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ABSTRACT
     The main objective of this thesis is to study two concepts in module theory; namely local and hollow modules. There second objective of is to generalize the hollow module. Due to the relations between local and hollow modules, a notion of several properties about both modules. There are some results about local module a pear in section one of chapter two where; every multiplication module is cyclic and hence is local. Also, if the ring R is residually finite, so any module M over is a faithful and locally finite.  
     On the other hand, if M is a cyclic module and is having maximal submodule, then M is a hollow module. Since D1-module is same mearing of lifting module; therefore, every D1-module M over the ring R such that M has an indecomposabilty property; means that to M is also hollow module. Note that every local module is hollow module; then we can say if M is indecomposable projective module over any commutative ring is hollow module.  We study the generalization of hollow module in several ways. The first is near maximal, hollow module. If M is a finitely generated and faithful module with N=IM, this imply M is a near-maximal hollow module. Second generalization of hollow module is pure-hollow module. If M is a direct summand of two modules and NM, So M is pure-hollow module. Finally, we make the third generalization of hollow module by closed-hollow module. If M is a hollow module and KM is relative complement for NM, then M is a closed-hollow module.  


INTRODUCTION
     Let R be a commutative ring with identity and let M be a unitary (left) R-module. M is called a local R-module if it has the largest submodule M has a unique maximal submodule, And M is called hollow module if each proper submodule of M is small in M, also every local module is a hollow module [32].
     In 1974, Patrick Fleury studied Hollow and local modules and presented the definition of local ring "Local ring means a ring with unique Maximal ideal". 
     In 1975, Tadamasa Ishii also studied the locally Direct summands of modules "explained the locally direct summands of module through completely indecomposable module over local ring".
A note on hollow modules "an R-module M is namely hollow if each p-submodule of M is small" has been studied by Manabu Harada in 1978.
     In 1982, F.Cach studied hollow module and presented some important results. Throughout his article, every ring is associative with 1 and all modules with unital.
    L.Fuchs and L.Salce (1983), studied uniserial module over valuation rings "a module called uniserial if submodules are totally ordered by inclusion (other terminologies: serial or chain module). Evidently, a valuation ring R is uniserial as a module over itself, and its ring of quotients is likewise a uniserial R-module".
    Surjeet Singh (2010) showed that "every indecomposable module over a generalized uniserial ring is uniserial and so is local".  
"some properties of hollow and hollow dimension modules" here studied by Majid Mohammed Abed and Abed Ghafur Bin Ahmad in 2013. Finally, in 2014, Azizi "defined hollow module in another way; if Max(M)=∅ such that N≤M and N+K= M.
     In our work we studied local and hollow modules in detail where we investigate their basic properties. Next, we studied them with especial emphasis on the relationship between local and hollow modules (in the above definitions).
     This thesis consists of three chapters. The first chapter contains all the essential definitions used in the thesis, also some notes and proofs that are related to local and hollow modules together with some generalization of hollow module. 
     The second chapter consists of three sections. In the first section, we studied an important concept namely local module. Some new results and properties have been studied in this chapter. A module M is local if it has a unique maximal submodule [32]. 
     We prove that when M is projective and finitely generated with largest maximal submodule, this means that M is a local module. 
     Here we studied all the properties of local module. Also, some new results have been added in this section.  But before that we needed some basic concepts.
     We need to recall that R is called local if it has exactly one maximal ideal such that maximal ideal means; M is called maximal ideal, if ∃ any ideal J of R ∋ M⊆J ⊆R, then J=R [35]. 
     We present important results related to hollow modules. Also, we use main concept to get these results namely small submodule.  If M is cyclic and , this means that a module M is hollow.  On the other hand, if we have M is  and indecomposable modules, then it is a hollow module. Also, semihollow module over V-ring is hollow. Finally, several properties of hollow module have been studied. There are some properties closely related to multiplication module. Furthermore, the concept of hollow module is characterized by small submodule. Finally, we present some results which explain the relationships between hollow module and semi hollow module in section two. It has been shown that there are some properties closely related to multiplication module. There is a list of equivalent conditions that characterize hollow modules. We know that hollow modules are closely related to multiplication modules.  Recall that an R-module M is said to be multiplication if N = (N: M)M for every submodule N of M; where (N : M) = {r in R s.t rM  subset of N}[5].
     The last section of chapter two, studies the relationship between local and hollow modules. The local and hollow mdules play an imprtant rle in the module thery, where the relationship between them is strong. Also, every local module is hollow module. Also, we present some conditions with hollow property to get a local module. Some concepts have been studied to explain the relationship between hollow and local modules for instance, finitely generated Multiplication and Artinian modules. Also, we present some conditions with hollow property to get a local module. 
     In chapter three we introduce three types of generalization of hollow module, In the first section, we present several conditions about any submodule N of M to obtain a generalization of hollow module. But in this section, we try to do same generalization for hollow module. In other words; nearly maximal of small submodule in hollow module M (NM-hollow module) [34].
     It is worth to mention here that there is a second generalization of hollow module, which is called pure hollow module.  The main idea is to use pure submodule for this generalization. We know that any submodule N of M (NM) is called pure if IN=IMN∋ I is finitely generated ideal of R, In section two.
      In section three, we introduce a third generalization of hollow module, which is called closed hollow module.  
     It is clear that every hollow module is a closed-hollow, but the converse is not true, also some main definitions of closed module and closed small are given, in addition to the use of relative complement property to prove some theories in order to get the closed hollow module.






                                     Chapter One
Basic Definitions and Properties
Introduction
     In this chapter, we summarize some essential definitions that are used in the thesis, also some notes and proofs related to local and hollow modules together with some definitions to generalization hollow module (near-hollow module, pure-hollow module, and closed-hollow module).
♦ Suppose that R is a ring with 1 as its multiplicative identity.
A module M   abelian group (M,+) and ⋅ : R × M → M ∋  r, t  R  and m1, m2  M, we have:
1- r(m1+m2)=rm1+rm2.
2- (r+t)m=rm+tm.
3- (rt)m=r(tm).
4- 1.m=m=m.1.
Examples 1.1: 
1 – Every left (resp. right) ideal (I,+,.) of a ring (R,+,.) is a left ( resp. right) R-module.
2- The ring (R,+,.) is a left and right R-module.
3- If M is a left R-module and S is a subring of R with 1S=1R, then M is a left S-modules as well. 
4- Let M be an R-module and let set N⊂M. Then N is called a submodule of M if:
 (i) m+n∈N        for all m,n∈N
 (ii) an∈N       for all  n∈N ,  a∈R .
♦ A subgroup of the additive group of M which is closed under (.) by elements of the ground ring R. In other words, a left (right) ideal of a ring R is a submodule of the left (right) R-module. If ϕ is a homomorphism from module A into module B, then the set:
kerϕ={a∈A : ϕ(a)=0} 
is a submodule of A, and is the kernel of the homomorphism ϕ. 
Examples 1.2:
1- We have (Z,+) as an abelian group. Then we can consider Z as a Z-module. Also, 2Z is a submodule of Z. 
2- Every left R-module M has at least two submodules (trivial submodules): M M and 0M.
3- Let R be a ring with 1. Then the left submodules of R as a left R-module are exactly the left ideals a ring (R,+,.).
4- Let F be a field and let M be a left F-module then the left submodules of left F-module M are exactly the subspaces of a Vector space M.
5- Let M be a left Z-module. Then the left submodules of a left Z-module M are exactly the subgroups of an abelian group M.

1.3 Basic Definitions
Definition 1.3.1 [35]:  
Let R be a ring.  Then R is called local if it has exactly one maximal ideal such that maximal ideal means; M is called maximal ideal, if ∃ any ideal J of R ∋ M⊆J ⊆R, then J=R.
Definition 1.3.2 [32]: 
A module M is called local if it has a largest submodule (M has a unique maximal submodule).
Theorem 1.3.3[12]:
 If R is a local, absolutely flat ring, then R is a field.
Proof: 
Since R is local ring, then the only pure ideals are (0) and R. So by corollary[1.8,[12]] the unique maximal ideal M is pure.  Hence M is (0).  Therefore, R is a field ■
Definition 1.3.4 [19]:
Let R be a ring. Then the radical of R is the intersection of all maximal ideals of R.  Rad (R) = {M ∊ R: M maximal idea l}.
Definition 1.3.5 [28]:
A module M is called uniserial if the submodules are totally ordered by inclusion (other terminologies: serial or chain module).  Evidently an R- module M is called uniserial module if the lattice of submodules is linearly ordered under inclusion and if a module is a direct sum of uniserial modules is called serial module.
Definition 1.3.6 [38]:
A module M is called indecomposable if there are summands M1 and M2, M = M1⨁M2, M1 where M=M1 and M2=0.
Remark 1.3.7 [38]:
Every indecomposable module over a generalized uniserial ring is uniserial and so is local.  
 Remark 1.3.8 [38]: 
Let M be an R-module.  If M has a unique maximal submodule N, then M is called indecomposable.
Definition 1.3.9 [28]: 
A ring  is called quasi-Frobenius if R has (DCC) on right ideals and R is self-injective. 
· Every injective module is projective, and the converse is true if the ring R is quasi frobenius [27].
Definition 1.3.10 [26]: 
Any R-module M is called finitely generated if M=∑xi ri ∋ xi M and ri R.
Definition 1.3.11 [26]: 
A module M is called a locally finite, if any submodule of M is finitely generated. 
Definition 1.3.12 [14]: 
 Let R be a commutative ring with unity and M a unital R-module. Then M is called a multiplication module provided for each submodule N of M there exists an ideal of R such that N=IM.
Definition 1.3.13 [23]:
Any proper submodule N of a module M is said to be small if each proper submodule K of M , then K=M. 
Definition 1.3.14 [33]:
An R-module M is called hollow if each proper submodule of M is small in M.
Definition 1.3.15 [26]:
An R-module M is called cyclic if it is generated by single element.
Definition 1.3.16 [14]:
If X is a non-empty subset of R, then we denote its annihilator in
M(ann(x)) and define it to be the set of elements mM such that xn=0 xX.    annM(x)={m∊M∣xm=0; xX, mM}
Theorem 1.3.17[8]: 
Let 0 ≠ R be a ring. Then the following statements are equivalent:
(i) Every cyclic R-module is a hollow module.
(ii) R is a local ring.
Proof: 
Since every cyclic R-module is a hollow module, then obviously R as an R-module is hollow.  So, R is a local R-module and thus R is a local ring.  Conversely let R be a local ring and let M be a non-zero cyclic R-module. Clearly () is a local ring. Hence M is a hollow module■
Proposition 1.3.18[8]:
 Let M be a multiplication R-module. Then for every prime ideal P of R; MP is a hollow RP -module.
Proof:
 For every prime ideal P of R; MP is a cyclic RP -module. If MP = 0; then; obviously MP is a hollow module.  If MP ≠0; since MP is a non-zero cyclic RP -module, so we have Max(M) ≠0; and obviously     Ann(MP) ≠ RP; and RP is a local ring, consequently.   is a local ring. So, MP is a hollow RP –module■
Definition 1.3.19 [40]:
A module M is called simple, if M 0 and if it has only submodules {0} and M.
Definition 1.3.20 [20]:
An R-module M is called semi simple if M is direct sum of simple submodule.
Definition 1.3.21 [6]:
Any ring R is said to be V-ring in case simple-module over R is injective.
Definition 1.3.22 [26]:
A submodule N of M is called essential, if N ∩ L  (0) for each nonzero submodule L of M.
Definition 1.3.23 [4]:
A submodule N of an R-module M is called semi-essential, if N∩P(0), for each nonzero prime submodule P of M.
Definition 1.3.24 [22]:
Any proper submodule N of an R-module M is called almost maximal, if whenever W is an essential submodule of M with N ⊊ W ⊆ M implies that W = M.
Definition 1.3.25 [27]:
A proper submodule N of an R-module M is called an almost prime submodule of M if whenever r ∈ R and m ∈ M such that 0rm ∈ N, then either m ∈ N or r ∈ (N : M).
Definition 1.3.26 [34]:
Let M be an R-module. Any submodule N of M is called NM-submodule if WM; N⊆W then W+Rad(M)=M.
Definition 1.3.27 [19]:
Let R be a ring, then R is called division if it has a unity, and R has no zero divisor and every element in R has inverse in R.  Note that R is called local ring if   is division ring.
From [25], an exact sequence f: 0 → A → B → C → 0 of R-modules is said to be cyclic pure if every cyclic R-module f-projective. So, If N is a submodule of a R-module M and the canonical short exact sequence.
0 →N →M →M/N →0
is pure, then we say that N is a pure submodule of M.
Definition 1.3.28 [17]: 
We say that a submodule N of an R-module M is a 2-pure sub-module of M if IJN = IN ∩ JN ∩ IJM for all proper ideals I, J of R.
Example 1.3.29[17]:
The submodule Z4 of the Z4-module Z4 is a 2-pure submodule but it is not a pure submodule.
Proposition 1.3.30 [12]:
An R-module M2 is flat if and only if every exact sequence 0 → M→ M1→ M2 → 0 of R-modules is pure exact.
Definition 1.3.31 [31]:
A submodule N of M is called Rad(M)-pure if N is pure in Rad(M) or (I ideal in R; I Rad(M)N=IN).
Theorem 1.3.32 [12]:
Let M be an R-module and N a submodule of M. Then the following
conditions are equivalent.
1. N is a pure submodule of M and M is absolutely flat over R.
2. Both N and M/N are absolutely flat over R.
Definition 1.3.33 [43]:
Any module M is called regular if m∊M, ∃ g∊Hom(M,R), then(mg)m=m.
Definition 1.3.34 [25]:
 A module M is called Rad(M)-regular if  m∊Rad(M), r∊R,  t∊R ∋ rm=rtrm.
Definition 1.3.35 [22]:
 M is called almost-regular if every submodule of M is almost-pure.
Definition 1.3.36[12]: 
An R-module M is called flat module if for every monomorphism 
ẟ:A            B,  ẟ1, also monomorphism.  
Proposition 1.3.37[12]:
For a ring R, the following conditions are equivalent.
1. R is absolutely flat.
2. Every maximal ideal M is a pure submodule of R.
3. For every maximal ideal M, R/M is R-flat.
Proof: 
(1) ⇒ (2) Take M  R 
(2) ⇒ (3) For every maximal M, M is a pure submodule of R implies that R/ M is R-flat.
(3) ⇒ (1) Let M be any maximal ideal of R. Then R/ M is R-flat. (R/ M) M is flat over R M. Hence RM / MRM is free over RM. Then MRM = ann(RM/ MRM) = (0). RM is a field and therefore R is an absolutely flat ring.
Definition 1.3.38 [41]:
Let M be an R-module. Then any submodule N of M is called closed (NcM) if N has no proper essential extension in M. 
Definition 1.3.39 [24]:
Any submodule N of M is called closed-small (Nc M) if N+K=M with Kc M (K closed) implies K=M.
Definition 1.3.40 [41]: 
A submodule N of M is essential (or large) in M if for every nonzero submodule K ≤ M, we have N ∩ K  0.
♦ An R-module M is called closed- hollow (C-hollow) if every proper submodule N of M is closed small (C-small). 
♦ Any ring R (M module) is called residually finite if any module M of R is the sub direct product of finite rings (module).
Definition 1.3.41 [36]:
Any module M is called semi multiplication if I=(N:M) the RI-module M is a finitely generated and dim(M) =0.

Definition 1.3.42 [13]:
An R-mdule M is called secondary if 0M, rR; f:M  M produced by multiplication by r is onto (surjective) or nilpotent.
Definition 1.3.43 [37]:
Let N be a submodule of an R-module M. Then N is called pure if  for each ideal I of R.
Definition 1.3.44 [26]:
M is called pure hollow module if every small proper submodule N of M is a pure submodule.
Definition 1.3.45 [26]:
A submodule N of M is called relative complement for N in M if any submodule K of M which is maximal w.r.t. NK=0.
Definition 1.3.46 [20]:
Let N be a submodule of an R-module M. Then N is called closed submodule if N has no proper essential extension in M, denoted NcM, i.e If NeKM then N=K.
Definition 1.3.47 [10]:
A module M is called lifting(D1-module) if, for all N ≤ M, there
exists a decomposition M = AB such that A ≤ N and N ∩ B is small in M.
Definition 1.3.48 [2]:
A nontrivial R-module M is called semihollow if every proper
submodule of M is semismall in M, where a submodule N of M is called semismall in M (denoted by NsM) if N=0 or for each nonzero submodule K of N, N/K is small in M/K.
Definition 1.3.49 [28]:  
An R-module M is called projective if and only if for any epimorphism f:C→V such that C,V are any R-modules and for any homomorphism  g:M→V ∃ a homomorphism  h:M→C such that f∘h=g. 
[image: C:\Users\Data_Center\Desktop\project.PNG]




Definition 1.3.50 [26]:  
A module M is injective if: f:A→B is a homomorphism and g:A →M is a homomorphism, Then there exists h:B → M is a homomorphism such that g=h∘f.   [image: C:\Users\Data_Center\Desktop\1inje.PNG]
                   



Definition 1.3.51 [11]:
 Let R be a commutative ring with unity, then R is semilocal if it has finitely many maximal ideals.
Definition 1.3.52 [15]:
An R-module M is cyclic if it is generated by single element.
Definition 1.3.53 [26]:
Let N be a submodule of an R-module M. Then N is called direct summand of M if there is a submodule K of M such that K+N=M and K∩N=0. And write M= K⨁N.
Or N is a pure submodule of an R-module M if  aN, a=ab,  bN.
Examples 1.3.54: 
1- Consider Z6 as Z-module. We have Z6=, since 
           Z6= and ={0}.
2- A submodule of an R-module ={,, } in a Z-module Z6 is pure since  = .  and = . .
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Chapter Two
The Relationship Between Hollow And Local Modules
Introduction  
      This chapter introduces the concept of local modules, where a module M is called local module if it has a unique maximal submodule. Also, some new results and properties of local module have been studied and proof of M is local module is shown. In the next section, hollow module and its properties is introduced, where a module M is called hollow module if each proper submodule of M is small in M. Also, M is hollow if it is cyclic module and . On the other hand, if we have M is  and indecomposable module, then M is a hollow module. Also, semihollow module over V-ring is hollow. In last section, we studied the relationships between local and hollow modules, as every local module is hollow module. Also, we present some conditions with hollow property to get a local module. Some concepts have been studied to explain the relationship between hollow and local modules for instance, finitely generated multiplication and Artinian modules. We prove that indecomposable projective module is hollow module.







2.1 Some Properties of Local Modules
     In this section, we study an important concept namely local module. Some new results and properties have been studied. A module M is local if it has a unique maximal submodule. We prove that when M is projective and finitely generated with largest maximal submodule, this means that M is a local.  Here we study all the properties of local module. Also, some new results have been added in this section.  But before that we need some basic concepts.
     We need to recall that the ring R is called local if it has exactly one maximal ideal such that maximal ideal means; M is called maximal module, if ∃ any ideal J of R ∋ M⊆J ⊆R, then J=R.
Example 2.1.1: The best example of local ring is R = (Z4, +4, .4), because the ideal which is generated by element  is only maximal ideal of R.
Remark 2.1.2: There are two ideals which are generated by and  are maximal ideals of Z6 So Z6 cannot be local ring.
     Now we can present another definition of local ring by using two concepts the radical of ring and division ring. Now we must introduce the definitions of radical of ring and division ring:
Definition 2.1.3 [19]: Let R be a ring. Then the radical of R is the intersection of all maximal ideals of R”. Rad (R) = {M ∊ R: M maximal ideal of R}.

Definition 2.1.4 [19]: Let R be a ring, then R is called division if it has a unity, and R has no zero divisor and every element in R has inverse in R.  Note that R is called local ring if   is division ring


Remark2.1.5 [26]: Every projective module over Quasi-Frobeniuous (QF)ring is injective module.
Definition 2.1.6 [26]: A module M is injective if: f:A→B is a homomorphism and g:A →M is a homomorphism, Then there exists h:B → M is a homomorphism such that g=h∘f. 
Recall that: A submodule N of an R-module M is called minimal submodule, if  KM such that KNM imples that K={0}.    
Theorem 2.1.7: If M Rad(M) = N1⨁N2; N1, N2 minimal submodules, then or  is injective.
Proof:
 Suppose that    is not injective.  Hence M can embeds in E() Rad(M) ⨁ E() Rad(M) such that E() is a composition length or exceptional of  () so E() is an exceptional of . But M1; M2 any two uniserial R-modules. So M1Rad(M)⨁M2Rad(M) ⊅ a submodule is local and not uniserial.  Thus () is injective module ■
Lemma 2.1.8 [38]: Let M be a finitely generated projective R-module. If M has largest maximal submodule, then M is a local module.
     In the next theorem, we present the relationship between local module and two concepts, namely projective and indecomposable module.  
Theorem 2.1.9: Every   projective indecomposable module is local. 

Proof: 
 Suppose that M is a projective, so M has maximal submodule (if M = MJ(R), then for each k≤ M, N≤ K, implies that M =0 or M= K).  We have M is indecomposable module. Thus, M is a local ■
Theorem 2.1.10: Let M be a module over (QF) ring.  If M is a free simple module, then M is local module.
Proof:
 Assume that M is a free R-module on set s.  Let A and B be any two R-modules. 
Let f: A   B be any homomorphism.  Consider the following diagram.[image: C:\Users\Data_Center\Desktop\Capture22.PNG]
                   
                                                                                                                                                                         
                      
                                                                 
 x ∊S, choose ax ∊A ∋ j(x) = ax    (1)
 x ∊F, g(x) ∊ B and f: A       B is onto 
  ax ∊A ∋ f(ax) = g(x)   (2)
Since F is a free R-module on S 
 a unique homo h:f  A ∋ ho i=j    (3)
to prove that foh = g 
Let x∊ F  x=  ; Xk∊S ∧ rk∊R  K=1,2,----,n  (since F= ) So
                                    (foh)(x) = (foh)
                 = f(h(  ))
                                      =f() because h is homomorphism ( by free) 
                                 (fog) = f( )
                                          = f( )
                                          = f(  from (3)
                                         = f(   from (1)
                                         =  since f is homomorphism.
                                         =   from (2)
                                         = g     since g is homomorphism Then foh=g
F is a projective – R-module. Let M be a simple module.  We need to prove that M is indecomposable. Suppose that M is a decomposable module. So, M = N1⨁N2 ∋ N1 and N2 are submodules of M. (That is, M= N1⨁N2 and N1⋂N2 ={0}). Thus, M has a non-trivial direct summand different from M say N1 and N2.  But M is a simple module.  So, M has only submodules M itself and {0}). This is a contradiction.  Hence M is an indecomposable module. So, M has a unique maximal submodule with projective imply M is a local module ■
Corollary 2.1.11: Every projective R-module with unique maximal submodule is local module. 
Proof:
 By last theorem 2.1.10■
     Now we move to study another characteristic of local module M, which is done by studying the submodule N of M that carries the characteristic finite as a set. Note that any ring R has faithful and locally f. module is called locally finite ring. The following is a good example of faithful locally finite modules over R:
Example 2.1.12: R=Z, M=Zp∞ ∋ P is a prime.
Remark 2.1.13: Any ring R (M module) is called residually finite if any module M of R is the sub direct product of finite rings (module).
Theorem 2.1.14: Let R be a ring. If R satisfies the Remark (2.1.13), there any module M of R is faithful and locally finite R-module.
Proof: 
Suppose that R satisfies the Remark 2.1.13. So, R =πRi ∋ Ri are finite rings. Let fi: R ⤍ Ri be an epimorphism  i ∊ I.  Hence Ii= kernel of fi.  Mi = ( , +) ∋ i ∊ I is comm. group. Note that any Mi is a finite R-module and M=⨁Mi ∋ i∊I is faithful and locally finite ■
     Recall that if R is a commutative ring with identity and M a unital R-module, then M is called a multiplication module provided for each submodule N of M there exists an I of R such that N=IM.
In the next theorem we present a relationship between multiplication module over local ring and local module.
Theorem 2.1.15: let M be an R-module, every multiplication module semi local module is cyclic.
Proof: 
We have that M is a multiplication  -module. Since  is semi local ring, then M is local  – module, So M≌ , thus M is cyclic module■
Note that I=(N:M) is a prime ideal such that N is a proper of M and any module M is called semi multiplication if I=(N:M) the RI-module M is a finitely generated and dim(M) =0. By above concepts we can present the following result which explain the relationship between semi-multiplication module and local module.
Corollary 2.1.16:  If M is a semi multiplication module, then M is a local cyclic module.   







2.2 General Properties of Hollow Modules
     In this section, we present important results related to hollow modules. Also, we use the main concept to get these results namely small submodule. If M is cyclic and , this means, that a module M is hollow. On the other hand, if we have M is  and indecomposable modules, then it is a hollow. Not that, semihollow module over V-ring is hollow. Also, several properties of hollow module have been studied. There are some properties closely related to multiplication module. Furthermore, the concept of hollow module characterized by small submodule.  Finally, we present some results which explain the relationship between hollow module and semi hollow module.  
     There is a list of equivalent conditions that characterize hollow modules. We know that hollow modules are closely related to multiplication modules. Recall that an R-module M is said to be multiplication if   N = (N:M)M for every submodule N of M; where (N : M) = {r in R s.t rM  subset of N} (see, [5]). Also, for each proper submodule H of a module M, if , so K is small in M   From [31], we find two examples of small submodules. 
Definition 2.2.1 [33]:  A submodule K of an R-module M is called small  if H+ KM for each proper submodule  of M. 
Definition 2.2.2 [33]: An R-module M is called hollow if each proper submodule of M is small.
Example 2.2.3: Recall that if , then M is hollow.  So, we have some examples of hollow module, such as;
1. Since the definition of simple module posses only {0} and M are submodule, this means that {0} and hence M is hollow.
2- Zp is hollow over the ring Z.
3- Since uniserial module means that a module in which have submodules are linearly ordered by inclusion, so uniserial is hollow.
4- A module M over the ring Z has no small submodule, so M is not hollow, because M =p + Mp ∋ p is a prime and Mp , Mp and MPp=Z.
Remark 2.2.4: If , so K is a proper submodule and  is small when{ .
Example 2.2.5: Let K= {,}  Z6.  So, K is not small in Z6.
Definition 2.2.6: [28]: An R-module M is called projective if and only if for any epimorphism f:C→V such that C,V are any R-modules and for any homomorphism  g:M→V ∃ a homomorphism  h:M→C such that foh=g.
Proposition 2.2.7: Let  it is a self-projective.  If g: M → N equal zero, so  is a hollow module.
Proof:
 Assume that  is not hollow. So there exists  ∋ NM.  Hence for Every proper submodule of  (Hp);  =H+.  Let 
: →   , such that D=NH (  epi).
Take  : →;   and 
.
We have .  If   is a well-define and n+h=n1+h1, then n-n1=h-h1.  Therefore, n-n1=h-h1 D.  Hence 
n+D =n1+D.
So 0
Since                     . C!.
We have M as self-projective, so
 : → ∋ =.
Since
;
.
(m)-n D submodule of N.  Hence (m)N.  So (m)N.  But g=0.  So =0 .C!  
Since =∧0, then N is small in  and M is hollow module.
     Recall that; if the module M has maximal submodules (Max (N), then Rad(M) = {Ni: Ni is Max(N)} ■ 
     So, from the definition of Rad(M) and cyclic property we can do connect with hollow module. The next theorem shows the relationship between cyclic module and hol1ow module.
Definition 2.2.8 [26]: Any module M is called finitely generated if M=∋ xi M and ri R.
Theorem 2.2.9:  Let  be a module. If:
1-  is a cyclic module;
2-  has no 
 then,  is a hollow module.
Proof:
From condition (2),  and so if a module M is a cyclic, then M is f.g. Hence H is also a finitely generated submodule of M and  =H+K, KM. Then H=Rx1;x1. But M =Rad(M). Therefore, Rx1 is small in M. Thus, M is a hollow module ■  
Now if ,  =12 ∋ M1H and M2H, so M is called D1-mdule. Also, if  this means M is indecomposable module. 
Definition 2.2.10: A module M is called lifting or satisfies (D1-module) property, if for every submodule N of M there exists a direct summand K of M such that K is an coessential submodule of N in M.
Theorem 2.2.11: Let  be an R-modu1e If: 
1-  is a D1- module;
2-  is indecomposable modu1e;
 then  is a hol1ow mdu1e.
Proof:
Assume that  is D1-module and N. So,  =12, M1 N and M2N2.  But M={0}.  Hence M1=0 (M2=).  Therefore N =N.  Thus has a small proper submodule ( is ho1low).
Recall that it is known each hollow module is semi-hollow, but the converse is not true ■ 
Definition 2.2.12[2]: M is called semi-hollow if NM is semi-small (if N = 0 or for each 0≠K ≤ N and N/K ≪ M/K.
Note that the converse is true if the ring R is a V-ring. Therefore, before proving this fact we need to start with the next following:
From [6], a ring R is said to be V-ring if any simple R-module is injective.
Therefore, we introduce the following result. 
Theorem 2.2.13: Let  be an R-module. If:
1- R is a V-ring;
2-  is a semi-hollow module; 
then M is a hollow module.
Proof:  
If  is a semi ho1low, then it has a proper f. g. submodule small in .  But R is a V-ring, then Rad()=0.  So  is local, but every local is a hollow module ■
Lemma 2.2.14[33]: "Every indecomposable injective module is hollow". 
Where, M is injective if: f:X →Y is a homomorphism and g:X →M is a homomorphism, Then there exists h: Y → M is a homomorphism such that g=hf.[26].
Definition 2.2.15[5]: An R-module M is called Artinian if M satisfies the descending chain condition (DCC) on submodule of M.
Definition 2.2.16 [18]: M is called divisible if r.x=m, 0≠rR,xM.
Remark 2.2.17: Every injective R-module gives divisible, but the converse needs another condition which is P. I. D.
And we have P.I.D means integral domain and every ideal is principle.
Theorem 2.2.18: Let a ring R be a P.I.D. If:
1- M is an artinian-module;
2- Z (R) ⊆ Z (M); Z(R) is a zero-divisors of a ring R and Z (M) is a zero-divisors of a module M;
3- M = {0} ⨁ M;
then, M is a hollow-module.
Proof: 
 Assume that 
𝜴1 =  R/(Z(R))   and   𝜴2 =  R/( Z(M)) .
Clear that 𝜴1⊆ 𝜴2. Suppose that 𝛚∊ 𝜴1⊆ 𝜴2.  Since Μ is an Artinian-module, so it is satisfy (d.c.c).  Hence 
𝛚M⊇ 𝛚2 M ⊇  -----.
Then
ωn M = ωn+1 M; n∊Z+.
If x1 ∊ M; so ωnx1 = 𝛚n+1 x2 ∋ x2∊ M.  Then 𝛚n (x1-𝛚x2) =0.  Since ωn𝜴2 and x1 𝛚x2=0, so x1= 𝛚x2.  Therefore   M = 𝛚M, ∀ 𝛚∊𝜴1.  Thus, M is divisible module with R is P.I.D we get M is injective R-module.  But M = {0} ⨁M.   Thus, M is hollow module ■
Theorem 2.2.19:  Let M be an R-module. If M has no proper essential extension and indecomposable, then M is a hollow module.
[bookmark: _1fob9te]Proof: 
Take M embedding in Mo (M → Mo) ∋ Mo is injective. We need to show that M is injective module.  There exists N o ∋ N is maximal with respect N =0.  So M is embedding ( →  ). Hence M is an isomorphism. But .  We have M is a direct summand of injective module.  So,  is injective module with indecomposable property;  is ho1low module ■      	
Corollary 2.2.20: Let  be an injective R-module. If the zero submodule of M is irreducible, then  is hollow module.
Proof: 
suppose that the zero submodule of M is irreducible. So, M0. suppose that there exists 01, 02 ∋ M1 and M2M and M =1+M2.  Hence by [if M = ∑ (direct sum), so M = ∑ and Mi∩∑i=0; M12=0 which contracts with the zero submodule.  But M is injective module. Thus, M is hollow module ■
Corollary 2.2.21: Let M be a module. If: 
1- Z(R) ⊆ Z(M);
2-  is indecomposable;
3-   ki ∋ ki has a minimal element; then a module  is hollow.
Proof:
 Assume that  and has minimal element. So, M/N is a f.co-generated (see [29]). Let the (d.c.c) of Mi of submodule k=.  Hence    is  f.co-generated. Then k=k   k.  So, Mk+1  ik. Therefore, M is an artinian module.  But from condition (1), Z(R) ⊆ Z() and from condition (2); M is indecomposable (M={0}+). Thus,  is hollow module ■
Proposition 2.2.22:  Let  be a non-zero-R-modu1e. If:
1- ;
2- ;
 then .is hollow module.
Proof:
Assume that 0 ∋ N is lies over summand . Since  is indecomposable (={0}); HN and .    
But . Hence .
So Rad() is only Maximal submodules of M.  Hence M is local (M is hollow) ■
Theorem 2.2.23: Let  =HK and M is a lifting module. Then every direct summand of  is a hollow module.
Proof: 
Assume that  is lifting. So, it is D1-module and hence completely finite lifting.  Therefore, M is a direct-sum of hollow modules ■
 Corollary 2.2.24: Any module is a direct-sum of simple-submodule and  is indecomposable over Noetherian ring R is hollow module.
Proof:
 Since M is indecomposable module, so M=M+{0}. We have R is a Noetherian ring, then R satisfy (a.c.c). Since M is a direct summand, then M is a hollow module ■ 














2.3 On Hollow And Local Modules 
     In this section, we study the relationship between local and hollow modules. All rings here have 1 and all modules unital. The local and hollow mdules play an imprtant rle in the module thery, where the relationship between them is strong. In [7], if N=IM, so  is multiplication ∋is an ideal of R. Any submodule N of M is called small if for each KM ∋ M=N+K; M=K, or MN+K, KM.
     A local module, that there is only one maximal submodule for any module M. Because of the strong relationship between the concepts of local and the hollow on the modules, it is necessary to provide a definition of a hollow module, means; there is NM  NM. Surjeet proved that if any module M over Artinian ring R is f.g and indecomposable imply that it is local module. Also, Shahabaddin (2004); showed that the secondary multiplication module over commutative ring is a finitely generated. 
In this section, we study some relationships which clear Local module leads to hollow and vice versa if there are other conditions about the module.
Example 2.3.1: The integer numbers Z as Z-module, so Z Z is a maxmal of Z if and nly if  is a prime number. 
Example 2.3.2: The  numbers Q as a Z-mdule has no maximal submodule. So, Q is not local module. 
Definition 2.3.3: An R-module M is to be local if M has a largest submodule.
Definition 2.3.4:  Let  M. So is called maximal submodule iff:
∀ N N1 and N1M; then N1=M.
(*) The integer numbers Z as Z-module, so PZ  Z is a maximal of Z iff P is a number has prim property. 
(*) The rational numbers Q as a Z-module has no maximal submodule; so, Q is not local module.
Assume that Q has maximal submodules. Suppose that NQ ∋ N is maximal. Let qQ, PN because p is a proper. So PZ+N={ : nN} Q. But  PZ+. Hence PZ+N=Q.
Also, PZ+N=({P}N)Q ∋Q1 generated by {P}+N. So {P}N is generating of Q. Then N is generating of Q. So =Q C!. Thus, Q has no maximal submodules.
Lemma2.3.5: Every proper submodule N of  f.g R-module is maximal .
Proof:
 Suppose that M is generated by: {x1,x2,….,xn}.
Assume that NM ∋N and Г is all submodules of M ∋Г={H:H submodule of M and Г⊃N}.
We know Г because N is a submodule and N⊆N. But Г is ordered by inclusion.
 So             H1H2 iff H1H2   H1,H2 in Г.
Let K be a totally ordered of M and N⊆B=Hi. Then BM and NM.
If B a submodule of M and B=M, So {x1,….,xn}⊆B.
But B=H.Hence there exists HK {x1,…..xn}⊆H .Thus H=M   C!.
Hence B is a submodule of M and then B Г and by (zorn's lemma), Г has a maximal F. Now F is a maximal submodule of M ■
Remark 2.3.6:  Every finitely generated- cyclic nonzero R-module M has largest submodule.
     From definition (1.3.2), the following an example; Z8 is a local module as a Z-module, but Q is not a local as a -module.
     Recall that any N  M is small if  KM  M=N+K; K=M or NM if MN+K  KM.
The following are examples of a small concept.
· N={, }, M =Z8. Then NM.
· N={, }, M =Z10. Then N is not small in M.
Definition 2.3.7: Suppose that  is an R-module. So M is hollow if   ∋ N  M, so  . For example:
· Z4 is a hollow.
·  as a -module is not hollow.  
     There is another algebraic tool that has an important relationship between local and hollow modules by J(M): 
J()={all maximal submodule of }.
Example 2.3.8:  Assume that   =Z4. Then J(M)={, }.
Remark 2.3.9:  If M not contain largest submodule, then J(M)=M; for example: let M=Q, then J()= or J(Q)=Q.
Lemma 2.3.10: Each local module  is hollow module.
Proof:
 From definition of local module;  N ≤p M, N⊆ J(). But J(). So . Thus  is hollow (definition hollow module) ■
 Lemma 2.3.11: Suppose that  is a module over Artinian ring R. Every f.g. indecomposable module is local [37].
Theorem 2.3.12:  If  is indecomposable projective, So,  is hollow module.
Proof:
 Since  satisfies the property of projectivity, so every submodule of M is maximal. Then  = J(R);   H and , therefore . Now from indecomposable property, M has largest. So, it is local. Therefore,  is a hollow module (lemma 2.3.11) ■
     Recall that any sequence of R-module homomorphism is exact if: 
kergi+1 = Im gi such that: 
…Mi Mi+Mi+2→……
0M1M2M30
Where 0 the trivial module.
f is monomorphism and g is epiomorphism. 
Ker(f)=Im(g).
(#) Every short exact 0M1M2M30 is split.
Proposition 2.3.13: If 01230 is split for all 1,2 and 3 are modules over R if:2={0}+2, then 2 is hollow module.
Proof: 
Since g:⨁R 2 is the canonical onto of R-modules, so the following 
0ker(g)⨁RM20
Is as exact sequence. Hence 2⨁ker(g)⨁R. So M is projective module. But M2={0}⨁M2. Then M2 is indecomposable (M is local). Thus, M is a hollow module ■
Remark 2.3.14: Note that all the results that we obtained in this section, showed the appropriate conditions for obtaining the local module. Now we will try to study the converse of last results, this means that a hollow module may be a local with some conditions.
Lemma 2.3.15: If M is a hollow and cyclic module, then it is a local.
Proof: 
Assume that  is a hollow cyclic mdule. S  is a finitely generated module. Thus, M has a maximal   such as K. Suppose that there exists H. If H⊄K, so H + K= M. But M is hollow module. Therefore K=; contradiction. So, any submodule of M contained in K. This means that M has largest submodule. Thus, M is a local module ■
Theorem 2.3.16: For any module M; If:
1- M is divisible module and R having no zero divisor.
2- M is hollow module.
3- N=IM;
 then M is a local module.
Proof: 
Suppose that H=IM and H does not equal zero, H M. So, H =I =. Hence  is a simple (cyclic). But M is a hollow module. Thus, M is a local (lemma 2.3.15) ■
     From [9]; M is secondary if 0M, rR; f:M  M produced by multiplying it by r is onto or nilpotent" and from [32]; any secondary multiplication module over commutative ring is finitely generated module. So, we can present the following result.
Theorem 2.3.17: For any module M If:
1- N.
2- M is a secondary multiplication;
then M is a local module.
Proof:
  Frm (2)  is a finitely generated module. So  is acyclic. Thus, M is a local module because NM ( is a hollow) ■
Proposition 2.3.18: Let N=I and  N  are semi-local ring. Thus, M is a local module.
Proof: 
  Since N, So M is a hollow module. Suppose that R is a local ring and 1 is a maximal ideal. If N = over R; let mM-M. So, Rm=M ∋ 2⊄1. Then 2=R and hence  =Rm (M is cyclic).  But M is a hollow module. Thus, M is a local ■
Corollary 2.3.19: For an R-module M, if:
1-   is f.g module.
2-  N=IM.
3-  N  ∋ N ( is hollow); 
then  is local module.
Proof:
Let M is a f.g module.  And let M is an artinian module over the ring R. So,  N ∋ ND; D is a direct sum copies of M. So, R is Artinian ring. Hence  finitely many maximal ideals of R. Then M is a cyclic module with small in M, we get M is a local ■
   We know that a module M is called injective if the following facts are true:
(*)  Q ∋ Q is a module.
(*)  Q ∋  +H=Q and  H=0 with K+ is internal direct sum.
Definition 2.3.20 [18]: An R-module M is called divisible if every element m  is a divisible (0≠m; M=mM).
Lemma 2.3.21 [18]: Every injective module is divisible. 
Corollary 2.3.22: If M satisfies the following:
1- M is an injective module over integral domain R.
2- M is a semi-hollow module.
3- N=IM ∋ NM.
Then M is a local module.
Before we introduce the proof of corollary 2.3.22 we need to define semi-hollow module by the following:
Definition 2.3.23[2]: M is called semi-hollow if NM is semi-small (if N = 0 or for each 0≠K ≤ N, and N/K ≪ M/K.
Now we prove corollary 2.3.22.
Proof:
From condition (1), M is an injective module over R has no zero divisors. So M is a divisible module (by Lemma 2.3.22). But we have M is a semi-hollow module, then it is hollow. Also, N =IM therefore M is a multiplication for all NM.
Thus by (Theorem 2.3.18); M is local module ■
Corollary 2.3.24: Every multiplication indecomposable module is a hollow module.

Proof: By multiplication module means cyclic with Lemma 2.2.16; M is local because every indecomposable module is hollow module■
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Chapter Three
Generalizations Of Hollow Modules
 Introduction 
     In this chapter we introduce three types of generalization of hollow at which several conditions about any submodule N of M to obtain a generalization of hollow module are firstly presented. In other words; nearly maximal of small submodule in hollow module M (NM-hollow module).

     A pure hollow module, which is the second generalization of a hollow module is introduced. The main idea is to use pure submodule for this generalization. We know that any submodule N of M is called pure if IN=IMN∋ I is finitely generated ideal of R. Also, we introduced a third generalization of hollow module, which is called closed hollow module.  Every hollow module is a closed-hollow module, but the converse is not true, also some main definitions of closed module and closed small are given. Also, the proof of some theories to get the closed hollow module is done using relative complement property.


3.1   On NM-Hollow Module 
     This section investigates the generalization of hollow module, namely near maximal hollow module (NM-hollow module). Any module M is called NM-hollow if for every H satisfies two properties, namely nearly and maximal. Some new results have been studied and more relationship are presented. The main result in this section is; if M is a faithful and multiplication over the ring R, then M is NM-hollow module. Also, a direct-sum of NM-hollow module is also NM-hollow. 
Definition3.1.1: A submodule N of M is called maximal if WM; N⊂W⊆M, so W=M.
Definition3.1.2[34]: Let M be an R-module. Any submodule N of M is called NM-submodule if WM; N⊆W then W+Rad(M)=M.
Definition3.1.3: Any module M is called NM-hollow if H is small submodule of M and near maximal.
Remark 3.1.4: Every Maximal submodule is an NM-submodule.
Example 3.1.5: Z submodule in Z-module Q is NM-submodule but not maximal  Q is a rational ring.
Remark 3.1.6: Every M-hollow is an NM-hollow.
Example 3.1.7:  If N=(0)M simple, then N is NM-hollow.
We consider N as a module, note that since M Local module has only one maximal submodule, so M has only one near maximal. Also, if Rad(M)=M, this means that M has no maximal submodule. Note that if N is NM-hollow with Rad(M)=0, then N is a maximal of hollow module.
· If N1 and N2 are two small proper submodules of M and N1N2 is NM-submodule of M, so N1 and N2 are NM-submodule. Hence M is NM-hollow module [34].
· If M is NM-hollow module, then  is NM-hollow module such that HM.
Theorem 3.1.8: Let A and B be two R-modules and :A  B be onto mapping. If A is NM-hollow module, then (A) is NM-submodule of B (B is NM-hollow module).
Proof:
Suppose that M is an R-module. Let HB  (k)⊂H, kA. To prove that  (A) ⊂H and H + Rad(B)=B. Since A is NM-hollow then NK is NM-submodule. Also, ker()⊆N then (N)B.
So 
(N)H   N⊂ -1 (H).
Hence 
-1 (H)+Rad(A)=A
So
(-1 (H) +Rad(A))=(A) =B.
 Then 
-1 (H)+(Rad(A))=B.
But  onto. So, H+Rad(B)=B.   (N) is NM-submodule of B. Thus, B is NM- Hollow module ■
Corollary 3.1.9: If M is NM-hollow, Then  is NM-hollow  N,HM and  H⊂N.
Corollary 3.1.10: The image of epimophic of near maximal hollow module is also near maximal hollow module.
Proof:
By last Theorem 3.1.8 ■
Proposition 3.1.11:  Let M be an R-module. If: 
1- M is a finitely generated.
2-  M is faithful and N=IM; N. 
Then M is NM-hollow when R is NM-hollow as a module.
Proof:
Since R is NM-hollow module. Suppose that 0NM. since M is a multiplication, then N=IM. I is NM-ideal of R, so N is near maximal submodule of M [by [34]]. Thus, M is NM-hollow module ■
Theorem 3.1.12: A direct sum of NM-hollow module is an NM-hollow module.
Proof:
Suppose that M=A⨁B ∋ AM, BM.  Take 0 N1 proper small submodule of A. Let H1A ∋ N1⊂H1 with N1⊂H1+Rad(A)⊂A. So
N1⨁B⊂H1+Rad(A)⨁B.
But N1⨁B is NM-small submodule of M. Hence 
(H1+Rad(A))⨁B+Rad(M)=M.
 Also
Rad(M)= Rad(A)⨁ Rad(B).
Then
H1+Rad(A)+B+(Rad(A)⨁ Rad(B))⊆ H1+Rad(A))⨁B.
 So
H1+Rad(A)=A.
Therefore, N1 is an NM-submodule of A. Thus, A is NM-hollow module. That is M is NM-hollow module ■
Corollary 3.1.13: Let M be a hollow R-module with 
1- M=A+B.
2- A and B are NM-hollow modules.
3- Ann(A)+Ann(B)=R; 
then M is an NM-hollow module.
Proof:
Assume that 0NM and KM ∋ K⊂H. We have ann(A)+ann(B)=R.
Then
K=K1⨁K2 ∋ K1A and K2B. 
with
H=H1⨁H2 ∋ H1A and H2B.
Now 
K1⨁K2⊂H1⨁H2+Rad(A⨁B)⊆A⨁B.
 But
Rad(A⨁B)=Rad(A)⨁ Rad(B).
 Then 
K1⊂H1+Rad(A)⊂A.
Hence
K2⊂H2+Rad(B)⊂B.
But K1⊆A and A is NM-hollow modules.  
So                                            H1+ Rad(A)=A.
Similarly
H2+Rad(B)=B.
So 
H1⨁H2+Rad(AB)=A⨁B.
Then
H+Rad(M)=M.
Hence K1⨁K2=K is a small NM-submodule of M. Thus, M is an NM-hollow module ■ 

3.2 Pure-Hollow Module
     In this section, we make a new generalization of hollow module namely pure-hollow module. The main idea is to use pure submodule for this generalization. We know that any submodule N of M is called pure if IN=IMN∋ I is finitely generated ideal of R.
Definition 3.2.1 [26]: M is called pure hollow module if every small proper submodule N of M is a pure submodule.
Definition 3.2.2 [37]: Let N be a submodule of an R-module M. Then N is called pure if  for each ideal I of R.
Lemma 3.2.3: Let M be a hollow module and let M1 and M2 be submodules. of M ∋ M1 subset of M2. So 
1- If M1 is a pure submodule of M2 and M2 is pure submodule of M, then M1 is a pure submodule of M.
2- If M1 is a pure submodule of M, then M2 is pure submodule M.

Theorem 3.2.4: Let M=M1⨁M2 and for each submodule of M1 is small, then M is a pure hollow module.
Proof:
Let M=M1⨁M2 ∋ M1, M2 M
Let N be a small submodule of M1. Since
 =    . 
So
N⨁M2 is a small of hollow module M. Hence N⨁M2 is a small pure submodule. of M. Thus, N is small pure submodule of M1. Then M is pure-hollow ■
Corollary 3.2.5: Every small submodule of pure-hollow module is a pure-hollow.
Corollary 3.2.6: Let M be a pure-hollow and N M, then    is a pure-hollow.
Proof:
Let  be a small submodule of   .  Since ()/()  , Then K is also small pure submodule of M. hence   is small pure in . Thus, M is a pure-hollow module ■
Corollary 3.2.7: Let M be a hollow module. If NM and NM is small pure submodule in M, then M is a pure-hollow module.
Proof:
Suppose that M is a hollow module and NM ∋ NMM and is small pure in M. So, NM and N is pure in M. Thus, M is pure-hollow module ■
Remark 3.2.8:  Let M be an R-module and N M. If   is a flat R-Module, So N is small pure submodule of M. Thus, M is pure-hollow module.
Theorem 3.2.9:  Let M be an R-module. If M is local and has N pure submodule, then M is a pure hollow module.

Proof:
Since M is a local module, then M has only one maximal submodule N. we know every local module is hollow. So N is small in M. But N is pure submodule. Hence N is proper small pure submodule. Thus, M is a pure hollow ■
Corollary 3.2.10:  Let M be an R-module. If
1- M is projective.
2- M is indecomposable.
3- N is pure in M; 
then M is a pure-hollow module.
Proof:
Since M is a projective and an indecomposable module. Therefore, by Theorem (3.3.9), M is a local module. But each local is hollow (NM) with condition (3) M is a pure-hollow ■
Theorem 3.2.11: Let M be an R-module. If M is a lifting indecomposable module has pure submodule, then M is a pure-hollow.
Proof:
Since M is lifting module, so M is a D1-module. But M={0}⨁M. then M is hollow module (NM). But NM is pure in M. So, M is a pure-hollow module ■
     Recall that a submodule N of M is Rad(M)-pure if N is pure in Rad(M) or (I ideal in R; IRad(M)N=IN). Also, M is Rad(M)-regular if  m∊Rad(M), r∊R,  t∊R ∋ rm=rtrm. Therefore, now we start to study some generalization but not of hollow module it is pure-local module.
Theorem 3.2.12:  If M is local and is Rad(M)-regular then M is pure-local module.
Proof:
 Suppose that M is a local module. So, M has only one maximal submodule, let M is Rad(M)–regular and NM.  r∊R, x∊IRad(M)N, y∊Rad(M) ∋ x=ry. But M is Rad(M)-regular. Then  t∊R ∋ ry=rtry.
Let e=tr. So ry=ery and hence x=ex. We have x∊N So x=ex∊IN and then        
I Rad(M)N subset of IN. Also, IN subset of I Rad(M)N. Hence, IRad(M)N=IN. So N is a pure submodule of M. Thus, M is a pure-local module ■
Theorem 3.2.13: Let M be a local and Rad(M)-regular module. If NM is cyclic; then M is a pure-local module. 
Proof:
Clear: because from def. of N is Rad(M)-pure, N is Rad(M)-pure. So N is a pure submodule. Thus, M is a pure-local ■ 
Definition 3.2.14: Let M be an R-module. Then M is almost-regular if NM is almost-pure.
Theorem 3.2.15: Let M be local and almost-regular module. If NM ∋ N=Rx(cyclic); so, M is a pure-local module.
Proof: 
From the definition of local module M, we can say M has a unique maximal submodule. Also, from definition of almost-regular module, we get NM is almost-pure. So N is a pure submodule. in M. Thus, M is a pure local module■
Remark 3.2.16: Let M be a local module and almost-regular and every submodule of M is f.g. Then M is pure-local.
Corollary 3.2.17: Let M is a hollow and almost-regular hollow. Then M is pure-hollow module. 
Proof: 
Let N be a submodule of M. Then N is a small. To prove that N is a pure its enough to prove that N is almost-regular. Now suppose H be a submodule of N and since M is almost-regular, so 
                                        HRad(R)N=H(NRad(R)M)
                                                             =(HN)  Rad(R)M
                                                             =H Rad(R)M
                                                             = Rad(M)N.
Hence H is almost-pure in N. Hence N is almost-regular (N is a pure). But N is proper small in M. Thus, M is a pure-hollow module ■
(1) From [14]; 0 NT MT is exact sequence; T is an R-module.
(2) from [15]; NIM= IN, I is an ideal of R.
(3) And from [16]; NrM=rN; rR.
(4) From [17];  is flat.
Theorem3.2.18[31]:  Let N be a pure submodule of an R-module M. Then the following statements are equivalent: 
1- rN=rMN.
2-  is flat.
3- IMN=IN. (I is ideal)
Proposition 3.2.19:  Let N be a submodule of on R-module M and the following conditions are hold:
1-MI=N.
2-ann (M) is pure.
3-N≤M s.t for each I maximal ideal of R;NI=0 or NI=MI .
Then N is a pure submodule of M.
Proof:
Suppose that condition (3) is true (i.e NI =0 or NI= MI) such that I is a maximal ideal of R. But from condition (1); we have MI=N, so it is a pure locally. This means N is a pure submodule of M ■
Corollary 3.2.20: Let R be a ring, If Ra =[N:M] a, aN, then N is a pure submodule of M.
Proof:
Assume I is any maximal ideal of R. Now we discuss the first case;
[N:M]⊆I.
So  aN, we have (Ra)I=[N:M]I (Ra )I ⊆II (Ra)I⊆(Ra )I. Hence (Ra )I= II (Ra)I. But from Nakagama's Lemma; we obtain (Ra )I=0I. Then NI=0. Now we study the second case: [N:M]⊄I. So ∋ iI ∋ 1-I  [N:M].
 Hence (1-i)M⊆N. Then MI=NI. Thus, N is a pure submodule of M (by proposition (2) ■ 
Proposition3.2.21:  Let N be a pure submodule of an R-module M and the following conditions are hold:
1-M is a f-generated R-module.
2-Ann (M) = 0.
3-IM = N;N≤IM.
4-If N is a pure of N and N is pure of M. 
Then N1 is pure of M.
Proof:
Suppose that N1 is a pure submodule of N and N is a pure submodule of M.
 So from [5];[N1:M]=[N1:N][N:M]. Hence  a∊N1 (and then a∊N); we obtain
[N1:M]a = [N1:N][N:M]a.
     = [N1:N]a.
                                                   = Ra.
There for N1 is a pure submodule of M ■
Corollary 3.2.22:  Let M be a hollow R-module if M is f. generated and faithful multiplication such that when N1 pure MN and N is a pure MN, then M is a pure –module by N1. 
Proof:
 Clear. By proposition (3.2.21); N1is a pure module of M. But M is a hollow module. Then M is a pure-hollow module ■
Corollary3.2.23: Let N be a submodule of M. If:
1-N≪M.
2-Ra=[N:M]; aN. Then M is a pure-hollow module.
Proof:
 Clear. By Corollary3.2.20 ■














3.3 Closed-Hollow Module
     In this section, we study another generalization of hollow module namely closed-hollow module. Therefore firstly, we need to present some information about closed submodule.
Definition 3.3.1:  A submodule N of an R-module M is said to be closed if N has no essential extension in M which is denoted by NcM. ie If NessKM implies that N= K. 
Example 3.3.2:  The submodule {0} is closed in M.
Example 3.3.3:  The module M is closed in itself.
Definition 3.3.4: Any submodule N of M is called closed-small or (Nc M) if N+K=M with Kc M implies K=M.
Definition 3.3.5: An R-module M is called closed-hollow if every proper submodule N of M is closed-small.
Recall that a submodule N of M is called relative complement of N in M if any submodule K of M which is maximal with respect NK=0.
Remark 3.3.6:  Every hollow module is closed-hollow, But the converse is not true, by following example: 
{0} is a closed-hollow but not a hollow module.
Example 3.3.7[41]: Let M=Z⨁Z as a hollow Z-module. If M=(Z⨯{1})⨁(Z⨯{0}), then Z⨯{1} is a closed-hollow module and Z⨯{0} is also a closed-hollow module.
Theorem 3.3.8: Let M be a hollow module. If K is a relative complement for some NM, Then M is closed-hollow module.

Proof:
Suppose that K is a relative complement for N in M. So, KN=0. We need to prove that K is closed in M.  Assume that Kc HM. We have to show that H=K.  We claim NH=0.  If NH0, So 
(NH)K0.
  But (NH)K=(NK)H=0H=0 C!
We have K is a relative complement for N in M. Hence H=K. This means K is closed. Thus, M is closed-hollow module ■
Proposition 3.3.9:  Let M be hollow R-module and B is a submodule of M.  If BKessM∋ ess and A is a relative complement for B in M, then M is a closed-hollow module.
Proof:
If A is a relative complement for B in M, so AB=0. Then 
A+B=A⨁B and A⨁BessM.
Hence 
BA⨁BessM.
Therefore 
 ess.
 Since AB=0, So B\ can be enlarged to a relative complement B\, for A in M ∋ AB\=0 and B B/.  We claim B/=B. since AB\=0.  Then
A⨁ B/= A⨁B.
Hence
B( B/⨁A)= B( B/+A).
But
B( B/+A)=(B B/)+(BA)  because  (B/A=0).
 Therefore
B/(B+A)=B.
And
 = 0ˉ =B.
But
                         = 
                 
                     ()  = 0ˉ =B
But 
 ess 
and then

 .
So        =B. 
Then B\ =B. Then B is a relative complement for A in M and hence M is closed-hollow module ■
Definition 3.3.10 [1]: Let M be an R-module. A submodule N of M is said to be st-closed in M(NstM) if N has no proper semi essential extension in M.
Example 3.3.11[1]: Suppose that M=Z8⨁Z2. Then  are st-closed in M.
Proposition 3.3.12: Let M be a hollow module. If NM is st-closed submodule of M, then M is a closed-hollow module.
Proof: 
Suppose that N is a st-closed in M with HM ∋ N HM. We have HessM. So, NessH. We have N is st-closed in M. Hence N=H. So N is a closed submodule. Thus, M is a closed-hollow module ■









                                     CONCLUSIONS
The following are samples of some of the results obtained in this work:
1- Let M be R-module. If M is indecomposable and projective; then M is a local module.
2- Let M be a module over (QF) ring. If M is a free simple module, then M is local module.
3- Let M be a f.g. projective R-module. If M has largest maximal submodule, then M is a local module.
4- If M is cyclic and , this means a module M is hollow module.
5- If we have M is  and indecomposable modules, then it is a hollow module.
6- Semi hollow module over V-ring is hollow module.
7-  Let  it is a self-projective. If g: M → N equal zero, so M is hollow module.
8- Let  be a module. If:
(a)  is a cyclic-module.
(b)  has no , (Rad() = ); then  is hollow module.
9- Let  be an R-mdule If: 
(a)  is a D1- mdule.
(b)  is indecomposable module; then  is hollow mdule.
10- Let M be multiplication module, and each small submodule N of M are semi-local ring. Then M is a local module.
11-  Each local module  is a hollow module.
12-  If M is a hollow and cyclic module, then it is local.
13- Let M, A and B be two R-modules and :A  B be onto mapping. If A is an NM-hollow module, then (A) is NM-sub of B (B is NM-hollow module).
14- A direct sum of NM-hollow module is an NM-hollow module.
15- Let M be an R-module. If M is local and has an N pure submodule, then M is a pure hollow module.
16- Let M be a hollow module. If K is a relative complement for some NM, Then M is a C-hollow module.
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الملخص
     الهدف الرئيسي من هذا البحث هو دراسة مفهومين في نظرية المقاس وهما المقاسين المحلية والمجوف. هناك هدف آخر في هذه الرسالة وهو تعميم المقاس المجوف. نظرًا للعلاقات بين المقاسات المحلية والمقاسات المجوفة، هناك فكرة عن العديد من الخصائص حول كلا المقاسين. بعض النتائج حول المقاس المحلي في القسم الأول من الفصل الثاني حيث ان كل وحدة ضرب دورية وبالتالي تكون محلية. أيضًا، إذا كانت الحلقة R محدودة بشكل متبقي، M  فإن أي مقاسM  هي (صادق ) ومحدودة محليًا.
     من ناحية أخرى، إذا كانت M هي مقاسا دوريا ولها مقاس فرعي اعظمي، فإن M هي مقاسا مجوفا. حيث D1-module هي مقاس نفس القياس ل lifting module؛ لذلك، كل D1-module  M فوق الحلقة R بحيث يكون لدى M خاصية غير قابل للتحلل ؛ هذا يؤدي إلى M هي أيضًا مقاسا مجوفا. مع ملاحظة أن كل مقاس محلي هي مقاس مجوف؛ ثم يمكننا أن نقول ما إذا كانت M هي مقاس إسقاطيه غير قابلة للتحلل فوق أي حلقة تبادلية هي مقاسا مجوفا. تمت دراسة تعميم المقاس المجوف بعدة طرق. الأولى هو مقاس مجوف قريب من الحد الأقصى. لأنه إذا كانت M عبارة عن مقاس نمطية دقيقة وصادق مع N = IM، فهذا يعني أن M هي مقاس مجوف قريب من الحد الأقصى(الاعظمي). أيضًا، التعميم الثاني للمقاس المجوف هو مقاس مجوف نقي. إذا كان M عبارة عن جمع مباشر لمقاسين و N≤M، فإن M عبارة عن مقاس مجوف تمامًا. أخيرًا، نجعل التعميم الثالث للمقاس المجوف بواسطة مقاس مجوف مغلق. إذا كانت M عبارة عن مقاس مجوف و K M مكمل نسبي لـ N≤M، فإن M عبارة عن مقاس مجوف مغلق.
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