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Abstract

       This work is devoted to approximate unbounded functions in weighted space and deal with what is called approximation by algebraic and trigonometric polynomials in the approximation theory.
The direct and converse algebraic polynomials approximation theorems of unbounded functions in weighted spaces are proved by using modulus of smoothness.
Approximation by polynomials in the space   is concerned mainly with algebraic polynomial approximation of unbounded function in weighted space in terms convolution , where f and  belongs to weighted space. In addition, we obtain the best approximate the function to fractional derivatives in 
We investigate some improvement to the theorems of direct and converse trigonometric approximation of unbounded functions in weighted spaces to obtain strong inverse inequalities for some methods of approximating functions using the modulus of smoothness.
Furthermore, we study the approximate properties of functions by means of trigonometric polynomials in weighted spaces. Relationships between modulus of smoothness of function derivatives and those of the jobs themselves are introduced. In the weighted spaces we also proved of theorems about the relationship between the derivatives of the polynomials for the best approximation of the functions.
	


I

Introduction

        The title of my master's thesis is part of the field of approximation theory, which covers a large portion of the mathematical world. In the present context, the focus primarily on approximating the continuous function to its true value through a simpler class of functions, for example, the category of functions, and algebraic polynomials such issues has attracted the attention of thousands of mathematicians in the past two centuries [11]. 
In the past nineteenth century, during the early industrial revolution, physics, chemistry and other natural sciences required the development of a new tool for building new, more accurate and efficient mechanisms, and many inventions emerged, such as Watt's idea of ​​parallel motion and the design of electrical approximation methods (in particular, polynomial approximation), as well as been introduced Significant contributions by the famous Russian mathematician Chebyshev and Markov [46].
 At the same time, classical mathematics had already fulfilled a new continuous and differentiable function here, which generated interest in the entire mathematical community. 
Our goal is to write an accessible thesis on the best approximation of unbounded functions as simple and without unnecessary detail, and also complete enough to include the main findings of the theory, including some recent findings. 

This thesis deals with the problem of approximating of unbounded functions in the weighted space  by means of positive linear operators such as Jackson and Valle Posen and the full functions. Mathematicians have studied polynomials for a long time.
To put everything in a correct historical perspective, mention that the next great name in the approximation theory is K. Weierstrass, for the 1885 theory named after him. This was followed by the work of . Lebesgue from 1898 and by Borel and specifically his course of 1905 on real functions and their development into a polynomial series [11]. 
In 1950 J. Lorentz introduces weighted spaces, see [14, 27 and 55]. 
In 1965 Schurer [50] studied the possibility of approximating a real (or complex) function with a value of .
Functions were approximated by algebraic polynomials as these topics were initiated by. Freud [22] in 1974 and Subhankulov [52] in 1976.
There are several significant applications of approximation theory, some of them resolve equations of algebraic and the interpolation to reduce the error in the Lagrange interpolation formula theory of approximation of functions has been researched through trigonometric polynomials, spline function and algebraic polynomials by some of scientists, where they have been presented a way of measuring smoothness of function in 1987 by  Z. Ditzian and V. Totik, where the needing for these ideas rises from the failure of the classical modulus of smoothness to resolve some basic problems [17].                                                                             
In 2003, De Bonis, Mastroianni and Russo they studied the overall doubling weights, approximation by trigonometric polynomials in the sporadic case and other linked problems [12].
Sufficiently modulus of smoothness were investigated by Akgun and kokilashvili in 2011 [3] so as Akgun and yildirir in 2016 [1].
Approximation problems concerning algebraic polynomials was recently studied in various spaces of algebraic polynomials for example, in the papers [15, 21, 35, 45 and 47].
Approximation problems for functions of one variable were also studied by many mathematicians. Some of these results can be found in [8, 16, 18 and 58]. 
For more general doubling weighted direct and converse algebraic approximation problems was investigated in [2, 20 and 37]. A general discussion on the approximation of the weighted polynomial can be made with references to [5 and 9].
Some direct and converse approximation by relational algebraic polynomials of some weighted bounded functions spaces were defined.
Some results about approximation in weighted spaces [28, 29, 37, and 56] were obtained in the cases of approximation of functions by algebraic polynomials on closed interval.
In addition, the best approximation of the derivatives of fractional functions was obtained.
The problems of approximation theory in the weighted and non-weighted space have been investigated in [4 and 31] respectively. The approximation problems by trigonometric polynomials in different spaces have been investigated by several authors (see, for example, [19, 30, 32 and 34]).
Also,  we study the approximation problems of unbounded functions by trigonometric polynomials in the weighted space . Relations between modulus of smoothness of the derivatives of a function and those of the function itself are investigated. 
Further, we prove a theorem on the relationship between derivatives of a polynomial of best approximation and the best approximation of the function in the weighted space . In addition, in the weighted space  relationship between modulus of smoothness of the function and its de la Vallee-Poussin sums was studied. 
We refer to the study of the approximation problems in weighted Lebesgue and Orlicz spaces [29, 37 and 41].
In order to understand the meaning of this thesis as closely as possible, it is divided into three chapters.
In the first chapter, we outline the initial concepts, definitions, and auxiliary results that will be used throughout this thesis. Our main tools that we use in providing estimates are the continuity modulus, smoothness modulus, average smoothness modulus and K-functional in weighted space. Moreover, we have demonstrated that the best approximate weighted area approximation exists and is unique.
In the second chapter, the best approximation of unbounded functions is studied by algebraic polynomials. 
This chapter contains two sections, in the first, we studied direct and converse theorems, as well as we proved the properties of the modulus of smoothness, and in the second, we studied the best approximation of the derivatives of functions in the weighted space.
In the third chapter, the best approximation of unbounded functions by trigonometric polynomials is studied. This chapter contains two sections. The first section examines some improvements to the theorems of direct and converse trigonometric approximation for unbounded functions in weighted spaces. 
As for the second section the relationships between the smoothness modulus of function derivatives and those of the functions themselves were studied in the weighted spaces and we also prove theorems about the relationship between derivatives of trigonometric polynomials to obtain the best approximation.
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Chapter One
Theorems of approximation in  and preliminaries

Introduction

       The main idea of the approximation concept involves finding a complex function  f  for the properties of the big space L a closed by a simple function  of the small subspace  H of L [7].
There are three components here. Usually, the first L space is a normed space like us ,  or one of the other Banach function spaces.  The second is the distance between f  and   that can be measured  The third, we have to define the special functions in H.        
Several results can be studied in approximation theory in terms of of smoothness modulus and average smoothness modulus.
Our discussions of weighted spaces are related to the K-functional,  of the smoothness modulus and the average smoothness modulus with some results.
In this chapter, we will present the basic concepts and definitions related to our thesis and we will prove the elementary axioms in addition to show that the best approximation exists and is unique in the weighted space   
	

1.1: Basic Concepts and Lemmas
The problem of best approximation can be described in the            following way: 
Let  be a set of functions defined on a fixed space . If a function f  defined on , one can find a linear combination:
       (1.1)                                                     
Our select of the set  is the first problem and it also decides how to deviate   from  f  should be measured.
Let  be a closed interval and  be the set of all real valued continuous function on .
Definition 1.1.1 [50]:
Let  be two vector spaces of all real functions. The mapping  is called linear operator if:
, and  is called positive if .
Definition 1.1.2 [39]:
Let  be a linear space over a field . A mapping  is called norm if the following conditions hold:
1.              (positivity)
2. 
3.  (Triangle Inequality)
4. 
 is called normed linear space.
Definition 1.1.3 [39]:
Let  be a normed space and  be a non-empty subspace of . Consider , if there exists  such that:
 for every , then  is said to be best approximation to f  and  is said to be the set of approximation.
Definition 1.1.4 [44]:
Let  and  be two normed linear spaces and  is a linear operator . The operator   is called bounded if there is positive real number  such that:
 for all .
Definition 1.1.5 [49]:
A weight function  is an almost every where positive function which is locally integrable. 
The set of all weight functions is denoted by the symbol .
Definition 1.1.6 [54]:
Let f  be a complex-valued function defined in the interval [a,b].   Then:

where  denotes the partition , is often called the -th variation of  f  in the interval [a,b]. 
   Let  be the space of all bounded functions, we can defined the follow norm as (see [24]) 
                             (1.2)
Let be the space of all unbounded functions, where  is  weighted function  and we can define the following as (see [25])
                            (1.3)
Lemma 1.1.7 [26]:
Suppose that  is measurable set and                .
Then  and .
Where  denotes the set of measurable functions f over  and  is integrable. 
Lemma 1.1.8 [26]:
If   and , then, 
 and .
Lemma 1.1.9 [51]:
If   f   is a bounded function that is measurable on the interval , then where .
Lemma 1.1.10 [6]:
Let  be a sequence of the real numbers that satisfies, 
  
If , then there is a function  such that .
Lemma 1.1.11 [6]:
Let  , then there is a constant   such that:

Lemma 1.1.12 [38]:
 Let , then for any trigonometric polynomial  we have:

Lemma 1.1.13 [13]:
Let then the norms of a function in   and are equivalents.
1.2: Preliminaries 
Theorem 1.2.1 [59]:
Let . Then, 
 and 
Lemma 1.2.2 [7]:
Let . Then, 
 and 
Proof:


Since  are integrable functions, then by using lemma (1.1.8) we get:


Lemma 1.2.3: 
Let f  be a bounded measurable function. Then, for  we           have  , where  is constant and depending on  
Proof: 
From (1.3) and lemma 1.1.9 we get: 


Definition 1.2.4 [51]:
The modulus of continuity of the function  f  is the following function of ,
     (1.4)                                                                                                       
Definition 1.2.5 [51]:
The modulus of smoothness of order  of the function  is defined by:
                     (1.5)
Where  is called the  difference with step  at a point x and defined by: 

The modulus of smoothness constitutes a natural generalization of the modulus of continuity, it has many properties and some of its basic properties will be mentioned to be proved in chapter two (see [7]). 
1. Monotonicity:
           (1.6)        
2. Semi-additivity:
                     (1.7)
3. A higher order modulus of smoothness can be estimated by means of a modulus of lower order:
                                             (1.8)
4. A modulus of smoothness of the function can be estimated by means of a modulus of lower order modulus of the derivative:
                                            (1.9)
5. We can integer multiplier before the modulus of smoothness:
                                 (1.10)
Definition 1.2.6 [51]:
The average modulus of smoothness of function f  of order   is defined as follows:
           .                                                (1.11)                 
From above definition, we can prove the following lemma:
Lemma 1.2.7:
Let . Then, 

Proof: 
From (1.9) and (1.11) we get:
 

Definition 1.2.8 [15]:
Let   and  with . Then, the K-functional is defined by: 
                            (1.12) where  is the order of derivative.
Properties of K-functional [33]:
If , then: 
1. K-functional is increasing, concave and continuous.
2. K-functional is sub additive functional: 
                 (1.13)
3.         (1.14)           
Definition 1.2.9 [54]:                                                                                 
Let  . Then the convolution of    is: 
V 

As it is well known, this convolution exists for a.e.    is:
. 
The degree of best algebraic or trigonometric approximation of an arbitrary unbounded functions belong to  is define by:                          (1.15)
where  be the set of all polynomials algebraic or                          (trigonometric) of order less than  n,       .
1.3: The best approximation problems
Suppose that the function  and . We can define the following norm as: 

the following theorems, will prove existences and uniqueness of the best approximation polynomial of unbounded function f on interval 
Theorem 1.3.1 (The oscillating theorem) [42]:
Suppose that f  is continuous in. The polynomial  is the best approximation polynomial of degree n to function f  in  if and only if  assume the values  
with an alternating change of sign at least n+2 times in .
Theorem 1.3.2 (Existence):
 Let . Then there exist  such that 
.
Proof: 
Let b be the arbitrary point in , and let 

We also let .
Our aim is to show that  obtain its minimum in  (i.e  that there exists a point) such that:
                        ,
we first show that  is continuous on  .
For an arbitrary  define .
Then, 
 


     
      .
Thus, .
For any let  where  .
Then for any b such that .
Hence   .                                                         (1.17)
Similarly: 





Which implies that under the same conditions as in (1.17), we get 
(1.18)
From (1.17) and (1.18), we get
              .
Implies that is continuous at b since b is arbitrary point in .
Hence  is continuous in .
Now, we need to construct a compact set in  on which  obtains minimum, we let:
         .
We have, 
        .
Since  and the set B is non-empty. We also note that the set B is bounded and closed.
Since  is continuous in , it also continuous in B.
.
Since , we have,
.
Hence, if  and , then .
This mean the minimum of  over B is the same over .
Then:  is the best approximation polynomial of function              
Hence best approximation  exists. 
Theorem 1.3.3 (Uniqueness):
Let . Then, the best approximation polynomial     is unique.
Proof: 
Consider .
Assume that  is also best approximation polynomial of . Then 



This means that   and also it is the best approximation polynomial of .
Theorem 1.3.1 implies that there exists 

so,  
           
                                                                                                       (1.19)           
Since  and  are both best approximation polynomials, we have, 
      (1.20)                                                                                                              
and 
.     (1.21)                                                                                         
For any i  equation (1.19) , (1.20) and (1.21) mean that the absolute value of the two numbers that are less than or equal to  add up .
This is possible only if they are equal to each other, 
i.e.  
.
Hence, the difference  is polynomial of degree less than or equal  n  and changes its sign on  at least  n + 2 times.
This means that the polynomial  has at least n + 2  zeros on       interval .
But, this is impossible because a polynomial  is of a degree less than or equal  n.
By virtue of assumption that .
So, the uniqueness of the best approximation polynomial of                    is hold. 
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Chapter Two
The degree of the best approximation of unbounded functions by algebraic polynomials in 
Introduction
       The approximation of functions by algebraic polynomials in weight spaces has been studied, where improvements have been made to the theorems of direct and converse approximations and demonstrate precise arrangement criteria to reduce the best approximation in these areas. 
Further, strong inverse disparities were obtained for some methods of approximation of functions.
This chapter contains two sections, the first in which the direct and converse approximation theorems are studied and the properties of the smoothness modulus are proved. The second section, in which the approximation was studied for the derivatives of the fractional functions in .
2.1: The direct and converse theorems for the best approximation of algebraic polynomials in  
      Let  be the set of algebraic polynomials of degree at most less than or equal n  and let   be the degree of the best approximation of  by the polynomial  in  given by:
                                                      (2.1)
There are many results on approximation of functions belong to   spaces, . Especially, the classical Jackson theorem (direct theorem). 

and its weak converse: 

Where n = 1, 2, …
Now, we will prove the properties of modulus of smoothness that we mentioned in chapter one.
Lemma 2.1.1:
 . Then:             
Proof:   
We have 
     
                            ,
                              since  ,
                            implies .
                            Hence  
                                                
Lemma 2.1.2:
 . Then: 
                        
Proof: 
Let  


                                     
                                     
If   then          
                                                          


Lemma 2.1.3:
 . Then:              
 Proof:



                                 
                                 
Lemma 2.1.4:
 . Then:  
Proof:
 

                                    
                                    

   
Lemma 2.1.5:
 . Then:            
Proof : 
                                                
                                                 
Lemma 2.1.6:
 . Then    is the first derivative of the function f .
Proof:
      We have   
                        

                 = 
                = 



Let  denote the one-dimensional on [0,1], we denote by 
 the space of all unbounded functions  of one variable on [0,1] in each variable and satisfies 
 where:
    
The following theorems gives the direct and converse approximation theorems for functions of one variable, which are the main results of the present chapter.
Theorem 2.1.7 (Direct theorem):
 Let then the Jackson type inequality is given by:

Proof:
Assume that and consider the following operator:

Where,

Since, 

because  ,
and we have   see [24]


                                         
                                               

Theorem 2.1.8:
 Let     
and. Then there exists positive constant c dependent on      and   such that:                      
Proof:  
Since  we assume that ,
such that: 
                            .
By lemma 1.1.11, we have:  

 


Putting .
By using Minkowskiʼs inequality, we have: 




Using lemma 1.1.11, we can estimate 


On the other hand, 


Now, using lemma 1.1.10 twice, we get, 


Therefore, the theorem followed.
If  , then: 
 



Theorem 2.1.9 (Converse theorem):
 Let  . Then,                             for every natural number  there exist a constant   depending on   such that : 

Proof: 
Let  be the best algebraic approximation of unbounded function  and  .
Since  , then: 





2.2: The Best approximation for fractional derivative of   
functions in 
  Consider the unbounded function ,            and its  
Also, we can write the arbitrary algebraic polynomial,                          
in this case for any , the convolution 
  in the space .
Moreover, the last functions converges for every  , its sum 
  is called the -th integral of function  f. 
Put  
For the ordinary derivative of the function  f  at  x  of the positive integer of order n.
The derivative of the function  , of non-integer order k+n, will be defined by , where (natural numbers). (see [54])                 
Lemma 2.2.1: 
If , then:
 
Proof: 
Since, we assume that there is a positive integer                    satisfy the following condition
.
Write,                                                                                                                  


Clearly, 

Substituting    we get, 


Further, for every , the last sum is less than 

For some . Hence,

Now, by taking the limit as , we get 
 
Hence, 
Lemma 2.2.2: 
Suppose that the real-valued function  f  is alternately, non-increasing [non- decreasing] in the neighboring intervals: 

Then, for any number  ,

Proof: 
For . Write  . Choose the partition  in which                              where ,
by the well-known inequality, 




Since,    less than 
.  
We have,          

 

Hence,
 
And this completes what is required.
Now, for   then the proof  is similar.                                              
Theorem 2.2.3: 
Let  be a function in the space  where .                If  , then :                                                                                                                                                        
                                  (2.4)
 
Proof:
 We have the algebraic polynomials of  and let  be the    
      positive integer such that    by the assumption: 

For all real x. Moreover, 

Hence .
Consider   
Consequently,                             (2.7)       
For all real x. Therefore, under the restriction  in the case   respectively    :  

Hence, 
 ,                                                             (2.8)                                                               for every x, if  thus (i) is established.   
ii) For , the estimate ( is known, see [53]
Therefore, we may suppose that 
In the class , let be the algebraic polynomial of best approximation of   with respect to the 

Consider in  the algebraic polynomial: 
                                                          (2.9)
From (2.8) and (2.9) it follows as:


Hence, by the generalized Holderʼs inequality, 

Consequently, (see [54])
    (2.10)
Denote by  ] the algebraic polynomial of order less than n   such that:
 
set the function as follows:
 
Clearly,   and
 
Hence
         (2.11)
Applying (2.10) and (2.11) to , we obtain: 
 

Now, the obvious identity   
Hence, the proof of theorem is complete.                                                       
Theorem 2.2.4:
 Let  .
If  f  is a real valued unbounded function in weighted space and for
some algebraic polynomial  we have the corresponding estimate:
                                                            (2.12) 
 Then for every  
                                       (2.13)        
Proof:  
 In the case  then (2.13) follows at once from theorem 2.2.3.    
If  , the estimate  (2.13) has obtained in [9], Theorems 2, 4. 
Now, we shall deduce the inequality (2.13) when .                                               For these   [by theorem 2.2.3].      
Let   be an arbitrary function in the space .
Denote by  the partial sum of the algebraic polynomials   introduced by the following:  
,                                                (2.14)   
and a polynomial  is best approximation of   given by:
 .                                                       (2.15) 
As it is known: 
               (2.16)                                                                                                          
where, 

and  
   .                              (2.17)                       
Applying (2.16) and (2.17) and the generalized Holderʼs inequality, we obtain: 
                                   (2.18)
Clearly, 

Hence, by Minkowskiʼs inequality, 


In view of (2.14), (2.15) and (2.18),



by Bernstein type inequality: 



Further, (2.12), (2.14) and (2.15) leads to: 

               
 
               
and
   

Consequently, 
 
 
Applying theorem (2.2.3), we get (2.13). 
Then, the proof of theorem 2.2.4 is complete. 
Theorem 2.2.5: 
Suppose that  f  is a real valued unbounded function in the space . Then, for every , there are an algebraic polynomials such that:


Proof: 
Starting with the points   where, 
(, we construct, as in [53] the polygonal lines: 


Obviously,  and  for all real x.
In the open intervals and the ordinary derivatives  are equal to some real constants. Assume that:

Where  and that  are defined similarly, we get a pair of algebraic polynomial  .
By the Lebesgue dominated convergence theorem,    
  for all real x. putting:

We obtain,
  , for all x.
Analogously, 

Consider the algebraic polynomials, 

The best approximation of  in the weighted space.           Introduce the algebraic polynomials: 
,
 .
It can easily be verified that and 
Hence,
  

But, in [54], we have, 
 

Consequently,
  .
And, we have the same inequality for  (see [54]).
Clearly,
 
Moreover, in view of lemma 2.2.2

Where  denotes the interval of monotonicity of                   . Evidently, we may suppose that every point  coincides with some .
Easy calculation shows that  .                   (2.19)
For example, let and let, 

Then,                                                                                                                              .
Assume that  is non-decreasing in  we have: 



Applying now the inequalities, (see [54])


We obtain: 
	
This immediately implies (2.19).
To evaluate the th variation of the function  
We observe that, for all real x,

Therefore, for any partition ,
 


Hence,

Consequently (see lemma 1 in [23]),
   .                                                   (2.22)
In the view of lemma 2.2.2, 

Where  denote the subintervals of  in which the step function  is alternately non-decreasing             [non-increasing]. We may suppose that every  is of the form  or  
By Minkowskiʼs inequality and (2.20):


Next, inequality (2.21) leads to   
Then, the proof of theorem is complete.                                                 
Theorem 2.2.6: 
Let . Then the derivatives  are in , where. Moreover, in the case of a real-valued  f,  to any  there exists an algebraic polynomials  such that for every                            , 

                                                                                                       (2.23)
                        
                                                                                                       (2.24)
Proof: 
1) From (2.6)  follows algebraic polynomials coefficients   are of the order  as , (see [43]).               Consequently, in the case   ,
        
Uniformly in , , identities  (2.7) and (2.8),
imply     
Now, let   denoted by the kth algebraic polynomial coefficients of  . Then, 
    
Consequently, for every  and all real  x, 



By the Lebesgue dominated convergence theorem (see [61]).           This implies
.
Thus, 
   .
2) Let  f  be a real-valued function of . In the view of theorem (2.2.5), there are real-valued algebraic polynomials,

Satisfying the inequalities,  
                                                                    
         

Considering the modified polynomials ,
we have:

                                             
Further,
  
Consequently, 
  
Moreover,    
Write  
Then,
 
Introduce an algebraic polynomials  
 such that: 
  
                              (2.25)     
For all real  x. Then, (see [54])

                                                                
Taking the polynomials  , we observe that
 .
Hence   and 
                                  (2.26)
Moreover (see lemma 1 in [23] and (2.22)),
 

i.e,                               (2.27) 
Analogously, we can construct polynomials  such that inequalities (2.26), (2.27) in which  is replaced by   remain valid. Thus, for , the desired  (2.23), (2.24) are proved.
3) Considering  f  as in (2), we observe that the algebraic polynomials coefficients   are of the order 
Hence, under the assumption  , 
 
                               (2.28)     
By theorem 2.2.4 (see also [23])                                                    

Hence,   
Consequently, 


                     
But   . 
Therefore, 
                                      (2.29)
Denote by  the right-hand side of (2.28). Then, for an arbitrary partition,
,




Consequently, 
   

Thus,
                    (2.30)
Observing that in (2.29) and (2.30) the Weyl derivatives   can be replaced by , we get (2.23) and (2.24) for all numbers                    . 
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Chapter Three
The degree of the best approximation of unbounded functions by trigonometric polynomials in  
Introduction
      In this chapter the best approximation of unbounded functions by trigonometric polynomials is studied. This chapter contains two sections. In the first section, direct and converse trigonometric approximation theorems of unbounded functions in weighted spaces are studied. 
As for the second section we will study the relationships between the smoothness modulus of the functional derivatives and those of the same functions in the weighted spaces. Some theorems have also been proved about the relationship between the derivatives of the trigonometric polynomials to obtain the best approximation of the functions.
3.1: The direct and converse theorems for the best approximation of trigonometric polynomials in 
      In this section, we will study theorems of direct and converse approximation of unbounded functions by trigonometric polynomials in weighted spaces.
Let  be the space of all unbounded functions where   , and let  be the set of all weight functions as 	
Let  be the set of all the trigonometric polynomials of degree less than n as usual, the degree of the best approximation of unbounded function     by the trigonometric polynomials of degree less than n defined as follows:

Lemma 3.1.1:
 Let . Then, 

where c is a constant independent of n and  p.
Proof: 
Let  be a trigonometric polynomial in .
Then  




We can generalize this inequality, then 

Lemma 3.1.2:
If . Then, 
.
Proof: 
Choose , such that ,
            we have  

We can taking the infimum of   such that 
Implies, 
Hence,                             (3.1)
Conversely, we have
 ,
where  is best approximation of  f.
From lemma 3.1.1, we have, 
                                              (3.2)



                                        (3.3)            
From (3.2), (3.3), we obtain:

Finally, we have: 
                                                  (3.4)
now, from (3.1) and (3.4) we get: 

Hence,
         .
Theorem 3.1.3: 
Let . Then,

where  and  is a positive constant independent of n and p.
Proof: 
Let , be the trigonometric polynomials of the best approximation of . And from lemma 3.1.1, we obtain:  
     

                            


                                
Let us prove the upper estimate in (3.5). Now, let  be the polynomials of the best approximation of .          Let   such that:
. 
Assuming that    ,         
 we can write: 

where . From (3.6) we have 

By using lemma 1.1.12, we obtain:  

           
                                        (3.8)
Again, by lemma 1.1.12, we get
 


                                                                                                                           (3.9)
Thus, from (3.7), (3.8) and (3.9) we obtain the upper estimate in (3.5).
Theorem 3.1.4: 
Let , then,
                                       (3.10)
where  constant independent of n and p.
Proof: 
Let  and ,   be a best trigonometric polynomial approximation of .
By using lemma 3.1.1 and lemma 1.1.13, it suffices to find an estimation for .
We have                                                                                                            (3.11)
from lemma 3.1.1, we have 

                                                            (3.12)
Also,  


To estimate the last term in (3.13) we use lemma 3.1.1 and lemma 1.1.12. 
 


Thus, from (3.11), (3.12), (3.13) and (3.14), we obtain

Theorem 3.1.5: 
Let . Then,                                 (3.15)
where  constant independent of n and p.
Proof:
 Let  , , be the polynomials of the best approximation of . For any , we get:                             (3.16)                                                                                                
From lemma 1.1.13, we have 
.       (3.17)
Now, by lemma 3.1.2, lemma 1.1.12 and lemma 1.1.13, we get: 



 


since,
 , 
from (3.18), we obtain that     

                                                                                                     (3.19)                                                                                              
Choose m such that . Then (3.16), (3.17) and (3.19) yields (3.15). 
Theorem 3.1.6: 
Let . Then the following assertions are equivalent:                             

  ii) For some  there exists a constant  such that 
                               (3.21)
Proof: 
We have,
            (3.22)                                        and                                                                                                 (3.23)
where c is a constant independent of  (see [13], Ch.2 and [48]).     
Let condition (3.21) be satisfied, then from (3.22) and (3.23) we get 
             (3.24)                                                                                                  
Therefore,
  
Let us prove that: 

Indeed, by theorem 3.1.4 and (3.24), we obtain: 



Next, by theorem 3.1.5 and (3.25), we get that for all :


                                                                                                       (3.26)

Inequality (3.26) implies that: 

From which, by using the monotonicity of  and (3.24), we derive, 

Thus, choosing m appropriately, we can find a positive constant            such that: 

From the last inequality and (3.21) we obtain (3.20). The reverse trend is a direct result of this theorem.
The proof of this theorem is complete.
3.2: Trigonometric approximation by modulus of 	   smoothness in 
      In this section we will study the relationships of the smoothness modulus of functional derivatives with those of similar functions in the weighted spaces. Also, we will demonstrate some theories of the relationship between derivatives of trigonometric polynomials.
Let , we put: 

If   then, the Hardy-Littlewood maximal function is unbounded in ,  see [10], then

For , we define the -th derivative of  f  as function                  satisfying 

     Let 
 be the Fourier series of the functions in  . The  n-th partial sums, and de la vallee-poussin sum of the series (3.28) are defined, respectively, as:


We denote by  the degree of best approximation of   by trigonometric polynomials of degree less than  n (i.e.),
                 ,
where  denotes the class of trigonometric polynomials of degree n.
Lemma 3.2.1:
 Let be a trigonometric polynomial,  and   . Then there exists  a constant  depending on  such that:

Proof: 
Since , we have in [61] 
                                            ,

Now, following the method given in [40], we obtain the request result. 
Lemma 3.2.2:
 Let . If  , then there exists  a constant  depending on  such that 

Proof: 
Since   ,

With , putting 

                       .
We get
                     

Taking into account that:

Uniformly in , with 
, we have                                                     .
Consequently, we get



Since,
 .
 We find,
 





On the other hand

And for , we have:	, therefore 
 
Theorem 3.2.3: 
 Let and  be a trigonometric polynomial of degree n satisfying the following conditions:
 and                       then we obtain  
Proof: 
We take . We choose a natural number  such that for    , 

Taking account of (3.29) for  h satisfying the condition  , 
we obtain:
 
We have: 



where   and  is odd. Then using (3.31) and lemma 3.2.1 for ,
we find that: 


                              
using (3.29), (3.30) and (3.32) for  , we reach: 


Then, the proof of theorem is complete.
Theorem 3.2.4: 
 Let , and  integer numbers such that  . Then, 

Proof: 
The function  non-decreasing and according to reference [57] the following inequality holds:
                                                      (3.33)
It is sufficient to prove theorem for , then the using of (3.33) and lemma 1.1.9, we obtain: 

Therefore, for all n it is sufficient to prove the following inequality:
(                  (3.34)
In [57], for any trigonometric polynomial  of degree n and                 , we obtain: 

Therefore, we aim to find  of degree  such that both  and  are bounded by the      right-hand side of inequality (3.34).
Let   be the trigonometric polynomial of best approximation to  . 
It is known that the set of trigonometric polynomials is dense in , then we have .
Let  has the Fourier series: 

We define trigonometric polynomial   as:

Where
   
Note that trigonometric polynomial  has the following properties:
1)  is a trigonometric polynomial of degree smaller than N.
2) If  is a trigonometric polynomial of degree  , then .
3) .
According to [57], we have 
 ,
where  is the degree of the best approximation of                         by trigonometric polynomials of degree less than k.
Now, we choose the  of  (3.35) for  to be .
It is cleary that  .
The following identity holds:

Then 

By using Littlewood- Paley inequality in [36], we have


According to [36], we get:

where . 
Note that  is the near best approximation to  f  in , we reach the following equivalence (see [60])

From (3.37), (3.38) and lemma 3.2.1 we conclude that 


where c is independent on .
The use of   and (3.38) gives us:

                                                    
                                                    
Hence, the proof of theorem 3.2.4 is complete. 
Theorem 3.2.5:
 Let and let  be the polynomial of best approximation to f  in  in order that 
It is necessary and sufficient that .
Proof: 
Suppose that:                                                                              
Taking into account lemma 3.2.1 and (3.39) we obtain: 

Now we suppose that:
 
Using lemma 3.1.1 and lemma 3.2.2 we get:

                              (3.41)
On the other hand, since  is a polynomial of order n  the following inequality holds:
                                           (3.42)



Use of (3.41) and (3.42) gives us: 
                                           (3.43)
Since   from the inequality (3.43) we conclude that  
Then from the last inequality we obtain 
                                                 (3.44)
It is clear that inequality (3.44) is equivalent to .
Hence, the proof of theorem 3.2.5 is complete.
Theorem 3.2.6: 
Let  .  Then, 

                                      ,
where   and   constants are dependent on  and  is 
Vallee-poussin sum of the series (3.28).

                                       ,
where   and   constants are dependent on  and  is 
the Fourier series of the functions in .
Proof: 
In view of lemma 3.2.2 the inequality follows holds:

where  is a trigonometric polynomial of order n. Using the properties of smoothness  and (3.45), we reach: 

                                           (3.46)            
Now, there exists a constant   depending only on r, p              such that (see [57]):                                                                      
By virtue of lemma 3.1.1

from [57], we have 
                                            (3.49)
which holds, the use of (3.47) and (3.49) gives us:                      




The last inequality and (3.46) imply that (i).
According to [60] there exists a constant c such that: 
                                                   (3.50)
If the inequality (3.50) and the scheme of proof of the estimation (i) is used we obtain the estimation (ii).
Therefore, Theorem 3.2.6 is proved. 
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Conclusions

         The degree of the best approximation to approximate the unbounded functions has been studied in the weighted spaces ,                   using positive linear operators such as modulus of smoothness, averaged modulus of smoothness and functional approximations where there are one-dimensional (or one variable) on intervals and . The best approximation has been proved in spaces of weight and exclusivity. 
The direct and converse theorems of algebraic and trigonometric polynomials have been proven, which is the best approximation estimate of  and . 
We also obtained a relationship between a degree of the best approximation for functions of higher order derivatives and fractional order derivatives, in which the average modulus of smoothness and variation and convolution is used.
The best approximation is also obtained by clarifying some theorems and finding a relationship between the derivatives of the trigonometric polynomials and the best approximation of the functions by using the smoothness modulus and vallee-poussin.
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Future works

1. Multivariate functions can be approximated by the familiar approximation tools such as modulus of smoothness, average modulus of smoothness and functional, this approximation is called multi approximation by algebraic or trigonometric polynomials.

2. Functions with a single variable can be approximated by point polynomials and are called spline polynomials with the same tools which have been used in this work.

3. These functions can be approximated by means of the entire functions as well as with the same mentioned approximation tools.
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المستخلص

تم تخصيص هذا العمل لتقريب الدوال غير المقيدة في الفضاء الموزون والتعامل مع ما يسمى بالتقريب بواسطة كثيرات الحدود الجبرية والمثلثية في نظرية التقريب.
      تم إثبات نظريات التقريب لمتعددات الحدود الجبرية المباشرة والمعكوسة للدوال غير المقيدة في الفضاء الموزون باستخدام معامل النعومة. 
  التقريب بواسطة متعددات الحدود في الفضاء الموزون يهتم بشكل أساسي بالتقريب الجبري متعدد الحدود للدالة غير المقيدة في الفضاء الموزون من حيث الالتفاف  حيث ان f  و تنتميان إلى الفضاء الموزون. بالإضافة إلى ذلك، نحصل على أفضل تقريب للمشتقات الكسورية للدوال في فضاء الوزن.
نحن نبحث في بعض التحسينات في نظريات التقريب المثلثية المباشرة والعكسية للدوال غير المقيدة في الفضاء الموزون للحصول على متباينات عكسية قوية لبعض طرق تقريب الدوال باستخدام معامل النعومة.
علاوة على ذلك، قمنا بدراسة الخصائص التقريبية للدوال عن طريق كثيرات الحدود المثلثية في الفضاءات الموزونة حيث تم ايجاد العلاقات بين معامل النعومة لمشتقات الدوال وتلك الخاصة بالدوال نفسها في الفضاء الموزون، كما أثبتنا النظريات حول العلاقة بين مشتقات كثيرات الحدود للحصول على أفضل تقريب للدوال.
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