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ABSTRACT 
Connectedness is now one of the most important, useful, and essential notions not only in general topology but also in other branches of advanced mathematics. In our thesis, study new concepts of separated sets called, Е-separated and δ-ß-separated sets via another generalized open sets namely, Е-open and δ-ß-open sets respectively, as well with these concepts display new classes of connected spaces which is called, strongly Е-connected and strongly δ-ß-connected spaces. Also, we introduce several characterizations concerning of such classes of connected spaces with some Е-separation and δ-ß-separation axioms with compact spaces. In addition discuss the behavior of Е-connected and δ-ß-connected spaces with respect to several types of well-known mappings and construct new topological spaces on a connected graph. Furthermore, new types of connectedness namely, Ec-connectedness and δ-ßc-connectedness which are stronger forms of E-connectedness (resp. δ-ß-connectedness) and weaker forms of connectedness are presnted. The relationships between these kinds of connectedness and other different weaker and stronger forms of connectedness are discussed. 


Historical Introduction
Several Types of Generalized Connected Spaces
The notions of connectedness, strongly connectedness and compactness are useful and fundamental notions not only in general topology but also in other advanced branches of mathematics. In topology and related branches of mathematics, connectedness plays a crucial rule in topological spaces where many problems use connectedness to distinguish topological spaces. Many of the other stronger types of connectedness were studied such path connected, widely connected, bi-connected, and n-connected spaces to study the structure of topological spaces and the geometry of the topological spaces, see [1,2]. Over the last thirty years several concepts of connectedness were studied and considered, many researchers [3,4,5] have investigated the basic properties of connectedness and compactness. The productivity and fruitfulness of these notions of connectedness and compactness motivated mathematicians are used to generalize these notions. Connectedness and compactness are powerful tools in topology but they have many dissimilar properties. Connectedness in [6, 7] is used to expand some topological spaces, as in [8] where authors studied some types of connected topological spaces.
As well- known, connectivity occupies a very important place in topology, several form of connectedness were investigated in the literature such as semi-connectedness [9], pre-connectedness [10], α-connectedness [11] and  ß-connectedness [12,13] in topological spaces which  based on the notions of semi-open set , pre-open set, α-open  and ß-open set, respectively, The classes of semi-connectedness, pre-connectedness and ß-connectedness in topological spaces are subclasses of the class of connected topological spaces, see the following diagram:
 (
Pre-connected
ß-connected
Semi-connected
Connected
)



Diagram 1: The relationships among some types of connectedness 
Many authors have presented different kinds of connectivity in fuzzy setting [14-16].
The classes of (E-open and δ-ß-open) sets was introduced and discussed via Erdal Ekici [17, 18], and E. Hatir, T. Noiri [19], and since then these notions have used to define and investigate many topological properties.
Moreover A. A. El-Atik et al. [20] presented a new class of connectedness in topological spaces and studied a new notion of separated sets and utilize it to study other types of connected and strongly connected sets.
 (
b-connected
Half
 
b-connected
Connected
Cl
-
Cl
-
connected
)Recently, Noiri and Modak [21] introduced half b-connectedness in topological spaces. Also, they investigated the relationships between half b-connectedness and other some well-known types of generalized of connected spaces, see the following diagram:

Diagram 2: The relationships among some types of generalized connected spaces
After that, Tyagi et al. studied several forms of connectedness in topological spaces using the ideal concepts [22, 23] and also in generalized topological spaces; [24, 25, 26]. 
Generalized open and closed sets play a very important role in general topology and it applications, and Indeed a significant theme in general topology and real analysis concerns the variously modified forms of continuity, connectedness, compactness, separation axioms …etc.
Sumit Singh and Alok Kumar in [27] introduced a new form of connectedness in topological space called  which stronger form of ß-connectedness and the weaker form of connectedness, as well; they discussed the relationships between  and some different forms of generalized connectedness see the following diagram: 
 (
Pre-connected
ß-connected
ß
0
-connectedness
Connected
Semi-connected
)




Diagram 3: The relationships between  and some various kinds of generalized connectedness
Also, Brij K. Tyagi, et al. in 2017, [28] introduced new property of connectedness called, which is stronger than connectedness and equivalent to pre-connectedness, as well the properties of this notion are explored and their relationships with other forms of connectedness are discussed, as well they introduced some summarizes to show the relationship of with various types of connectedness, see the following diagram: 
 (
Semi-Con
nected
ß-
Con
nected
Pre-Con
nected
Con
nected
α
-
Con
nected
P
ß
-
Con
nected
)


Diagram 4: Summarize to show the relationship of   with various types of connectedness
 (
Pre-connected
ß-connected
S
ß
-
connectedness
Connected
Semi-connected
)Recently, S. Modak and Md. M. Islam in 2019, [29] introduced the concept of  which lies between semi-connectedness and connectedness. They also characterize this type of connectedness and discussed its relationships with the various types of connectedness from the literature.The following diagram, borrowed from [29] and it highlights the relationship between Sß-connectedness and several types of connectedness. 






Diagram 5: The relationships between Sß-connectedness and some various sorts of generalized connectedness



The Motivation of the Thesis
The thesis is devoted to study the following topics:
(1)- Introduce and study new concepts of separated sets called, Е-separated and δ-ß-separated sets by utilizing another generalized open sets namely, Е-open and δ-ß-open sets respectively, as well with these concepts we display new classes of connected spaces which is called, strongly Е-connected and strongly δ-ß-connected spaces and investigate some basic properties of them. Also, introduce several characterizations and fundamental properties concerning of such classes of connected spaces with some Е –separation and δ-ß-separation axioms with compact spaces.
(2)- Discuss the behavior of Е-connected and δ-ß-connected spaces with respect to several types of well-known mappings and construct new topological spaces on a connected graph.
[bookmark: _GoBack](3)- Present new types of connected spaces namely, Ec-connectedness and δ-ßc- connectedness which are stronger forms of E-connectedness (resp. δ-ß-connectedness) and weaker forms of connectedness by utilizing new generalized of open sets which are called, Еc- (resp. δ-ßc-) open sets and to obtain of several characterizations and some essential properties concerning of these forms of connectedness. Also, discuss the relationships between these kinds of connectedness and different other weaker and stronger forms of connectedness.
(4)- Study the behavior of Ec-connected and δ-ßc-connected spaces with respect to several classes of well-known mappings as well as we consider the components of these types of connectedness and their important properties.






Overview of the Thesis
In order to investigate the aim of research methodically, the thesis is divided into three chapters as shown in the following diagram: 
 (
Contents of the thesis
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Diagram 6: Overview of the thesis 
The thesis consists of four chapters which shown as follows:
The first introductory chapter contains the basic concepts and properties of relations and topological structures which are used in the succeeding chapters, as well as some preliminary definitions and results which are relevant to each chapter and given at the beginning of the corresponding chapter. Chapter two is divided into two sections, section one is devoted to introduce and study new concept of separated sets called, Е-separated sets by utilizing another generalized open set namely, Е-open, as well with this concept introduce a new class of connected spaces which is called strongly Е-connected spaces. We study and investigate new notion of separated sets namely, δ-ß-Separated sets by using δ-ß-open sets in section two. Moreover, with this notion we introduce new classes of connected spaces which are called strongly δ-ß-connected spaces and study some essential properties concerning of δ-ß-connected spaces. Chapter three consists of two sections, the aim of the section one is to introduce a new type of connected spaces namely, Ec-Connectedness which is the stronger form of E-Connectedness and the weaker form of connectedness by utilizing new generalized of open set which is called, Ec-open set. Also, the behavior of Ec-connected spaces with respect to several classes of well-known mappings is examined; as well we consider the components of this type of connectedness and its properties in the context of these new concepts. In section two we will offer and investigate a new property which is namely, δ-ßc-connectedness in topological spaces by utilizing new generalized of open set which is called δ-ßc-open set and discuss the behavior of δ-ßc-connected spaces with respect to some denominations of well-known mappings. In addition, we consider the components of δ-ßc-connected spaces. 
Finally, in chapter four we will offer a conclusions and suggestions for future studied that sums up the findings of chapters two and three, as well reflects the extensions and possible uses of these concepts in other areas.




I

CHAPTER ONE
Basic Defintions and Well-Known Facts
 and  mean topological spaces on which  separation  axioms are  assumedunless explicitly stated.For any subset, the closure and interior of A are denoted by , respectively. We introduce the following required concepts and results of generalized open sets, which will be often used often throughout this thеsis.
Definition 1.1: Let  be a topological space. A subset  of   is said to be:  
 
 [31] if for each there exists a regular open set  such that  The δ-interior of  is the union of all regular open sets contained in  and is denoted by  The subset A is called  if A point  is called a δ-cluster points of   if  for each open set  containing . The set of all δ-cluster points of A is called the δ-closure of  and is denoted by , then  is said to be . The complement of  set is said to be  A subset  of a topological space  is called  if for each  there exists an open set  such that, . The family of all  sets in  is denoted by .
  
   
Remark 1.2: The complement of semi-open (resp.α-open, pre- open, ß-open, b-open, δ-pre-open) set is called semi-closed   (resp. α-closed, pre-closed, ß-closed, b-closed, δ-pre-closed). The intersection of all b-closed (resp.semi-closed, α- closed, pre-closed, ß-closed, δ-pre-closed) sets of   containing  is called b-closure (resp.s-closure, α-closure, pre-closure, ß-closure, δ-pre-closure) of  and are denoted by bCl(A),(resp.SCl(A), αCl(A),PCl(A), ßCl(A), δCl(A)).
Remark 1.3: The collection of all b-open (resp. ß-open, α-open   , semi-open, pre-open, δ-pre-open and regular open) subsets of   containing a point  is denoted by  (ßΣ, αΣ, SΣ, PΣ, δPΣ  and RΣ)  the   family of all b-open (resp.  ß-open,α-open,semi-open,   pre-open, δ-preopen and  regular open) sets in  are denoted by   BΣ (resp. ßΣ, αΣ, SΣ, PΣ, δPΣand RΣ).  



Definition 1.4: [17] Let   be a topological space.Then,a subset   of a space  is called E-open if:    
 ⊆ Cl(δ-Int() ) ∪ Int(δ-Cl() ). The complement of an E-open set is called E-closed. The intersection of all E-closed sets containing  is called E-closure of  and is denoted by   E-Cl().The union of all E-open sets of  contained in  is  called the E-interior of  and is denoted by E-Int().
Remark 1.5: The family of all E-open (resp. E-closed) subsets   of   containing  is denoted by . The family of all E-open (resp. E-closed) sets in  is denoted by 
Definition 1.6: [31]  Let  be topological space.Then,A subset   of  is said to be θ-open  if  an open set  such that   (i.e)  A point  is called  θ-cluster point   of A if  for every open subset  containing .   The set of all θ-cluster points of  is called the θ-closure of   and is denoted by then A is said to be θ-closed the complement of a θ-closed is called θ-open. The family   of all θ-open sets in  is denoted by   
      

   
        
    
Definition 1.10∶ [41] A subset  of a topological space  is   said to be E-neighborhood of a point  if there exists an E- open set  such that  .
                     
Remark 1.12:  The family of all δ-ß-open (resp.  δ-ß-closed) subsets of Xcontaining a point x∈X is denoted by     The family of all δ-ß-open (resp.δ-ß-closed) sets in  are denoted by 
        
    
           
  
Remark 1.16∶ [42] Every Ec-open subsets is Е-open but the converse need not be true in general, the following theorem shows that the collection of   is identical to collection of 
      
Definition 1.18∶ [42] Let  be a topological space.A point is said to be:
   
(b)  The Ec-closure of a set  is the set,   


Remark 1.19: It should be noted that opеn sets are obtained   from open sets, but the family of these sets is neither sub family   of open sets nor it contains the family of open sets.Thus, the study of   opеn set is important and meaningful.
         
Theorem 1.21∶ [42] Let  be a topological space and .   If  is a clopen set, then  is both Ec-clopen.  
Remark 1.22: The converse of theorem (1.21) may be not true in general, see the example (2.8) in [42].
Definition 1.23: [42]  A subset  of  topological space  is said     to be δ-ßc-opеn set if for every ∃ a closed   set  such that,  The family of all δ-ßc-opеn subsets  of   is denoted by A subset  of    is said to be δ-ßc-closed set when, .
Remark 1.24: The collection of all closed subsets of  is   denoted by .
Remark 1.25∶ [42] Every δ-ßc-opеn subsets is δ-ß-open but the converse need not be true in general, the following theorem shows that the family  
   
Theorem 1.26∶ [42] If space, then the family of     are identical to the collections of  (i.e) .
 
    
     

Remark 1.28: It must be noted that opеn sets are obtained   from open sets, but the family of these sets is neither sub family of open sets nor it contains the family of open sets. So the study of opеn set is important.
       
Clear that the subset is δ-ßc-opеnsubset of   but it is not open   set. Also, is open set, but it is not δ-ßc-opеn subsets of    .
 

Theorem 1.30∶ [42] Let   be a topological space and . If  is a clopen set, then  is both δ-ßc-clopen.
Remark 1.31: The converse of theorem (1.30) may be not true in   general, see the example (2.8) in [42].
Remark 1.32: From above basic definitions we have the following diagram in which the converses of implications do not to be true, see the examples in [17, 18, 19] and [42]. 
 (
P
c
-open set
θ-open
 set
Regular open set
Regular closed set
δ-open
 set
Semi-θ-open set
θ-Semi-open
 set
S
c
-open set
Semi-open set
α-open
 set
b
c
-open
 set
b-open
 set
Pre-open set
P
c
-open set
E
c
-open set
ß
c
-open set
ß-open set
δ-
ß
c
-open
 set
δ-
ß-open
 set
E-open set
E
c
-open set
δ-Pre-open
open
 set
)

 












Diagram 1.1: The relationships among some types of generalized open sets in topological spaces
Lemma 1.33∶ [40] Let  a topological space and .  If then, .  
Definition 1.34∶ [41]  A subset  of a topological space   is   said to be  δ-ß-neighborhood of a point if there exists an  δ-ß-open set   such that .          
     
Remark 1.36: E.Ekici, has shown that the notions of E-open set   and b-open set and the notions of E-open set, ß-open set and   the notions of E-open set and semi-open set are independent, see example (2.6) in [17].










CHAPTER TWO
On Е and δ-ß-Connectedness in Topological Spaces Via Е and δ-ß-Open Sets
Generalized open and closed sets play a very prominent role in general topology and its applications, and many topologists worldwide are focusing their researches on these topics and this mounted to many important and useful results. Indeed a significant theme in general topology, real analysis and many other branches of mathematics concerns the variously modified forms of continuity, separation axioms… etc by using generalized open and closed sets. Some of the well-known notions which expected to have a wide applying in physics and topology and their applications are the notions of E-open, δ-ß-open, Еc-open, δ-ßc-open sets.  
On the other hand, the notions of connectedness, strongly connectedness and compactness are useful and fundamental notions not only in general topology but also for the other advanced branches of mathematics. In topology and related branches of mathematics, connectedness plays a crucial rule in topological spaces where many problems use connectedness to distinguish topological spaces. Many other stronger types of connectedness such path connected, widely connected, bi-connected, and n-connected spaces to studied the structure of topological spaces and the geometry of the topological spaces.



 (
Contents of Chapter Two
Section One
A study of Е-Connectedness and Strongly Е-Connectedness in Topological spaces and Their Applications
Section Two
On δ-ß-Separateness and Strongly δ-ß-Connectedness and their Applications
) In order to investigate the aim of this chapter methodically; it is divided into two sections as shown in the following diagram: 











Diagram 2.1: Overview of Chapter Two








2.1. A Study of Е-Connectedness and Strongly Е-Connectedness in Topological Spaces and Their Applications
The present section offers another extension for the classical meaning of connectedness (of subsets in topological spaces). The aim of this section is to introduce a new type of connected spaces which is called strongly Е -connected spaces and study the notion of Е-connected spaces by using Е-open sets. We also introduce some characterizations and basic properties concerning of such types of connected spaces with some Е-Separation axioms and compact spaces. As well the digital spaces in the context of these new concepts are examined. Finally we construct a new topological space on a connected graph.
This section consists of three main parts as follows: 
2.1.1. Characterizations of Е-Separateness and Е-Connected Spaces
In this part, several characterizations and fundamental properties concerning of Е-separated sets and Е-connected spaces by utilizing Е-open sets are obtained.
Definition 2.1.1.1: Two nonempty subsets  of a topological     space   are called Е-separated sets if and only if    and .
Definition 2.1.1.2: Two non-empty subsets  of a space  are said to be separated (resp.semi-separated [9], pre- separated [10], α-separated [11], ß-separated [11]), if


 
Remark 2.1.1.3:  From the above definitions 2.1.1.1 and 2.1.1.2, we have the following implications. However, the converses of these are not always true as shown in the examples of (3.4), (3.5) and (3.6) in [43].
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Diagram 2.2: The relationships between E-separated sets and some generalized separated sets in topological spaces

Remark 2.1.1.4: For each subsetA of a topological space, and from the following fact,  we obtain that every   separated set is Е-separated. However,the converse may   not  be true as shown in the following example:



  
Remark 2.1.1.6: Since  So it is clear   that every two Е-separated sets  of a topological space      are disjoint, but the converse may is not true in general as   shown in the following example:



It is obvious that the subsets {1, 3} and {2, 4} are disjoint sets, but not Е-separated.
Theorem 2.1.1.8: The following properties are hold by each subsets    of a space :
(a) If  are Е-separated sets and ,then  are Е-separated.
 (b)  If  are both Е-closed-(Е-open) and  = ∅, then    are Е-separated sets.
  
      
(b) Suppose that,  are both  Е-closed sets,thus we have,   and since  then we    obtain, Hence, are    Е-separated sets. Now, if  are both Е-open sets, so their   complements  are Е-closed sets, and similarly we   have, are Е-separated sets.
      
    
Theorem 2.1.1.9: A subsets   of topological space  are Е-separated sets if and only if there exist two Е-open sets  of    such that 
Proof: Assume that,  are Е-separated sets.  Put  Therefore,  and  such that .
      
Definition 2.1.1.10: A point  is called an E-limit point of a set  if every   contains a point of  different than .  
Theorem 2.1.1.11: If  are non-empty disjoint subsets of   aspace  and  Then  are Е-separated if and only if every of  are Е-closed (Е-open) of .
Proof: Assume that,  are Е-separated sets.Via definition of separated sets 2.1.1.1, we have A contains no E-limit points of .Then,  contains all E-limit points of   which are in    is Е-closed in .Therefore;  is Е-closed in . Similarly  is Е-closed in . (Conversely) of this theorem is clear it’s consequently from part (b) of theorem 2.1.1.8.  
Definition 2.1.1.12: A subset  of a topological space  is called   E -connected relativeto  two Е-separated subsets  relative to  Otherwise,  is called E-disconnected.  
 Definition 2.1.1.13: A subset   is called connected (resp.semi-connected [9], pre-connected [10], α-connected [11], ß-connected [11]) if ∄ two separated subsets  (resp. Semi-separated, pre-separated,α-separated,  ß-separated) such that, .   
 
 (a) E-connected [44] if  cannot be written as the unionof two disjoint nonempty E-open sets.   
(b)  Pre-connected [10] (resp.semi-connected [9]) if  can not    be expressed as the union of two nonempty disjoint pre-open   (resp.semi-open) sets of .  
(c)  b-connected [45] (resp.  ß-connected [13]). If  cannot be   expressed as the union of two disjoint nonempty b-open (resp. ß- open) sets of .  
Remark 2.1.1.15: From the above definitions, we have the following implications. However, converse of these are not always true as shown via the examples (2.1 and 2.2) in [11], (6 and 7) in [45], (3.6) in [20] and the implications in [43], and the below examples. In other words, every disconnected space  
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Diagram 2.3: The relationships among of   and different other weaker and stronger types of generalized connected spaces
    but it is neither E-connected nor semi-connected.Furthermore,   is neither b-connected nor ß-connected.
2- Let X= {a, b, c} with a topology . Then, is semi-connected space, but it is neither E-connected nor Pre- connected. Furthermore,   is neither b-connected nor ß- connected.
3- Let  = {a, b, c, d} with a topology   = {∅, {a}, {a,b}, }.Then,    is b-connected and  ß-connected ,but it is not E-connected space.
Theorem 2.1.1.17: Let  be a E-connected subset of a space  .  If  is subset of  such that  , then  is E-connected.
Proof: If S is not E-connected  then there exist two Е-separated subsets  relative to .
        
Thisimplise that,  Consequently  are not Е-   separated and S is E-connected.
The concept of locally connectedness is often mentioned when talking about connectedness. A locally connected space is defined in term of neighborhood. 
Definition 2.1.1.18: A topological space  is said to be locally E- connected at a point  iff every E-neighborhood of  contains E-connected E-neighborhood of . A space  is said to be locally E-connected if it is locally E-connected at each of its points.  
The following two results are very useful when a locally connected space is involved.
Theorem 2.1.1.19: Every δ-open subspace  of a locally E- connected spaces is locally E-connected in  .
Proof: This is a direct consequence of the respective definitions (2.1.1. 18 and 1.10) and lemma (1.9).
Theorem 2.1.1.20: The following properties are equivalent for any topological space 
 
 
 
Proof: (i)⟹(ii)  Assume that  is locally E-connected space   and let  be an δ-open subspace of . Via theorem 2.1.1.19, we get   is a locally E-connected space in . As well, the components of  are δ-open sets of. Since  is δ-open sub space,so via lemma   (1.9)  these components are also Е-open in .                              
 (ii)⟹ (iii) Suppose that the components of each δ-open subspace are Е-open sets in  and let   be any δ-open set of . Since the components of   are Е-connected, then  is the   union of a familyof Е-connected open sets of .This complete the proof of part (iii).  
(iii)⟹ (i) Suppose that the part (iii) holds, and let  be any open E-neighborhoodof an arbitrary point . Via part (iii)   is the union of a family of Е-connected open sets.Thus there exists an Е-connected open set  such that, Hence   is locally E-connected at a point . Since  arbitrary, thus  is locally E-connected.
Theorem 2.1.1.21: If a subset  of a space  is E-connected then   is E-connected.
Proof: Assume that E-Cl(A)  is E-disconnected.Then, there are  two non-empty  Е-separated subsets  in  such that
 
                                                
By the same method Therefore,  is E-disconnected, this contradiction, since by hypothesis  is E-connected.
Theorem 2.1.1.22: Let  are subsets of a space   such that  be anon-empty E-connected and are Е-separated.Then, only one of the following statements holds:
  

Proof: Let  since  then As well, if    then . Since  then both    and cannot hold concurrently. Similarly, Assume that   then via theorem (3.1.1.8-part-a), we get  are Е-separated, such that   which contradicts with the fact of E-connectedness of .   Thus, one of the statements (i) and (ii) should be hold.













2.1.2. Е- Connectedness and Mappings
In this part, the behavior of Е-connected spaces with respect to several forms of well-known generalized mappings is discussed.
       
Lemma 2.1.2.2: Let  be an E-continuous mapping, then, for every .
Theorem 2.1.2.3: Let   be an E-continuous    mapping, if  is E-connected in , then   is connected in .
Proof: Assume that  is disconnected in . There exist two separated sets  and  of  such that  Put   
         
Corollary 2.1.2.4: Let  be an E-continuous mapping, if  is disconnected in , then   is E-disconnected  in .

Theorem 2.1.2.5: Let   be a bijective and E-   closed mappping, if  is E-connected in , then  is    connected in .
        
(b)  Strongly E-irresolute if   is E-open in  for all open set .
Lemma 2.1.2.7: A mapping  is E-irresolute  if and only if  for   every .

Theorem 2.1.2.8: Let  be an E-irresolute   mapping, if  is E-connected in , then   is E-connected in   .



2.1.3. Fundamental Properties of Strongly Е -Connectedness in Compact Spaces

In this section, we present new types of connected spaces which are called strongly Е-connected spaces and introduce some fundamental characterizations concerning of such types of connected spaces with some Е -separation axioms and compact spaces.
Definition 2.1.3.1: A topological space  is called strongly Е- connected if and only if it is not a disjoint union  of countably many   but more than one  E-closed sets (i.e.)  if  are non-empty  disjoint closed sets of  Otherwise  is ѕaid to be strongly Е-disconnected.
Remark 2.1.3.2: We can note the similarity between definition of    strongly Е-connected (2.1.3.1) and that of Е-connectedness. If   is Е-connected, and  are any two non-empties disjoint closed sets of 
Lemma 2.1.3.3: For each serjective E-irresolute mapping    The image of is strongly Е-connected if   is strongly Е-connected.
Proof: Assume that,   is strongly Е-disconnected,so via   definition 2.1.3.1 it is  disjoint union of countably many but  more than one  E-closed sets.Since f is E-irresolute,then the inverse  image of E-closed sets is still E-closed, also  is a disjoint  union   of E-closed ets.Thus,   is strongly Е-connected.
Theorem 2.1.3.4: A space  is strongly Е-connected if there    exisits a constant serjective E-irresolute mapping    
Proof: Assume that,  is strongly Е-connected and let be a serjective E-irresolute mapping, so via lemma (2.1.3.3), we get is strongly Е-connected. Now, the only only strongly Е-connected subset of   are the one-point space, thus f is constant. 
Assume that  is a disjoint union of many countably but   more than one E-closed sets, then, define a mapping   by taking  whenever  This  is a serjective E-irresolute and not constant. Hence,  is strongly Е-connected.
Remark 2.1.3.5: Strongly Е-connectedness is a stronger concept of Е-connectedness.In other words, given an Е-connected space, we can strongly make it Е-connected via adding some conditions. But what conditions should be added is difficult.Our starting point is Е-connected spaces, so Е-continuum may be beneficial.The notion of a Е- continuum is defined on a Е-connected set as follows:
Definition 2.1.3.6: A compact Е-connected set in a topological space  is called a Е-continuum.
Definition 2.1.3.7: Let   be subset of a topological space .    The E-boundary of  defined by   E-bd = E-Cl∩ E-Cl.

(a)  if for each pair of distinct points  of  there exist E-open sets containing x and y,respectively,such  that,  
(b)  if for each pair of distinct points  there           exist disjoint E-open sets  in  such that .
  
Lemma 2.1.3.9: Let A be any Е-continuum in an  -space      is any Е-open set such that ,   then every component of .
   
Theorem 2.1.3.10: If  is a compact space.Then  is Е-connected if and only if  is strongly Е-connected space.   
 Proof: ⟹ Suppose that,  is strongly Е-connected space, then it is obvious that  is Е-connected space.  
⟸ Now, assume that  is a compact  and Е-connected space and it is strongly Е-disconnected, then  is a union of a   countably many but more than one disjoint E-closed sets.  
where    are E-disjoint sets.Since the compact  space is E-normal space,then, by definition (2.1.3.8),  is an E- Normal space.Consequently  an E-open set  such that  and  Let be a component of  which   intersects .
Then   is compact and E-connected. Now by using   lemma 2.1.3.9, we get  (i.e)    contains a point   such that   for some  
Suppose that is the first  for which    intersects and let  be an E-open set satisfying and Then, let  be a component of which contains a point of 
Again we have and   contains some point   such that     Hence,  for some  and  or 
Let  be the first  for which intersects so  by using similar  methods to the above we can find a compact E- connected   such that    intersects some   with    but 
In this method, we get sequence of sub continue of such that   for We know that  As well,  for all , so that  or    But which contradicts the truth   is strongly Е-connected .


Theorem 2.1.3.11: Let  be a locally compact space.If   is locally Е-connected, then  is locally strongly Е-connected.
Proof: Suppose that,  is Е-open Е-neighborhood of a point . So there exists a compact Е-neighborhood   inside   Assume that  is an Е-connected component of   containing   Since  is an Е-neighborhoodof  is locally  Е-connected  so  is  an Е-neighborhood of .Since  is Е-closed  in  and    is compact,then  is compact.So  is a compact Е-connected Е-neighborhood of  lying inside .Therefore by theorem (2.1.3.10), we get  is strongly Е-connected.
Theorem 2.1.3.12: Let  be a locally compact space.If   is locally Е-connected and Е-connected, then  is strongly Е-connected space.
Proof: It is consequence immediately of theorems 2.1.3.10 and 2.1.3.11.
Theorem 2.1.3.13: Let  be a topological space.Then the following properties equivalent:  
   
Proof: (a) ⟹ (b) Let  be     there exists Е-open set  such that Consequently,  Thus  which is the union of an Е-open sets. Then,  is an Е-(resp.δ-ß)-open set. Thus  is Е -closed set.  
(b) ⟹ (a) Suppose that   is Е-closed for each . So via   supposition for each   are Е-closed sets.  Hence,   are Е -open sets such that,     and .Therefore,X is an space.
Corollary 2.1.3.14: A strongly connected space more   than one point is uncountable space.
Proof: by utilizing theorem 2.1.3.13 we have, a singleton set in space is Е -closed set.Hence, by definition 2.1.3.1 an space cannot have countably many but more than one point.











2.2. On δ-ß-Separateness and Strongly δ-ß-Connectedness and Their Applications
In this section we present another extension for the classical meaning of separateness and connectedness (of subsets in topological spaces). This section is devoted to define a new class of separated sets namely, δ-ß-separated sets and study new forms of connected spaces which are namely, strongly δ-ß-connected spaces and investigate some basic properties of δ-ß-connected spaces by using another generalized open set called, δ-ß-open set. In addition, introduce some characterizations and essential properties concerning of such types of connected spaces with some δ-ß-separation axioms and compact spaces. Finally we construct a new topological space on a connected graph.
This section consists three main parts as follows:
2.2.1. Fundamental Properties of δ-ß-Separateness and δ-ß-Connected Spaces
In this part, some characterizations and several fundamental properties concerning of δ-ß-separated sets and δ-ß-connected spaces by using δ-ß-open sets are obtained.   
Definition 2.2.1.1: A non-empty subsets  of a space   are said to be δ-ß-separated sets if and only if  and  
Remark 2.2.1.2:  We have the following implications. However, none of these implications is reversible as shown in the examples of (3.4), (3.5) and (3.6) in [43]. 
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Diagram 2.4: The relationships between δ-ß-separated sets and several generalized separated sets in topological spaces

Remark 2.2.1.3: For every subset  of a space (, and from the following fact, , we obtain that every  separated set is δ-ß-separated. However,the converse may not be true  as shown in the example below:





Remark 2.2.1.5: Since So it is obvious that every two δ-ß-separated sets  of a space   are disjoint,but the converse may be not true ingeneral as show in the  following examples:
Example 2.2.1.6: It is obvious that the subsets   in example (2.2.1.4:)  are disjoint,but not δ-ß-separated sets.
Theorem 2.2.1.7: For every subsets,  and  of a space , the following properties is hold:


(b)  If  are both (δ-ß-closed (δ-ß-open) )  and  ⋂  = ∅, then  are δ-ß-separated sets.	
(c)  If  are both (δ-ß-closed (δ-ß-open) )  and    and , then  are δ-ß-separated sets.

Theorem 2.2.1.8: A subsets   of a topological space  are δ-ß-separated sets if and only if there exist two δ-ß-open sets  and  such that  and  and .

Definition 2.2.1.9: A point is called δ-ß-limit point of a set  if all   contains a point of  different than .

 
 
  
Definition 2.2.1.11: A subset  of a topological space  is called δ-ß-connected relative to  two δ-ß-separated subsets  relative to  andOtherwise,  is called δ-ß-disconnected.  
Definition 2.2.1.12: [44] A topological space  is said to be δ-ß-connected if  cannot be written as the union of two disjoint nonempty δ-ß-open sets.
Remark 2.2.1.13: We have the following implications. However, converse of these are not always true as shown via the examples (2.1 and 2.2) in [11], (6 and 7) in [45], (3.6) in [20] and the implications in [43], and the below examples. In other words, every disconnected space  
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Diagram 2.5: The relationships among δ-ß-connected spaces and different other weaker and stronger kinds of generalized connected spaces
    but it is not δ-ß-connected. Moreover,   is neither ß-connected nor b-connected and also not  semi-connected space.
    
Additionally,  neither ß-connected nor b-connected and as well not pre-connected space.
    
Theorem 2.2.1.15: Let  be a δ-ß-connected subset of space  . If  is a subset of Xsuch that then  is δ- ß-connected.

Definition 2.2.1.16: A topological space  is said to be locally δ- ß-connected at a point  if and only if every δ-ß-neighborhood of    contains δ-ß-connected δ-ß-neighborhood of . A space  is   said to be locally δ-ß-connected if it is locally δ-ß-connected   at each of its points.
Theorem 2.2.1.17: Every δ-open subspace  of a locally δ-ß-   connected spaces is locally δ-ß-connected in .

Theorem 2.2.1.18: For any topological space the following properties are equivalent:
 
   
  

Theorem 2.2.1.19: If a subset  of a space  is δ-ß-connected, then δ-ß-Cl()  is δ-ß-connected.  

Theorem 2.2.1.20: Let  are subsets of a space  and    such that  be anon-empty δ-ß-connected and  are δ-ß-separated.Then,only one of  the following statements holds:  
   
 







2.2.2. Behavior of δ-ß-Connectedness with Mappings

The behavior of δ-ß-connected spaces with respect to several forms of well-known generalized mappings is discussed.
 

 
 


Theorem 2.2.2.3: Let   be  δ-ß-continuous map, if  is δ-ß-connected in , then is connected in .

Corollary 2.2.2.4: Let  be δ-ß-continuous mapping, if  is disconnected subset in (, then is δ-ß- disconnected in .

Theorem 2.2.2.5: Let  be a bijective and δ-ß-closed mappping, if  is δ-ß-connected in , then   is connected in . 


Definition 2.2.2.6: A mapping   is said to be:  
(a)  δ-ß-irresolute [44]  if   is δ-ß-open in  for each   δ-ß- open set .
(b)  Strongly δ-ß-irresolute if  is δ-ß-open in  for    every open set .
Lemma 2.2.2.7: A mapping   is an δ-ß- irresolute if and only if  
  
Theorem 2.2.2.7: Let  be δ-ß-irresolute mapping, if  is δ-ß-connected in , then   is δ-ß-connected in .
Proof: By using definition 2.2.2.6 and lemma 2.2.2.7, the proof is   direct consequence of theorem 2.2.2.3.








2.2.3. Some Basic Properties of Strongly δ-ß-Connectedness in Compact Spaces

In this part, we recall and study new kinds of connected spaces which are namely, strongly δ-ß-connected spaces and introduce some essential properties concerning of such kinds of connected spaces with some δ-ß-separation axioms and compact spaces. 
Definition 2.2.3.1: A topological space  is called strongly δ-ß-connected if and only if it is not  disjoint union of countably many but more than one δ-ß-closed sets (i.e.)  if  are nonempty  disjoint closed sets of , then Otherwise  is said  to be strongly  δ-ß-disconnected.
Remark 2.2.3.2: We can note the similarity between definition of    strongly δ-ß-connected (definition-2.2.3.1) and that of δ-ß- connectedness. If  is δ-ß-connected, and   are any two   non-empty disjoint closed sets of , then 
Lemma 2.2.3.3: For every serjective δ-ß-irresolute mapping    the image of  is strongly δ-ß-connected if  is strongly δ-ß-connected.
Theorem 2.2.3.4: A topological space  is strongly δ-ß-   connected if there exisitsa constant serjective δ-ß-irresolute mapping where  denote to a discrete space of .
Proof: This proof is similar to that of theorem 2.1.3.4 thus it’s omitted.

Remark 2.2.3.5: Strongly δ-ß-connectedness is a stronger   concept of δ-ß-connectedness.In other words,given a  δ-ß- connected space,we can make it strongly δ-ß-connected via  adding some conditions.But what conditions should be added is the difficulty.Our starting point is δ-ß-connected spaces,so  δ-ß- continuum may be beneficial.The notion of a δ-ß-continuum is   defined on a δ-ß-connected set as follows:
Definition 2.2.3.6: A compact δ-ß-connected set in a space  is called a δ-ß-continuum.
Definition 2.2.3.7: Let   be subset of a topological space , The δ-ß-boundary of  A defined by   
   
(a)  if for each pair of distinct points there   exist δ-ß-open sets  containing  respectively, such that,   
(b)    , if for each pair of distinct points  of  there    exist disjoint δ-ß-open sets  in  such that        
(c)  δ-ß-Normal if for each pair of disjoint δ-ß-closed sets     there exist two disjoint δ-ß-open sets  such that, and  .
Lemma 2.2.3.9: Let  be any δ-ß-continuum in an δ-ßspace  and  is any δ-ß-open such that , then every component of .
Proof: The proof is obvious by using definitions 2.2.3.6, 2.2.3.7 and 2.2.3.8.
Theorem 2.2.3.10: If   is a compact δ-ßspace, then   δ-ß-connected if and only if  is strongly δ-ß-connected.

Theorem 2.2.3.11: Let  be a locally compact space.  If   is locally δ-ß-connected, then  is locally strongly δ-ß- connected space.

Theorem 2.2.3.12: Let  be a locally compact space.  If   is locally δ-ß-connected and δ-ß-connected, then  is strongly δ-ß-connected space
Proof: The proof is follows directly of theorems 2.2.3.10 and 2.2.3.11.
Theorem 2.2.3.13:  The following properties are equivalent for a   topological space :
       
 

Corollary 2.2.3.14: A strongly δ-ß-connected space have more than onepoint is uncountable space.


CHAPTER THREE
On Еc and δ-ßc -Connectedness via Еc and δ-ßc-Open Sets
The field of mathematical science which goes under the name of topology is concerned with all questions directly or indirectly related to concept connectedness. During the last few years the study of generalized open and closed sets has found considerable interest among general topologists. One reason is these objects are natural generalizations of open and closed sets. More importantly, generalized open and closed sets suggest some new generalized connected spaces which have been found to be very useful in the study of certain objects of digital topology. As well connectedness is now one of the most important, useful, and essential notion not only in general topology but also in other branches of advanced mathematics. As a topological concept, connectedness is of somewhat different character than most other important properties, such as the covering properties which are studied in the category topology.
 This chapter divided into two sections as shown in the following diagram: 
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Diagram 3.1: Overview of Chapter Three

3.1. Another New Certain Property of Connectedness in Topological Spaces via Ec - Open Sets
The Present chapter organized as follows: In the first part, we present several characterizations concerning of Ec-Connected spaces by utilizing Ec-open sets and we display the relationships between Ec-Connectedness and various other weaker and stronger forms of connectedness as well as we study the behavior of Ec-Connected spaces with respect to several kinds of generalized mappings. In fourth part, we obtain some fundamental properties concerning of Ec-Connected sets in topological spaces. In the last section, we studies the notion of Ec-Components and some their properties.
This section consists of three main parts as shown in the following:
3.1.1. Some Miscellaneous Results of Ec-Connected Spaces
In this part, we present new kind of connected spaces which is called Ec-connected spaces and introduce some fundamental characterizations concerning of such kind of connected spaces. Also,we display relationships between Ec-Connectedness  and other different weaker and stronger forms of connectedness.
Definition 3.1.1.1: Two non-empty subsets  of a space     are said to be Ec-separated sets if and only if  and    
Remark 3.1.1.2: It’s clear that every two Ec-separated sets   of a space  are disjoint, Since But the   converse not necessary to be true ingeneral as show in the following   example:
   
 
Remark 3.1.1.4: From the following fact, , and for each subset  of a topological space , we obtain that  every Ec-separated set  is Е-separated. However, the converse may not be true as shown in the following example:
                                            
Definition 3.1.1.6: A subset  of a topological space  is called Ec-connected relative to  two Ec-separated subsets   relative to  and otherwise,  is called Ec- disconnected.
   
 as the union of two Ec-separated sets in  and consequently  is Ec-connected.
    
(a)  Ec-connected if  cannot be expressed as the union of two disjoint non-empty Ec-open sets of .  
 (b)  Connected [27] if  cannot be expressed as the union of two   disjoint  non-empty open sets of .   
  

Proof: (a) If  is E-connected, then it is clear that X is Ec-connected this is consequence from the fact that  .
 (b)- Let  be Ec-connected.In that case only subsets of  are both Ec-open and Ec-closed in  which are ∅ and. If possible assume that  is not connected. Then there erxists a non-empty proper subset  of  which is both open and closed in .Then, via theorem (1.21), we have  is Ec-open and Ec-closed in .   Therefore,  is non-empty proper sub set of  which is both Ec-open and Ec-closed in, and this is a contradiction.Thus we must have  is connected.
Remark 3.1.1.10: The following diagram describes the interrelations among Ec-connected spaces several well-known kinds of generalized connected spaces.
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Diagram 3.2: The relationships between of Ec-connected space and different other weaker and stronger forms of connected spaces
However,no one of the implications of the above diagram is  reversibleas shown by examples in  [29],[27],[1]  and the following  example:   
 

 
Obvious that X is Ec-connected space but not E-connected.
Facts 3.1.1.12: If it’s possible to assume that every connected space is Ec-connected. As every Ec-connected space is E-connected, then every connected space is E-connected, this contradicts examples in [47].Thus every connected space is not necessarily to be Ec-connected.
Definition 3.1.1.13: Let  be two topological spaces. The mapping  is called Ec-continuous mapping at a point  open set  containing  an  Ec-open set  containing  such that . If  is Ec-continuous at each point , then it  called Ec-continuous.
Theorem 3.1.1.14: A mapping  is said to be Ec-continuous if and only if the inverse image of every open set in  is Ec-open  set in .

Theorem 3.1.1.15: A space  is Ec-connected if and only if  cannot be expressed as the union of two disjoint non-empty Ec-open subsets of .  
Proof: Suppose that  is Ec-connected and let  be two disjoint nonempty Ec-open subsets of  such that .  
     
Conversely: Assume the condition holds. Suppose,   and. But
     

Theorem 3.1.1.16: The following properties are equivalent for a space :
  
  
(c)   cannot be expressed as the union of two disjoint non-empty Ec-open sets.  
 (d)  There is no non-constant onto Ec-continuous mapping from   to a discrete space which contains more than one point.
      
(c) ⟹ (d) Suppose that  is a discrete space with more than one   point and let   be an onto Ec-continuous mapping. Let where are two disjoint non  empty Ec-open sets in . Since  is onto, then . Since the topology of   is discrete, so both are open in . In addition since f is Ec-continuous so the invese image of every open set in  is Ec-open    in , so   are both (nonempty) Ec-open in  which contradicts with part (c).   

(d) ⟹ (a) if possible assumes that  is not Ec-connected. We decompose  where  are non-empty subsets of , such that  We notice that both  are Ec-open in . In truth   and   is the smallest Ec-closed set containing  and thus Ec-closed in . Consequently,  is Ec-open in . Suppose that  = {0, 1} with           
 
   
Consequently ∅, {0}, {1},  are open in  = {0, 1} with discrete topology.Thus we notice that the inverse image of every open set in  is Ec-open in . Thus f is Ec-continuous and onto which a   contradicts with part (d) for .
Definition 3.1.1.17: A mappings    is said to be  Ec-irresolute if is Ec-open in  for each Ec-open .   
Theorem 3.1.1.18: Let  be an Ec-irresolute surjective mapping.  If  is Ec-connected, then  is  Ec-connected.
Proof: Assume that  are two topological spaces and  is a surjective Ec-irresolute mapping. Suppose,  is Ec-connected. If  is subset of  which is both Ec-open and Ec-closed, hence   is both Ec-open and   Ec-closed in . Since  is Ec-separated, so   should be all of  Therefore and we get proved   that  to be Ec-connected.
Theorem 3.1.1.19: Let  be an Ec-continuous mapping from an Ec-connected space  into the real line , if   are two points of  such that  then every  real number   between  is attained at apoint  in .
Proof: Assume that  point  such that Therefore,   are disjoint open sets in . Since f is Ec-continuous,so f  and  are disjoint Ec-open sets in  and  This is a contradiction to the fact that  is an Ec-connected.Then, such 







3.1.2. Fundamental Properties of Ec-Connected Spaces
In this part, we introduce and investigate several essential properties concerning of Ec-connectedsets in topological spaces.
Theorem 3.1.2.1: If A is Ec-connected set of space  and   are Ec-separated sets of X such that , then either  
Proof: Since  we get 
 In the same way we have, . If   are non-empty, then  is not Ec-connected which is a contradiction. Therefore, either It follows that either .
Theorem 3.1.2.2: If A is Ec-connected set of an Ec- space  and   then  is Ec-connected.  
        
     
(ii)  Suppose that, . In the same method we get  is empty.  This is contradiction.This implies that  is Ec-connected.
Corollary 3.1.2.3: If  is a Ec-connected subset of a space , then   is Ec-connected.
Proof: Assume that   is Ec-disconnected.Then, there are two non-empty E-separated subsets  such that,                                    
Theorem 3.1.2.4: Let  be Ec-connected and not Ec-separated subsets of a space   then  is Ec-connected. 
Proof: Suppose that  is not Ec-connected.Then there exist  Ec-separated  such that,  then  From theorem 3.1.2.1, either In the  same method, we get that either ,  then  This is  contradiction. Therefore     Again In the same method   Therefore we get  and Therefore  are Ec-separated in . This is contradiction, then  is Ec-connected.
 
Theorem 3.1.2.5: If   is a non-empty collection of Ec-connected subsets of a space  such that,  is a Ec-connected.      
Proof: Assume that  and N is non Ec-connected it follows that  where  are Ec-separated sets in . Since , we can choose a point . Since , either .
(i)  Assume that . Since for each  .Now via theorem 3.1.2.1,  should be either . Since  are disjoint  for all  and hence . This means that  is empty which a contradiction is.  
   
Theorem 3.1.2.6: If  is an infinite sequence of Ec- connected subsets of a space  and  then     is Ec-connected.

Corollary 3.1.2.7: Suppose that  is topological space and  is an arbitraryfamily of Ec-connected subsets of . Let    be an Ec-connected subsets of . If   ∀ δ, then      is Ec-connected.
Proof: Assume that  be a Ec-separation of the set  Since , via theorem 3.1.2.1  . Without loss of generality,suppose that. Let be arbitrary. Now, , and via theorem 3.1.2.1  . But . Since  is arbitrary,  . Then,  a contradiction.Thus,   Ec-connected.
Definition 3.1.2.8: A topological space  is called totally Ec- disconnected if its only Ec-connected subsets are one point sets.
Theorem 3.1.2.9: If   are two topological spaces and  is the product topology. If  are Ec-connected, then  is Ec-connected. 
Proof: For any points   in then a subspace  contains the two points. This subspace is Ec-connected, since it is the union of two Ec-connected subspaces of  with a point    is common. So via theorem 3.1.2.5 is an Ec-connected.








3.1.3. Ec-Components and some their Properties
In this part, the presentation of Ec-components in topological spaces and explores some portion of their properties.  
Definition 3.1.3.1:  Let  be a topological space and . The Ec–component of  containing  is the union of all Ec–connected sub sets of  containing .
Remark 3.1.3.2: Utilizing theorem 3.1.2.5 it is obvious that an Ec–component of is Ec-connected.
            
 (ii)  The set of all distinct Ec-components of   forms a portion of                                   


(ii)  Since every singleton subset of X is Ec-connected set, each point  is contained in the Ec-component of .  Assume that   are two distinct Ec-components of . If  intersects, so   is Ec-connected by theorem 3.1.2.5. Hence, either  is not maximal, there is a contradiction. Therefore,  disjoint.
      
Definition 3.1.3.4: A topological space  is said to be locally Ec -connected at a point  if for each Ec -open set   containing , there is a Ec -connected Ec -open set  such that  The space  is locally Ec -connected if it is locally Ec -connected at each of its points.
Theorem 3.1.3.5:  A topological space  is locally Ec– connected if and only if the Ec–components of each Ec–open subset of  are Ec–open.
Proof: Assume that  is locally Ec–connected and  is an Ec–open subset of  is an Ec–component of . If  then there is a Ec–connected Ec-open set  such that   Since  is a Ec–component of  is a Ec–connected sub set of U containing  Thus,  is a Ec–open set.
 Conversely, suppose that    is an Ec–open set, and .  Via our assumption, the Ec–component  containing  is Ec–open.Thus,  is locally Ec–connected at a point .






3.2. On δ-ßc-Connectedness in Topological Spaces via δ-ßc-Open Sets
Our motivation of this section is to offers another new extension for the classical meaning of connectedness which is called δ-ßc-connectedness in topological spaces by using new generalized of open set which is called δ-ßc-open set.  Several characterizations and fundamental properties concerning of this class of connectedness are obtained. Moreover, the relationships between this class of connectedness and other different weaker and stronger classes of connectedness are discussed.
This section consists of three main parts as shown as following:
3.2.1. Several Various Characterizations of δ-ßc-Connected Spaces
In this part, study new type of generalized connected spaces which is called  spaces and present several essential characterizations concerning of such this type of connected spaces. In addition, we display relationships between   and other various weaker and stronger kinds of connectedness.
   
Remark 3.2.1.2: Obvious that every two δ-ßc-separated sets   and  of a topological space are disjoint, Since   But the converse not necessary to be true in   general as show in the following example:
  
 
Remark 3.2.1.4: From the following fact,  
and for each subset  of a space  we obtain that  every   δ-ßc-separatedset  is δ-ß-separated. However, the converse may not be true  as shown in the following example:
    
Definition 3.2.1.6: A subset  of a topological space  is called   δ-ßc-connected relative to  if ∄ two δ-ßc-separated sub sets  relative to  and . Otherwise,  is called   δ-ßc-disconnected.  
   
Obviously, we cannot express  as the union of two δ-ßc-separated sets in  and  consequently  is δ-ßc-connected.
Definition 3.2.1.8: A topological space   is said to be δ-ßc-connected if  cannot be expressed as the union of two disjoint non- empty δ-ßc-open sets of .
   
Proof: (a) If   is δ-ß-connected, then it is obvious that X is δ-ßc-connected which is consequence from the fact that  
(b)- Let  be δ-ßc-connected.In that case only subsets of     which are both δ-ßc-open and δ-ßc-closed in  are ∅ and . If possible suppose  is not connected.Then, there erxists nonempty proper subset  of  which is both open and closed in .Then, by theorem (1.30), we have  is δ-ßc-open and δ-ßc-closed in . Then,  is non-empty proper sub set of  which is both δ-ßc-open and δ-ßc-closed in , and this is a contradiction.Thus we must have  which is connected.
Remark 3.2.1.10: The following diagram describe the interrelations between δ-ßc-connected spaces several well-known kinds of generalized connected spaces.
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Diagram 3.3: The relationships between of   space and different other weaker and stronger forms of connected spaces
None one of the implications of the above diagram is reversible as shown by examples in [1], [27], [29] and the following example:
  

   
Fact 3.2.1.12: If possible suppose that every connected space is δ-ßc-connected. As every δ-ßc-connected space is δ-ß-connected,so every connected space is δ-ß-connected, this a  contradicts examples in  [48].Thus every connected space is not necessarily to be δ-ßc-connected.
Definition 3.2.1.13: Suppose that   are two topological spaces.The mapping   is said to be   δ-ßc-continuous mapping at a point  if ∀ open set     containing an δ-ßc-open set  containing x such that  If J is δ-ßc-continuous at each point  then it is called δ-ßc-continuous.
Theorem 3.2.1.14: A mapping  is δ-ßc-   continuous if and only if the inverse image of every open set in  is δ-ßc-   open set in .   

Theorem 3.2.1.15: A topological space  is δ-ßc-connected if and only if  cannot be expressed as the union of two disjoint non-empty δ-ßc-open subsets of  .

Theorem 3.2.1.16: For a topological space  the following properties are equivalent:
  
(b)  The only subsets of  which are bothδ-ßc-open and δ-ßc-closed are ∅ and .  
(c)   cannot be expressed as the union of two disjoint non-empty δ-ßc-open sets.  
(d)  There is non-constant onto δ-ßc-continuous mapping from  to a discrete space which contains more than one point.

Definition 3.2.1.17: A mappings  is said to be  δ-ßc-irresolute if   is δ-ßc-open in  for every δ-ßc-open 
Theorem 3.2.1.18: Let   be a δ-ßc-irresolute surjective mapping.If  is δ-ßc-connected, then  is   δ-ßc-connected.    

Theorem 3.2.1.19: Let   be a δ-ßc-continuouss.  mapping from a δ-ßc-connected X into the real line R, are  two points of  such that then every real  number 







3.2.2. Some Fundamental Results of δ-ßc-Connected Spaces
In this part, we introduce and investigate some basic properties concerning of δ-ßc-connectedsets in topological spaces by utilizing δ-ßc-open sets.  
Theorem 3.2.2.1: If  is a δ-ßc-connected set of a space  and  are δ-ßc-separated sets of   such that  then either  .  

Theorem 3.2.2.2: If A is a δ-ßc-connected set of a space     and, then  is δ-ßc-connected.   

Corollary 3.2.2.3: If  is a δ-ßc-connected subset of a space , then   is δ-ßc-connected.

Theorem 3.2.2.4: Let  be δ-ßc-connected and not δ-ßc-separated subsets of    then  is δ-ßc-connected.

Theorem 3.2.2.5: If  is non-empty collection of δ-ßc-connected subsets of space  such that   is a δ-ßc-connected.    


Theorem 3.2.2.6: If   is an infinite sequence of δ-ßc-connected subsetsof a space  and  then      is δ-ßc-connected.

Corollary 3.2.2.7: Let   be a topological space and { is    an arbitrary family of δ-ßc-connected subsets of . Let  be δ-ßc-connected subsets of . If  is δ-ßc-connected.

Definition 3.2.2.8: A topological space   is called totally δ-ßc-disconnected if its only δ-ßc-connected subsets are one point sets.
Theorem 3.2.2.9: If   are two topological spaces and  is product topology. If  are δ-ßc-connected, then  is δ-ßc-connected.









3.2.3. On δ-ßc-Components and some their Properties
this part, presen of δ-ßc-components in topological spaces by using δ-ßc-open sets and explores some portion of their properties.  
Definition 3.2.3.1: Let  be a topological space and . The δ-ßc-component of   containing  is the union of all δ-ßc-connected subsets of  containing .
Remark 3.2.3.2: By using theorem 3.2.2.5 it is clear that an δ-ßc-component of  is δ-ßc-connected.
Theorem 3.2.3.3:  For a topological space   the following properties are hold∶  
(i)  Each δ-ßc-component of  is a maximal δ-ßc-connected subset of . 
(ii)  The set of all distinct δ-ßc-components of  forms aportion   of .        


Definition 3.2.3.4: A topological space is said to be locally δ-ßc-connected at a point  if for each δ-ßc-open set   containing , there is a δ-ßc-connected δ-ßc-open set  such  that  The space  is locally δ-ßc-connected if  it is locally δ-ßc-connected  at each of its points.

Theorem 3.2.3.5:  A topological space  is locally δ-ßc-connected if and only if the δ-ßc-components of each δ-ßc-open subset of  are δ-ßc-open.















CHAPTER FOURE
CONCLUSIONS AND SUGGESTIONS FOR FUTURE STUDIES 
In order investigate the aim of this chapter methodically; it is divided into two sections as follows: 
4. 1. Conclusions
According of the present study in this thesis the following conclusions are obtained:
1. Connectedness is now one of the most important, useful, and fundamental notions not only of general topology but also other advanced branches of mathematics.
2. In this thesis chapter two, we introduced the notion of Е -separated sets and with this concept we investigated a new type of connected spaces which is called, strongly Е-connected spaces, and studied some essential properties of Е -connected spaces. Several characterizations and fundamental properties concerning of such class of connected spaces with some Е -Separation axioms and compact spaces are discussed. 
3. One can observe the influence of connected topological spaces in computer science and digital topology, computational topology for geometric and molecular design, particle physics, high energy physics, quantum physics and superstring theory. Thus, we studied the concept of δ-ß-separated sets and with these concepts we introduced and investigated new classes of connected spaces which are called strongly δ-ß-connected spaces and investegated some essential properties of δ-ß-connected spaces by using δ-ß-open sets. Several characterizations and fundamental properties concerning of such classes of connected spaces with some of δ-ß-Separation axioms and compact spaces are obtained. 
4. On the other hand, in this thesis chapter three, we introduced and investigated new kinds of connected spaces called, Ec –Connectedness and δ-ßc-connectedness. Several characterizations and essential properties concerning of these forms of connectedness are obtained. Furthermore, the relationships between these kinds of connectedness and other different weaker and stronger forms of connectedness are discussed.  
5. Additionally, the fuzzy topological version of the concepts and results introduced in this thesis are very significant.










4. 2. Suggestions for Future Studies
In this thesis, a new concepts and open problems are introduced to be a future studies for researchers who specialized in this field.
1- In chapter three (section one), we presented and investigated a new type of connected spaces namely, Ec-Connectedness which is stronger form of  E-connectedness  and weaker form of connectedness by utilizing new generalized of open set which is called, Ec-open set. 
As a future studies, a new form of generalized connectedness could be introduced namely, Ecδ-connectedness which is stronger form of Ec-connectedness by using new generalized of open set which is called, Ecδ-open set, which defined as follows: 
A E-open subset   of a topological space is said to be Ecδ - open set if for each  there exists a δ-closed set  such that .
2- In chapter three (section two), new property which is namely, δ-ßc-connectedness in topological spaces is introduced and investigated by utilizing new generalized of open set which is called δ-ßc-open set. Several characterizations and fundamental properties concerning of this class of connectedness are obtained. Moreover, the relationships between this class of connectedness and other various weaker and stronger forms of connectedness are discussed   
As a future studies, a new type of generalized connectedness could be introduced namely, δ-ßc δ -connectedness which is stronger form of δ-ßc -connectedness and weaker form of Ecδ-connectedness by utalizing new generalized of open set which is called, δ-ßc δ - open set, which is defined as follows: 
A δ-ß-open subset   of a topological space is said to be δ-ßcδ-open set if for each  there exists a δ-closed set  such that .
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)The following diagram explains the relationships between above new concepts which are presented as a future studies, and the concepts which are introduced in our thesis: 






Diagram 4.1: The relationships between some new different types of generalized open sets in topological spaces
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المستخـلص
 (
يعد الترابط الان احد أهم المفاهيم واكثرها فائدة وضرورية ليس فقط في التبولوجيا العامة ولكن ايضاً في الفروع الاخرى للرياضيات المتقدمة.في 
رسالتنا
 نقدم وندرس مفاهيم جديدة للمجموعات المنفصلة تسمى المجموعات المنفصله
δ-ß-
 و المجموعات المنفصلة
 
-
E
 عن طريق  استخدام مجموعات مفتوحة معممة  وهي المجموعة المفتوحة
 
 
δ-ß-
والمجموعة المفتوحة
E
-
 ومع هذه المفاهيم نعرض فئات جديدة من الفضاءات المترابطة والتي تسمى 
بالفضاءات
 المترابطة
 
 
δ-ß-
القوية
  
والفضاءات
 المترابطة-
E
 القوية
 وكذلك نقدم العديد من الخصائص والخصائص الاساسية المتعلقة بهذه الفئات من الفضاءات المترابطة مع بعض بديهيات المجموعات المنفصلة
 
δ-ß-
والمجموعات المنفصلة
 
-
E
 مع الفضاءات المتراصة ايضاً وكذلك نناقش سلوك الفضاءات المترابطة المتعلقة بالمجموعات المترابطة
 
 
δ-ß-
 والمجموعات المترابطة
 
-
E
 فيما يتعلق بعدة انواع من التعيينات المعروفة وانشاء فضاءات تبولوجية جديدة على رسم بياني متصل .علاوة على ذلك نقدم انواعاً جديدة من الفضاءات المترابطة
 
-
 
E
C
 
 و
 
(
δ-
ßc
-
)
  اقوى من المجموعات المترابطة
 - 
 
δ-ß
 والمجموعات المترابطة
 
-
E
  واضعف من 
المجموعات المترابطة
 وذلك باستخدام مجموعات مفتوحة معممة جديدة تسمى 
E
C
 
 و
 
(
δ-
ßc
-
)
 
للحصول على العديد من الخصائص الاساسية التي تختص بها هذه الاشكال من الترابط بالاضافة الى ذلك نقوم بدراسة سلوك المجموعات المترابطة
 
E
C
 
 و
 
(
δ-
ßc
-
)
 
فيما يتعلق بعدة فئات من التعينات المعروفة كما ندرس مكونات هذه الانواع من الترابط وخصائصها المهمه.  
                  
)
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الـــــــــــــــى......
 قدوتــــــــــي فـــــي الحياة ومعلمـــــــــي وشفيعــي سيـــــدنــــا محمـــــد (عليه افضـــل الصلاة والســــلام).
الـــــــــــــــى......
من هو ساكــــــن فــــي أرواحنا ونحن ساكنون فيـــه ...(وطنــــــي الغالــــــــــي )
الـــــــــــــــى......
من جــــــرع الكأس فارغا ليسقيني قطرة حب الـــــى مــــن حصد الأشوك عن دربي ليمهد لـــــي طريق العلم الى الذي اوقد نفسه ليضـــــيء لنا السبيل الــــى من علمنـــــــي وارشدنــــــــي وكان مبتغاه نجاحي (والــدي العزيـــــز).
الـــــــــــــــى......
من كانـــــت سبب وجــودي في الحياة ، الـــــى مــن علمتنــــــي العربيــة حرفــــيا حتى أدركتنـــــي ذخيرة العلم بين يديها ،الى من حضنتني احشاؤها قبل يديها  ،الى شجرتـــــي التي لا تذبـــــل والظل الذي أوي اليه فــي كـل حين ،الـــــى مــــن تطرق دعواتها بالفوز والظفر وتبهج فرحــــاً حين ازف لها فرحـــة النجاح وهــا هي تجنـــي غرسها (رحمك الله يا جنتي امي الحبيبـــــة).
الـــــــــــــــى......
من بهم تزينت حياتـــي، الــــــى من تشابكت يدي بأيديهم ، وتشتاق عينـــاي لرؤيتهم دومـا، الـــــــى الـــروح لجسدي ، الى من حبهم يلهج في عروقي الى (أخواني وأخواتي)  ،الــــى كــــل من ساندني وكــــان معــــي دوما (اصدقائي وزملائي ) اهــــــدي لكم ثمـــرة جهدي هذا ....
الباحــــــــــــث

 (
جمهورية العراق
وزارة التعليم العالي والبحث العلمي
جامعة الانبار 
 كلية التربية للعلوم الصرفة
قسم الرياضيات
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   دراسة حـول الترابـط (δ-ß)-Е والترابـط القـوي-(δ-ß)-Е بأستخـدام المجموعــات المفتوحـــة-(δ-ß)-Е وتطبيقاتـها
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