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We present an estimate of the degree of best multi approximation of unbounded
function on [—1,1]¢ by algebraic polynomials in weighted space. The studied of the
relation between the best approximation of derivatives functions in weighted space and
the best approximation of unbounded functions in the same space.

1. INTRODUCTION

This interest originated from the study of a certain class of
integro-differential equations and applications in error
estimations for singular integral equations. Following the
initial works of Kalandiya [1] and Pr'ossdorf [2], some
problems of approximation in H"older spaces have been
studied by Bloom and Elliott [3], loakimidis [4], Nevertheless,
most interesting and sharp results have been obtained for
approximation of algebraic functions (see, for example, [5]).

Also, the approximation problems of the unbounded
functions by algebraic polynomials in the weighted spaces
have been investigated by several authors. In particular, some
direct and inverse theorems in weighted and nonweighted
Lebesgue spaces with variable exponent have been obtained in
[6,7,8,9,10,11,12 and 13].

LetX = [-1,1] , L,,(X) be the space of all unbounded

functions with one variable such that ||f|l,, < o , where
1

p
IIfIlp.go=<f|f(x)-@(x)l”-dx> <o 1<p
X
< 0
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For k=1,2,...... the k — modulus of smoothness of the
function f € L, ,(X) is defined by

0i(f, e = supllAif O, 5 8>0

Where
k
- (k
AEF ) = Zo(—n"“ (;)re+im

Such that A¥f(x) is called the k — th difference of f at
point x within quantity h.

Let p, m=012,.... ) be the class of algebraic
polynomials

lakF Ol , < €GO iflg

And therefore, AXf(-) is defined almost everywhere on R
and Polynomial of degree less than or equal n and d there
E,(f)pp be the best approximation of f € L,,(X) by
elements of p,, , i.e.

En(f)p,go = inf {”f - pn”p,go ; Dn€ Ip)n} .
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Where g :[—1,1] — R* the weight function

Let X?=[-1,1]%, d€N, space L, (X% of all
unbounded functions of several variables, with f € LW(Xd)
given norm defined by

1
p
1l = | 170 p@Pax | <o, 1
xd
<p<o»

We consider the following linear operators
dq(s,j (f) ’ B(f(r)l 6’.) ’xi(f’.) ) and Tl(f") y defined
on L, ,(X4) such that

X(A=Y GU) ., n=012.
i=0
1 n n .
4
Falf.) = mzo %) = Z (1-—)an
= i=
neN

B(f,&,) :Z(si G,_(f,) ’

0<dé<1
=1
Ay (1) = XiF) + ) iyl
i=j
Where
j-1
L k si-k
By =By @ = Y ()-8
k=0
j—1
] 1(1 5)"ak6i i EN,0<6<1
= '’ - Aok ] ] ) -
| k
k=0k. 06

In the terms of Poisson integrals, one can give the
following interpretation of the derivative £ :

Assume that 0 < 6 < 1, then

B(f(r), 5’.)
aT
=67 B
6 as™ (.0,
)) (%)
The purpose of this paper is to investigate the operators
As,j(f) and B(f,d,") as the linear methods of approximation

of functions in the weighted spaces. In this case, our attention
is drawn to the relationship of the approximative properties of
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the sums As;(f)and B(f,6,) with the differential
properties of the function f, In addition, we study the
relationship between the derivatives of an algebraic
polynomial of best approximation and the best approximation
of unbounded functions of several variables in weighted
space.

2. RESULTS
2. 1. AUXILIARY RESULTS

We begin with the following lemma which needs it is in
our main results

Lemma 2.1. [11]. For r € R* let

. ay+ay+-+a,+- and

. a+2"a, +--+n"a, + -

Be two series in a Banach space (B, [|*]))

Let
n
k r
Ry’ ::Z(l_<n+1) )ak
k=1
And
n
. k o\
RY" = ; (1 - (=) )krak =12,

Then ||Rg)*

<c

For some c > o if and only if there exists R € B such
that

C
RO -Rl<>

Where ¢ and C are constants that depend only on one
another.

Lemma 2.2. [11]. Let f € L, ,(X?) , 1 <p < oo then there
are constants ¢, C > o such that

W7, ey < €lIfll s, ey and

”Sn(,f)” Lp,ga(Xd) < C”f” Lp,ga(Xd) fOI‘ n= 1,2,

Lemma 2.3. [11]. If k =1,2,3, ...
1<p<o ,then

and f € L,,""(X%) ,
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wy (f,6) Lpo(x%) < C52k||f2k||Lp’p(Xd) , 6>0.

With some constant ¢ > 0.

Lemma 2.4. Let p, € p, , and let r € R* then there exists
a constant ¢ > 0 independent of n and such that
Q) r
”pn ” Lp,p(xd) <cn ”pn” Lp,,go(Xd)
Proof: we can assume that ||p,,|| Lpp(x®) =1

Since

Pn = Zi=o(Ak(x) + A ()

We get

== RZ[(Ak(x) — AL @)/

And

(7’)

=i Zkr [(4cG0) = A () /7]

From lemma 2.2 we have

©) _

IR, (7, x)"L,,,p(xd) <clflly, ey m=123.. .x
eX® feL,,(X%)

and ”f” Xd) C”f”Lp_p(Xd) .

Constructed on that, we have

R (ﬁn)

C
n ”pn” Lp,go(xd)

”pn” Lpgfa(xd) =

po(X ")

n‘l"

By using lemma 2.1 (with = 0 ) to series

Z[(Ak(x) —A))/MT+0+0+ 40+
k=1

Z K™ [(Ak () = AL () /0] + 0+ 0 4 -4 0 + -
k=1

We obtain
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HZ <1 & -k+ 1)) K" [(4k() = A () /]

i Lpp(x?)
<c
Namely
r) (P
% () L (x9)
|20
k
B <n + 1> )kr [(4e@) ~ A @)/n] (x%)
Lpp(X
Z < (n + 1) )kr [(4G) — A () /"]
= Lpp(x?)
<c

= Lx

since R (cf) = cRM(f) for every real ¢ it follows from
relation (10) in [13] and the last inequality that

”P(r)” (X8 T ”G‘)(r> (P(r))”Lp'p(Xd)
r _r ®¥) (Pr(lr)) o
=n" %@ff) (ﬁ?) ) < an” = cnlpall, (xay
Lpp(X9)
Hence
PN, ey < enlpall

Lemma 2.5. Let p, € p, be the best approximation of,
« € Rtand n=0,1,2, ... then

e

CE RIS

1
_ <
D <pn ,n + 1) Lp,go(Xd) -

Where the constant ¢ > 0 depends onlyon « .

Proof: First, we provethatif 0 <a <f , <, € R* then

wp(f) Lpp(x?)
< cwx(f,

) Lpp(x9) @
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It is easily seen that if @« < B, a,f € Z* then n=r,u<pf ,0o n<<n,aqu=5 ,0 rn<n,
ay < B; and using (2) and (3), one can easily verify that the

wp(f) Lpp(x9) required inequality (1) is true.
< (%, B,p) wu(f, _ .
. 2 Using relation (1), lemma 2.3, and lemma 2.4, we get:
)Lp.so(xd) (2)

W that 0 1.inthi tti ( ! ) < ( ! )

e now assume that 0 < @ < B < 1. in this case setting Wo | Pn o o (i) < CW[« | Pn e )

®(x) == o5 f(x) ,we get

1 a
< 2laD
o : 3 =¢ (n + 1) ”p” ” Lpp(x%)
p-e (B—ay 1
ot oe) =y -1 (" )—f f@(x+u1+--- .
= J h/ <—(n+ 1)[a]—(a )”p(a)” .
= = 2 =+ D7 Lpp(x9)
+u')du .dug (@)
S (n+ e Il ey
h h h h
o P 7z 72| w . L
—a\ 1 a
=Z(_1)1( )—f...”Z(—l)k( )—kf . ff(x
j /N k/h
o 2 cn k=0 o 2.2. MAIN RESULTS

This section of our work can be formulated as follows:

Theorem 3.1.
[ hoon Let f€ Lyp(XY) ,1<p<o, p, €p, be the best
o o B—ay an| 1 approximation of f and r,k € R* then
=ZZ(—1)“"( )( ) . flx+ug + -
k h]+k
J0 k=0 [ L ol gay =007, o<k<r
1 - '
+ u]+k)du1 duj i
| 2. En(f) g, p(xe) = 00075

Proof. We suppose that

En(f) Lpp(x®) = Ilf =2 O Lpp(x®) = o(nF) Lk

>0 4)
2
=alf(x) The identity
Then P () = pi () + Tzl () — p (1)}
IO (5)

”0h f(x)” (x4 = ”(fh “cb(x)” Lpp(x%) =
clloff f(x)ll Lpp(¥9) From lemma 2.4, we get

And I O, xay S ol )
wg(f,) Lpp(x%) Now combining (4), (5), and the last relation, we obtain
< cwu(f, -
) LP.s’J(Xd) (3) ”p (f)” Lp,go(Xd) < Czc3nrn_k < C4-nr_k

Note that if r,7, € Z* and aq,B; € (0,1) , then, taking Now we suppose that

a=r+x; and B=r,+ B, for the remaining cases
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ol
— O(nr k)

o(x%)

(6)

Considering [11, lemma 2], direct theorem, and (6) we get

”pZn(f) - pn(pZn(f))” Lp’p(Xd)

<If = PenOl gty + I = Pr(2n O, (40

< Csn_T”p(T)(f)“ Lp,ga(Xd)

-k
@)

Note that on the other hand, since p,(p..(f)) is a
polynomial of order n , the following inequality holds:

”pZn(f) - pn(pZn(f))”

< cgn

Lpp(x?)
= ”f _pn(pZn(f))
- (f - pZn(f))” LM{,(Xd)
2 |If = Pa(Pen O (xay = If = Pen (D, (x0)
2 En(f) Lpp(x?) Ean () Lpp(x?)

>0 8
The use of (7) and (8) gives us
0 <E,(f) Lpp(x4) ~ Exn(f) Lpo(x®)
<cmnk 9
Since E (f)L S(xd) ™ 0 from the inequality (9) we get
to conclude that
Z {Ezt’(f) Lpo(x4) ™ E2£+1(f) Lp_p(Xd)} <cg Z 2tk
f=1’l0 {’:no
Then from the last inequality, we conclude that
Eano(f) Lpp(X%)
< g2 Mok (10)

It is clear that inequality (10) is equivalent to
E,(f) Lpo(x?) < Cs(n_k)
Theorem 3.2. Let f€ L,,(X%) ,1<p<ow,deN .
then the following statements are equivalent :
Lo XN, ey =

0 <nw G)) Lpo(X9)

2. ”f - Tn(f')” Lp,go(Xd) =0

asn — oo

(60 (f' i)) Lpp(X4) .

Proof:

lf = F DI Lpp(x®)
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1 n
— iG:(f)P
RCERE Zizl”lal(f' MWt

R

iG;(f,
i=u+1
M, xa) (11)
For a fixed integer N > n , we have
1 v
m2||zai(f,-)||im(xd)
i=1
N
1
— (i N |P
’ i;—l i (l”G(f‘ i Ln&o(Xd))
1 n
— el AP
ot Zlnlcl(f. W
1w,
- n—pz QAR
N
1
+35 2. 16N, o)
j=1 ; 1
* Z <(i — 1y
i=u+1
i-1
1 .
-=) Z (G, )
N 1 N
<2 FlUIN,
i=n ) R
+== " (ill6, ¢,
j=1
.)”ip.xo(Xd)> (12)
So
1 N
. 14
WZ (]”Gj(f,')” Lp,p(xd)) —0 as N—> o
j=1
We obtain, for any N
N 0
1 1 )
D GO,y <00 Y 07 (3)
= O(a)p (%)) ,asn — oo (13)

Implies 1= 2.

We need to show 2 =1
n

126Ny ey = . (PUGEA, a)

i=1
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r- i(l——)G(f)

i=

P
<(n+1)P

Lpp(x9)

=0<nw(%)) , asn — oo

We obtain2 = 1

The proof is complete.
Theorem 3.3 :

Let f € Lyo(XD) ,

Lof=x®l,, k=
0
N8,y =

0

1<p<o,deN.Then
(&) 'w(f,8)

5 —

0(tur®) 8-

Proof: 1 =2

We have

[N

U1y ety = (ZRANGEIN )

Since
i

Z(;{) A-8ksi*=(1-6)+6)=1 i

k=0

=012, .. (14)
O
- GDNG.(F.P
a=a ) (1) SPUGEDN, o
i=j
© i 4
L _ e\ksi-j ANP
3 kZ(,{)(l &8 | NG, e
i=j \k=j

Il
M o

L= B @PIGEIN, o

i=j
=1r = Ao, DI, e
On the other hand
N i ,
i=Jj)p . .
Z (]) SEIPIGEN v
i=j
| L oRD
0')p 661 Lpp(x9)

From these relations and (), we obtain
1B, ey <71 =N = Ass PN,

0 1
-0(50®)

Forany m>j and 0 <6 < 1,then

§m= ])p_”j}((f(r) N W(Xd)

I)Z’
= g0m=p Z (]) 16N, e

i=j
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< i (Jl)p 54w G, (f,-)u’;p_p(xd)

1=j

1
B(f,6, )
(JI)P 66] L ‘p(Xd)
We set =1 _E and from the above relation, we
obtain

IO, 0D (1-5) o)

-o(m(2) m

—> OO

By using theorem 3.2 , we can conclude that

lFe= =3 (Fr2IN ey = © (“’ (s %» "
(16)

,as m

(15)

— 00
Now, to prove that 2 = 1.
From the relation (14) and forany 0 <6 <1

i

z (;{) (1—6)ksik <1, ix]

k=j
We have

IF =45, D, e

p

() a-0re ) 6,

< L4 < o
<A, xey
Forany e >0, 3my 3 Vm>my and 0 <6 <1,

I = 45,0,

p

(1) a-ors=) N6,

m

3

i
i=j \k=j
17

Now, let us show that for any i > j , then

) ”Izp'p(Xd) +e

i . i .
(k) (1 — 5)ksi—* < (]) (1-6) forall 0<6
P=y
<1 (18)
Weset £=1i—jand

()
0

The inequality (18) is true if and only if
£

Z a,(1—6)k6* <1 forall 0<b6<1
k=0

k=01.2,..,¢
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Since
il Jri— ! (i — !
ap = ; p ~ p < ; -
k+D)'GE—k—-)! i! k'(i—j—k)!
(!
B (k)
By using (17) and (18), we obtain
IIF - d‘l&j(f)”ip’p(xd)
RSN
<=8 Y () IGEN, o)+ e
i=j
(1-6)P
=g OO, 0+

3. CONCLUSIONS

We understand from this functional mixture between the
two topics, the importance of finding the best multi-
approximation of unbounded function by algebraic
polynomials in weighted space and the derivative of these
functions. From now on, more research exploration continues
For more useful to finding best multi- approximate of
unbounded functions by some positive linear operators.
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