𝑝 = (∫|𝑓(𝑥)|
𝑝𝑑𝑥

𝑋

)

1
𝑝

 < ∞                                 (1.1) 

Let 𝛼 be a weight function defined by : 

𝛼 ∶ 𝑋 →  ℝ+  , and 𝐿𝑝,𝛼(𝑥)  the space of all unbounded functions with norm equipped : 

‖𝑓‖𝑝,𝛼 = (∫|𝑓(𝑥). 𝛼(𝑥)|
𝑝𝑑𝑥

𝑋

)

1
𝑝

 < ∞                       (1.2) 

For k = 1 , 2 , ….. the modulus of smoothness of the function  

𝑓 ∈ 𝐿𝑝,𝛼(𝑋) is defined by : 
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𝜔𝑘( 𝑓 , 𝛿 )𝑝,𝛼 = sup
|ℎ|≤𝛿

{‖∆ℎ 
𝑘 𝑓(𝑥)‖

𝑝,𝛼
    ,   𝛿 > 0}                       (1.3) 

where 

∆ℎ 
𝑘 𝑓(𝑥) =  ∑(−1)𝑘−𝑖

𝑘

𝑖=0

 (
𝑘

𝑖
) 𝑓(𝑥 + 𝑖ℎ)                                  (1.4) 

Let Ρ𝑛(𝑛 = 0,1,… . . ) be the set of algebraic polynomial of degree at most less than or equal n  and let 

𝐸𝑛(𝑓)𝑝,𝛼  be the degree of best approximation of 𝑓 ∈ 𝐿𝑝,𝛼(𝑋) by the polynomial 

 𝑝𝑛 in Ρ𝑛 given by : 

𝐸𝑛( 𝑓 )𝑝,𝛼 = inf
𝑝𝑛∈Ρ𝑛

‖𝑓 − 𝑝𝑛‖𝑝,𝛼                                                (1.5)  

     There are many results on approximation of functions belong to 𝐿𝑝,𝛼(𝑋)  spaces , 1 ≤ 𝑝 < ∞ . 

Especially , the classical Jackson theorem ( direct theorem ) .  

𝐸𝑛( 𝑓 )𝑝,𝛼 ≤ 𝑐𝜔𝑟 ( 𝑓 ,
1

𝑛
 )
𝑝,𝛼
  , 𝑛 = 1,2, …….                         (1.6) 

and its weak converse  

𝜔𝑟 ( 𝑓 ,
1

𝑛
 )
𝑝,𝛼
 ≤  

𝑐

𝑛2𝑟
 ∑(𝑘 + 1)2𝑟−1
𝑛

𝑘=0

𝐸𝑘( 𝑓 )𝑝,𝛼                                                 (1.7) 

Where  n = 1 , 2, ……. 

2. Auxiliary results 

In this section, we will mention some of the lemmas that we will need to proving the theorems of the 

main results, As well as we will prove some properties of the modulus of smoothness . 

 

Lemma 2.1 :  [ 5 ] 
Let { 𝑦𝑖} be a sequence of the real numbers be satisfy  

| 𝑦𝑖| ≤  𝒦  , ∑ |𝑦𝑖 − 𝑦𝑖+1|
2𝑘−1
𝑖=2𝑘−1 ≤  𝒦  𝑓𝑜𝑟 𝑎𝑙𝑙  𝑖 , 𝑘 ∈ ℕ ,𝒦 > 0   

If  1 < 𝑝 < ∞ , 𝛽 ∈ 𝒦𝑝  𝑎𝑛𝑑 𝑓 ∈ 𝐿𝑝,𝛽(𝑋) , then there is a function       ℱ ∈ 𝐿𝑝,𝛽(𝑋) such that 

‖ℱ‖𝑝,𝛽  ≤ 𝑐 𝒦‖ℱ‖𝑝,𝛽 

Lemma 2.2 : [ 5 ] 
Let  𝑛 ∈ ℕ , 1 ≤ 𝑝 < ∞  𝑎𝑛𝑑  𝑓 ∈ 𝐿𝑝,𝛼(𝑋) , then : 

𝑐 ‖(∑|∆𝑢|
2

∞

𝑢=1

)

1
2

‖

𝑝,𝛼

≤ ‖∑𝐶𝑢𝑝𝑛
𝑖𝑢𝑥

∞

𝑢=1

‖

𝑝,𝛼

≤  𝑐 ‖(∑|Δ𝑢|
2

∞

𝑢=1

)

1
2

‖

𝑝,𝛼

 

 

Lemma 2.3 : Let 𝑓 ∈ 𝐿𝑝,𝛼(𝑋), 1 ≤ 𝑝 < ∞ , 𝑘 ∈ ℕ , 𝛿 > 0 , Then  

𝜔𝑘( 𝑓 , 𝛿 )𝑝,𝛼 ≥ 0 

Proof : we have 

𝜔𝑘( 𝑓 , 𝛿 )𝑝,𝛼 = sup
|ℎ|≤𝛿

{‖∆ℎ 
𝑘 𝑓( . )‖

𝑝,𝛼
    } 

                       = sup
|ℎ|≤𝛿

 {  ‖∑ (−1)𝑘−𝑖𝑘
𝑖=0  (𝑘

𝑖
)𝑓( . +𝑖ℎ)‖

𝑝,𝛼
   } 

                          since   ‖∑ (−1)𝑘−𝑖𝑘
𝑖=0  (𝑘

𝑖
)𝑓( . +𝑖ℎ)‖

𝑝,𝛼
≥ 0 

                            implies  ‖∆ℎ 
𝑘 𝑓( . )‖

𝑝,𝛼
≥ 0  

                            Hence  sup
|ℎ|≤𝛿

{‖∆ℎ 
𝑘 𝑓( . )‖

𝑝,𝛼
    } ≥ 0 
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                                𝜔𝑘( 𝑓 , 𝛿 )𝑝,𝛼  ≥ 0    .                                             

 

Lemma 2.4 : Let 𝑓 ∈ 𝐿𝑝,𝛼(𝑋), 1 ≤ 𝑝 < ∞ , 𝑘 ∈ ℕ , 𝛿 > 0 , Then  

                         𝜔𝑘( 𝑓 , 𝛿 )𝑝,𝛼  → 0   𝑎𝑠  𝛿 → 0 

Proof :  

let 𝛿 =
1

𝑛
  

𝜔𝑘( 𝑓 , 𝛿 )𝑝,𝛼 = 𝜔𝑘 ( 𝑓 ,
1

𝑛
 )
𝑝,𝛼
=   sup

|ℎ|≤
1
𝑛

{‖∆ℎ 
𝑘 𝑓( . )‖

𝑝,𝛼
    } 

                                  = sup
|ℎ|≤

1

𝑛

{‖∆ℎ 
𝑘−1∆ℎ 

1 𝑓( . )‖
𝑝,𝛼
    } 

= sup
|ℎ|≤

1
𝑛

{‖∆ℎ 
𝑘−1 [𝑓( . ) − 𝑓( . +

1

𝑛
 )]‖

𝑝,𝛼
    } 

If  𝑛 → ∞ then  
1

𝑛
 → 0      

= sup
|ℎ|≤

1

𝑛

{‖∆ℎ 
𝑘−1[𝑓( . ) − 𝑓( . )]‖

𝑝,𝛼
    } = sup

|ℎ|≤
1

𝑛

{‖∆ℎ 
𝑘−1. [0]‖

𝑝,𝛼
    }    

= sup
|ℎ|≤

1

𝑛

 ‖0‖𝑝,𝛼 = 0. 

Lemma 2.5 : Let 𝑓 , 𝑔 ∈ 𝐿𝑝,𝛼(𝑋), 1 ≤ 𝑝 < ∞ , 𝑘 ∈ ℕ , 𝛿 > 0 , Then       𝜔𝑘( 𝑓 + 𝑔 , 𝛿 )𝑝,𝛼  ≤  

𝜔𝑘( 𝑓 , 𝛿 )𝑝,𝛼 + 𝜔𝑘( 𝑔 , 𝛿 )𝑝,𝛼 

 Proof :   𝜔𝑘( 𝑓 + 𝑔 , 𝛿 )𝑝,𝛼 = sup
|ℎ|≤𝛿

{‖∆ℎ 
𝑘 (𝑓 + 𝑔)( . )‖

𝑝,𝛼
    } 

        = sup
|ℎ|≤𝛿

{‖∆ℎ 
𝑘 𝑓( . ) + ∆ℎ 

𝑘 𝑔( . )‖
𝑝,𝛼
    } 

       ≤   sup
|ℎ|≤𝛿

{‖∆ℎ 
𝑘 𝑓( . )‖

𝑝,𝛼
+  ‖∆ℎ 

𝑘 𝑔( . )‖
𝑝,𝛼
  } 

= sup
|ℎ|≤𝛿

{‖∆ℎ 
𝑘 𝑓( . )‖

𝑝,𝛼
  } + sup

|ℎ|≤𝛿
 {‖∆ℎ 

𝑘 𝑔( . )‖
𝑝,𝛼
  } 

= 𝜔𝑘( 𝑓 , 𝛿 )𝑝,𝛼 + 𝜔𝑘( 𝑔 , 𝛿 )𝑝,𝛼 

Lemma 2.6 : Let 𝑓 ∈ 𝐿𝑝,𝛼(𝑋), 1 ≤ 𝑝 < ∞ , 𝑘 ∈ ℕ , 𝛿 , 𝑐 > 0 , Then 𝜔𝑘( 𝑓 , 𝑐𝛿 )𝑝,𝛼  ≤

𝑐𝑘  𝜔𝑘( 𝑓 , 𝛿 )𝑝,𝛼. 

Proof :          𝜔𝑘( 𝑓 , 𝑐𝛿 )𝑝,𝛼 = sup
|ℎ|≤𝑐𝛿

 {‖∆ℎ 
𝑘 𝑓( . )‖

𝑝,𝛼
} 

≤ sup
|ℎ|≤𝑐𝛿

 {‖∆𝑐𝛿 
𝑘 𝑓( . )‖

𝑝,𝛼
  } 

= sup
|ℎ|≤𝑐𝛿

 {‖(𝑐𝛿)𝑘 𝐷𝑘𝑓( . )‖
𝑝,𝛼
  }  

= 𝑐𝑘  sup
|ℎ|≤𝑐𝛿

 {‖𝛿𝑘 𝐷𝑘𝑓( . )‖
𝑝,𝛼
  } 
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= 𝑐𝑘  sup
|ℎ|≤𝑐𝛿

 {‖∆𝛿 
𝑘 𝑓( . )‖

𝑝,𝛼
  } 

= 𝑐𝑘  𝜔𝑘( 𝑓 , 𝛿 )𝑝,𝛼      

Lemma 2.7 : Let 𝑓 ∈ 𝐿𝑝,𝛼(𝑋), 1 ≤ 𝑝 < ∞ , 𝑘 ∈ ℕ  , Then 𝜔𝑘( 𝑓 , 𝛿1 )𝑝,𝛼  ≤

 𝜔𝑘( 𝑓 , 𝛿2 )𝑝,𝛼   for every  𝛿1 ≤ 𝛿2 , 𝛿1, 𝛿2 > 0 

Proof : 

𝜔𝑘( 𝑓 , 𝛿1 )𝑝,𝛼 = sup
|ℎ|≤𝛿1

 {‖∆ℎ 
𝑘 𝑓( . )‖

𝑝,𝛼
  } 

                                         ≤ sup
|ℎ|≤𝛿2

 {‖∆ℎ 
𝑘 𝑓( . )‖

𝑝,𝛼
  }  𝑠𝑖𝑛𝑐𝑒 𝛿1 ≤ 𝛿2  

                                        = 𝜔𝑘( 𝑓 , 𝛿2 )𝑝,𝛼 . 

Lemma 2.8 : Let 𝑓 , 𝑓́ ∈ 𝐿𝑝,𝛼(𝑋), 1 ≤ 𝑝 < ∞ , 𝑘 ∈ ℕ , 𝛿 > 0 , Then   𝜔𝑘( 𝑓 , 𝛿 )𝑝,𝛼  ≤
𝛿

2
 𝜔𝑘−1( 𝑓́ , 𝛿 )𝑝,𝛼    where  𝑓́ is the first derivative of a function f  

Proof :      We have the difference ∆ℎ 
𝑘 𝑓(𝑥) =  ∆ℎ 

𝑘−1(∆ℎ 
1 𝑓(𝑥)) 

                        = ∆ℎ 
𝑘−1 [ 𝑓(𝑥 + 𝐻) − 𝑓(𝑥 − 𝐻)] 

‖∆ℎ 
𝑘 𝑓( . )‖

𝑝,𝛼
= ‖ ∆ℎ 

𝑘−1 [ 𝑓( . +𝐻) − 𝑓( . −𝐻)] ‖
𝑝,𝛼

 

                 = ‖ ∆ℎ 
𝑘−1 [ 𝑓( . +𝐻) − 𝑓( . ) + 𝑓( . ) − 𝑓( . −𝐻)] ‖

𝑝,𝛼
 

                = ‖∆ℎ 
𝑘−1 [ 𝑓( . +𝐻) − 𝑓( . )] − ∆ℎ 

𝑘−1 [𝑓( . −𝐻) − 𝑓( . )]‖
𝑝,𝛼

 

= ‖ ∆ℎ 
𝑘−1∫ 𝑓́ ( . +𝐿)𝑑𝐿 − ∆ℎ 

𝑘−1∫  𝑓́ ( . −𝐿 )𝑑𝐿 

ℎ

0

ℎ

0

‖

𝑝,𝛼

 

≤ ∫‖ ∆ℎ 
𝑘−1 [ 𝑓́ ( . +𝐿) − 𝑓́ ( . −𝐿 )] ‖

𝑝,𝛼

ℎ

0

 𝑑𝐿  

≤ ∫𝜔𝑘−1( 𝑓́ , 𝛿 )𝑝,𝛼

ℎ

0

𝑑𝐿 ≤  
𝛿

2
𝜔𝑘−1( 𝑓́ , 𝛿 )𝑝,𝛼 

3. Main results  

Let X denote the one-dimensional [ 0 , 1 ] we denote by  

𝐿𝑝,𝛼(𝑋) , 1 ≤ 𝑝 < ∞  the space of all unbounded functions 𝑓 of one variable on [ 0 , 1 ] in each 

variable and satisfy  

‖𝑓‖𝑝,𝛼  <  ∞ where : 

   ‖𝑓‖𝑝,𝛼 = {
(∫ |𝑓(𝑥). 𝛼(𝑥)|𝑝𝑑𝑥
𝑥

)

1

𝑝

𝑒𝑠𝑠 𝑠𝑢𝑝|𝑓(𝑥)|   ,    𝑝 = ∞

 , 1 ≤ 𝑝 < ∞   

In the following give direct and converse approximation theorems for functions of one variable, which 

are our main results . 

 

Theorem 3.1 : let 𝑓 ∈ 𝐿𝑝,𝛼(𝑇)  , 1 ≤ 𝑝 < ∞  𝑎𝑛𝑑  0 < 𝛼 < 1   then the Jackson type inequality : 
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𝐸𝑛,𝑘( 𝑓 )𝑝,𝛼 ≤ 𝑐 𝜔𝑘 ( 𝑓 ,
1

𝑛
 )
𝑝,𝛼
  , 𝑛 = 1,2,……. 

 

Theorem 3.2 : let 𝑓 ∈ 𝐿𝑝,𝛼(𝑋) , 1 ≤ 𝑝 < ∞  , 𝑛 ∈ ℕ , 𝑟 ∈ ℝ
+  and      

   𝜆 = 𝑚𝑎𝑥{2, 𝑝} . then there exist positive constant c dependent on   r  and  p  such that  

𝑐

𝑛2𝑟
 (∑ 𝑢2𝜆𝑟−1 𝐸𝑢

𝜆 (𝑓 )𝑝,𝛼
𝑛
𝑢=1 )

1

𝜆  ≤ 𝜔𝑟 (𝑓,
1

𝑛
) 

Theorem 3.3 : let 𝑓 ∈ 𝐿𝑝,𝛼(𝑇)  , 1 ≤ 𝑝 < ∞  𝑎𝑛𝑑  0 < 𝛼 < 1   ,  
then : 

𝜔𝑘 ( 𝑓 ,
1

𝑛
 )
𝑝,𝛼
 ≤  

𝑐(𝑘)

𝑛𝑘
 ∑ (𝑖 + 1)𝑘−1𝑛
𝑖=0 𝐸𝑖( 𝑓 )𝑝,𝛼 . 

4. Proofs of main results  

4.1 Proof of theorem 3.1 : 

Let 𝛿 =
1

𝑛 
 𝑎𝑛𝑑 Let 𝑓 ∈ 𝐿𝑝,𝛼(𝑋)  , 1 ≤ 𝑝 < ∞   and the operator of algebraic polynomial defined by : 

𝑉𝑛( 𝑓 , 𝑥 ) =
1

𝑛 + 1
∑ 𝑆𝑘(𝑓)(𝑥)    ,   𝑛 ∈ ℕ

2𝑛

𝑘=𝑛

 

We see that 𝑉𝑛 ∈ J2𝑛 for 𝑛 ∈ ℕ 

‖𝑓 − 𝑉𝑛(𝑓)‖𝑝,𝛼 ≤ 𝑐𝐸𝑛(𝑓)𝑝,𝛼 

because  𝐸𝑛(𝑓)𝑝,𝛼 = 𝑖𝑛𝑓 {‖𝑓 − 𝑝𝑛‖𝑝,𝛼   , 𝑝𝑛 ∈  𝒫𝑛}  

and we have ‖𝑉𝑛(𝑓)‖𝑝,𝛼  ≤ 𝑐 ‖𝑓‖𝑝,𝛼 

𝐸𝑛,𝑘(𝑓)𝑝,𝛼 = 𝑖𝑛𝑓 {‖𝑓 − 𝑉𝑛(𝑓)‖𝑝,𝛼     } 

≤ ‖𝑓 − 𝑉𝑛(𝑓)‖𝑝,𝛼  =  (∫|[𝑓(𝑥) − 𝑉𝑛(𝑓)(𝑥)]. 𝛼(𝑥)|
𝑝𝑑𝑥

𝑋

)

1
𝑝

 

≤ 𝑠𝑢𝑝 (∫|[𝑓(𝑥) − 𝑉𝑛(𝑓)(𝑥)]. 𝛼(𝑥)|
𝑝𝑑𝑥

𝑋

)

1
𝑝

 

 ≤ c sup
         |ℎ|≤𝛿

{‖∆ℎ 
𝑘 𝑓( . )‖

𝑝,𝛼
    } = 𝑐 𝜔𝑘( 𝑓 , 𝛿 )𝑝,𝛼 =   𝑐 𝜔𝑘 ( 𝑓 ,

1

𝑛
 )
𝑝,𝛼

 

4.2  Proof of theorem 3.2 :  

Since   𝑟 ∈ ℝ+ , 1 < 𝜆 < ∞  , 𝑛 ∈ ℕ  we assume that 𝑘 ∈ ℕ such that  

2𝑘 ≤ 𝑛 ≤  2𝑘+1 
By lemma 2.2 , we have   

(∑
𝜇2𝜆𝑟−1

𝑛2𝜆𝑟

𝑛

𝑢=1

 𝐸𝑢
𝜆 (𝑓)𝑝,𝛼)

1
𝜆

 ≤  (∑ ∑
𝜂2𝜆𝑟−1

𝑛2𝜆𝑟

2𝑖−1

𝜂=2𝑖−1

𝑘+1

𝑢=1

 𝐸𝜂
𝜆 (𝑓)𝑝,𝛼)

1
𝜆
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≤ (∑
22𝑢𝜆𝑟

𝑛2𝜆𝑟

𝑘+1

𝑢=1

 𝐸2𝑢−1−1
𝜆  (𝑓)𝑝,𝛼)

1
𝜆

 ≤  (∑
22𝑢𝜆𝑟

𝑛2𝜆𝑟

𝑘+1

𝑢=1

 ‖ ∑ 𝐶𝜂𝑝𝑛
𝑖𝜂𝑥

2𝑢−1

|𝜂|=2𝑢−1

‖

𝑝,𝛼

𝜆

)

1
𝜆

 

 

≤ 𝑐 

(

 
 
∑

22𝑢𝜆𝑟

𝑛2𝜆𝑟

𝑘+1

𝑢=1

 ‖‖(∑|∆𝑢|
2

∞

𝜂=𝑢

)

1
2

‖‖

𝑝,𝛼

𝜆

)

 
 

1
𝜆

 

 

Putting 1 < 𝑝 ≤ 2  , 𝜆 = 2 

By using Minkowskiʼs inequality , we have  

(∑
𝑢2𝜆𝑟−1

𝑛2𝜆𝑟

𝑛

𝑢=1

 𝐸𝑢
𝜆 (𝑓)𝑝,𝛼)

1
𝜆

 ≤ 𝑐 

(

  
 
∑

2𝑢𝜆𝑟

𝑛𝑢𝑟

𝑘+1

𝑢=1

‖‖(∑|∆𝑢|
2

∞

𝜂=𝑣

)

𝑝
2

‖‖

𝑝,𝛼

2
𝑝

)

  
 

 

≤ 𝑐 

(

 ∑
2𝑢𝑣𝑟

𝑛𝑢𝑟

𝑘+1

𝑢=1

‖∑|∆𝑢|
2

∞

𝜂=𝑢

‖

𝑝,𝛼

𝑝
2

)

  

≤ 𝑐 

(

 
 
‖‖(∑

2𝑢𝑣𝑟

𝑛𝑢𝑟

𝑘

𝑢=1

  |∆𝑢|
2 +

2𝑢𝑣𝑟(𝑘+1)

𝑛𝑢𝑟
∑ |∆𝜂|

2
∞

𝜂=𝑘+1

)

𝑝
2

‖‖

𝑝,𝛼)

 
 

 

≤ 𝑐0‖‖(∑
2𝑢𝑣𝑟

𝑛𝑢𝑟

𝑘

𝑢=1

  |∆𝑢|
2)

𝑝
2

‖‖

𝑝,𝛼

+ 𝑐1 ‖‖( ∑ |∆𝜂|
2

∞

𝜂=𝑘+1

  )

𝑝
2

‖‖

𝑝,𝛼

 

Using lemma 2.2 we can estimate G1 

𝐺1 = ‖‖( ∑ |∆𝜂|
2

∞

𝜂=𝑘+1

  )

1
2

‖‖

𝑝,𝛼

 ≤ 𝑐 ‖∑ 𝑐𝜂𝑝𝑛
𝑖𝑛𝑥

∞

𝜂=2𝑘

‖

𝑝,𝛼

 

≤ 𝑐 𝐸2𝑘−1(𝑓)𝑝,𝛼  ≤ 𝑐 𝜔𝑟( 𝑓,
1

𝑛
 )𝑝,𝛼 

On the other hand  

𝐺2 = ‖‖(∑
22𝑢𝑟

𝑛𝑢𝑟

𝑘

𝑢=1

  |∆𝑢|
2)

𝑝
2

‖‖

𝑝,𝛼

 ≤  ‖∑
22𝑢𝑟

𝑛2𝑟

𝑘

𝑢=1

 |∆𝑢|‖

𝑝,𝛼

 

≤ ‖∑ ∑
22𝑢𝑟

𝑛2𝑟
 |𝑐𝜂𝑝𝑛|

2𝑢−1

|𝜂|=2𝑢−1

𝑘

𝑢=1

‖

𝑝,𝛼

 

Now using lemma 2.2 twice , we get  
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𝐺2 ≤ 
𝑐 22𝑟

𝑛2𝑟
 ‖∑ 𝑝𝑛

∞

|𝜂|=1

 |𝑐𝜂 𝑝𝑛
𝑖𝜂𝑥
|‖

𝑝,𝛼

 ≤  
𝑐 22𝑟

𝑛2𝑟
 ‖(𝐼 − 𝜎1

𝑛
)
𝑟

 𝑓‖
𝑝,𝛼

 

= 
𝑐 22𝑟

𝑛2𝑟
 ‖(𝐼 − 𝜎1

𝑛
)
{𝑟}

 . (𝐼 − 𝜎)𝑟−{𝑟}𝑓‖
𝑝,𝛼

 ≤  𝑐 𝜔𝑟( 𝑓,
1

𝑛
 )𝑝,𝛼 

Therefore, the theorem followed 

If  𝑝 > 2  , 𝜆 = 𝑝 , then  

right hand ≤  𝑐 (∑
2𝑢𝑝𝑟

𝑛2𝑢𝑝𝑟
𝑘+1
𝑢=1 ‖(∑ |∆𝑢|

2∞
𝜂=𝑢 )

1

2‖
𝑝,𝛼

𝑝

)

1

𝑝

 

≤ 𝑐 

(

  
 
‖‖∑

2𝑢𝑝𝑟

𝑛2𝑢𝑝𝑟
(∑|∆𝑢|

2

∞

𝜂=𝑢

)

𝑝
2𝑘+1

𝑢=1

‖‖

𝑝,𝛼

1
𝑝

)

  
 

 

≤ 𝑐 

(

 ‖‖∑
2𝑢𝑝𝑟

𝑛𝑢𝑟
(∑|∆𝑢|

2

∞

𝜂=𝑢

)

𝑝
2𝑘+1

𝑢=1

‖‖

)

 

1
𝑝

 ≤ 𝑐 𝜔𝑟( 𝑓,
1

𝑛
 )𝑝,𝛼   

 

 4.3 : Proof of theorem 3.3 :  

Let 𝑓 ∈ 𝐿𝑝,𝛼(X)  for every natural number k there exist   a constant  c(k) depending on  k such that :  

𝜔𝑘 ( 𝑓 ,
1

𝑛
 )
𝑝,𝛼
 ≤  

𝑐(𝑘)

𝑛𝑘
 ∑(𝑖 + 1)𝑘−1
𝑛

𝑖=0

𝐸𝑖( 𝑓 )𝑝,𝛼  

Let 𝑝𝑘
∗  ∈  𝒫𝑛 be a best algebraic approximation of unbounded function 𝑓 and  𝑏 , 𝑏 + 𝑘ℎ ∈ X  

We have 0 ≤  ∆ℎ 
𝑘 𝑓(𝑏) 𝛼(𝑏) then : 

0 ≤  ‖∆ℎ 
𝑘 𝑓(𝑏) ‖

𝑝,𝛼
= ‖∑( 𝑖 + 1 )𝑘+𝑗

𝑘

𝑖=0

 𝑓 ( 𝑏 + 𝑖ℎ ) ‖

𝑝,𝛼

 

≤ ‖∑(
𝑘

𝑖
) | 𝑓 ( 𝑏 + 𝑖ℎ ) − 𝑝𝑘

∗  ( 𝑏 + 𝑖ℎ )| +∑(
𝑘

𝑖
) | 𝑝𝑘

∗  ( 𝑏 + 𝑖ℎ )|

𝑘

𝑖=0

𝑘

𝑖=0

‖

𝑝,𝛼

 

≤ 𝑠𝑢𝑝 ‖∆ℎ 
𝑘  𝑝𝑘

∗( 𝑏 + 𝑖ℎ )‖
𝑝,𝛼
+ ‖∑(

𝑘

𝑖
) | 𝑓(𝑏 + 𝑖ℎ ) − 𝑝𝑘

∗(𝑏 + 𝑖ℎ )|

𝑘

𝑖=0

‖

𝑝,𝛼

 

≤ 𝜔𝑘(  𝑝𝑘
∗  , 𝑏 , 𝛿) + ∑(

𝑘

𝑖
) ‖ 𝑓 − 𝑝𝑘

∗‖𝑝,𝛼

𝑘

𝑖=0
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≤ 
𝑐(𝑘)

𝑛𝑘
 ∑(

𝑘

𝑖
) 𝐸𝑖( 𝑓)𝑝,𝛼

𝑘

𝑖=0

 

5. Conclusion  

We can be approximated of unbounded functions by using algebraic polynomial in weighted space, also 

obtain sharp Jackson ( direct ) inequality of algebraic approximation of unbounded functions in terms 

modulus of smoothness. 
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