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Abstract: The purpose of the present paper is to introduce new operator SR™ using the Salagean operator S™ and
Ruscheweyh operator R™ for analytic functions. We study the differential subordinations in the general case and investigate
differential subordination properties regarding the operator SR™. Moreover, we determine dominants and best dominants of
differential subordinations integral operators are also considered.
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INTRODUCTION

Let E={z € C: |z| <1} be an open unit disc in C (complex plane) and by G(E) the space of analytic
functions in E and let G[b, m] be the subclass of G (E) of the form

g@) =b + bpz™+ by 2™+, €]

where b € C and m € Nwith G, = G[0,1]
and G = G[1,1]and let

A ={9 €G(E), g(2) =z + bpy12™* + -,z €E}.
S denote of the all functions is univalent in E.

Let
S* = {g is univalent, Re 29 (@) >0,(z€ E)} (2)
) g(Z) ) )
denote the class of starlike functions in E and
zg9" (z
K = {g is univalent, SRe( 5{(2)) + 1) >0,(z€ E)}, 3

denote the class of convex functions in E. Let g and F be members of G(E). The function g is said to be
subordinate to F, if there is a Schwarz function d analytic in E, with
d(0) = 0and |d(z)| < 1,(z € E) such that

g(z) = F(d(z)).We denote this subordination by. We denote this subordination by

g(z)<F(z)org<F.
If F is univalent in E, then we get the following [3-4]

9g(2) < F(z) © g(0) = F(0)and g(E) c F(E).

Let ® and A be sets in C, let ¢ : €3 X E — C and h be univalent in E. If q is analytic in E with q(0) = a with
generalizations of implication

{0(a(2),2q9'(2),2*q" (2); z)} € 6 = q(E) c 4, 4)
with satisfies the second-order differential subordination
$(q(2),2q9'(2),2%q" (2); z) < f(2), ©)

Second International Conference of Mathematics (SICME2019)
AIP Conf. Proc. 2096, 020014-1-020014-5; https://doi.org/10.1063/1.5097811
Published by AIP Publishing. 978-0-7354-1826-4/$30.00

020014-1



then q is said to be solution of subordination. The univalent function w is said to be dominant of the solution of
subordination, or dominant, if g <w for q satisfying (5). A dominant W that satisfying W < w for
dominants w of (5) is called a best dominant of (5).
Definition 1.1.([5]) The W is denoted by the set of w, such that W and w are analytic with injective on
E/T(w), for

T(w) = {x €0E; limw(z) = 00}, (6)

Z-oX

such that w'(x ) # 0 with x € 9E /t(w). The W (c) is denoted by the subclass of W which w(0) = c.
Definition 1.2.([2]) If the function g(z) belonging to the class A, given by

9@ =2+ ) b ED) @)
h=m+1
fore A ,0<1, < 1,,z€ E,n € NU{0} and m positive natural number, the operator S}sz:cAm > A, is
defined by
C 1+ + )G - DY
n — h
5/11_,129(2) =z+ Z ( T+ 4,0 -0 byz". (8)
h=m+1
From (8) we have
2(55,,909) = Gy + S 96D = (Cy +2) — 1S, 9@ ©

Remark 1.3. Note that is the special case of S,{ll . for 4, =1,1,=0, S,{‘l " reduces to S™ which is

introduced by Salagean [8].
S"g(z) = 2 + Z (1+ G —1)" baz (10)

h=m+1

S°9(2) = g(2)
S'g(2) = zg'(2)

For g € A,,,m € N,n € NU {0}, and

S"lg(z) = Z(S"g(z))’. (z€E)
Definition 1.4 ([7]) Let g € A,,, m EN,
n € N U {0} and the operator R™ is defined by R™: A,,, = A,
R°g(2) = g(2)
R'g(z) = zg'(2)

(n+ DR 1g(z) = Z(R”g(z))’ +nR"g(z).(z €E) (11)
Remark 1.5 If g € A,,,g(2) =z + X541 bnz", then

R"g(z) =z + Z Clin_ibpz™.  (z €E)

h=m+1
Lemma 1.6 ([6]) If f is a convex function in E with

k(z) = f(z) + mpzf'(z) ,(z € E)
where f > 0 and m € N. If
t(2) =f(0) + tyz™ + ty 2™ +---, (2 € E)
is analytic in E and
t(z) + Bzt'(z) < k(2),
then

t(z) < f(2),

such that result is sharp.

DIFFERENTIAL SUBORDINATION RESULTS

Definition 2.1 ([1]) Forg € A,0 < A; < A,,z € E and let n € N U {0}. Denote by SRZM2
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the operator given by the Hadamard product (the convolution product) of the Salagean operatorS,{l1 " and the
Ruscheweyh operator R™,
SR,’{MZ:CAm - A,
SR}, ,,9(2) = (S, *R™)g(2).

Remark 2.2 If g € A, ,g(z) =z + X5 ns1 bnz", then

1+ +2)(G -1 "b N
1+ 4,G-1) n?

SRY,, 9@ =2+ ) ,':m_l( (12)

h=m+1
For 4, =1,1, =0, SRf1 2, Ve have the Hadamard product SR™ [1] of the Salagean operatorS™ and the
Ruscheweyh operator R™.

Theorem 2.3. Let f be a convex function with
f(0) =1.Letk(z) = f(2) + zf'(2), for

g € A,z € E,n € NU {0}, and the differen-tial subordination

1 A+A)-1 "
- SR}{:;Zg(z) + %Z( SR}fng(z)) <k(z), (z€E) (13)
Then
(SRE, 9@) < f(2),(z€E) (14)

and this result is sharp.

Proof. Let

[oe]

t@ = SR;‘MZg(z))' =1+ ,’;+h_1(

h=m+1

1+ +2,)(G —1) "“b -
1+ 4L,G-1) RZT

with t(0) = 1, and

g(@)=z+ Z bnz", (z€E)

h=m+1
we have

A A —1
e (5%,,.0)

1 n
t(2) +zt'(2) = - SR}:;zg(z) + .

We get t(z) + zt'(2) < k(z) = f(z) + zf'(2), for z € E. By using Lemma 1.6, we have

t(z) < f(2),
in other words
(‘srp,,00) <@,

and this result is sharp.

Corollary 2.4. . Let f be a convex function with f(0) = 1. Let k(z) = f(2) + zf'(2), for
neNU{0},zeE,geA,.If}, =1, =1
and the differential subordination

;SR"“g(Z) + %Z(SR"g(Z))” < k(2), (15)

then
(SR"g(2))' < f(2). (z€E)

Theorem 2.5. Let f be a convex function with
f(0) =1 and let k be the function
k(z)=f@)+zf'(z). fneNU{0}and z €E E,
g € A, confirm the differential subordination
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(SR}, 9) <k@), @eE) (16)

then
SR}, ,,9()
——<f(2), (z€E) 17)

and the function f(z) is the best dominant.
Proof. Forg € A,, g(z) = z+ Xy-m+1 bnz", we get

SR,’{MZg(z) =z+
. n
n (1 + (Al + Az)(] - 1)) bhzh.

n+h-1 T
W 1+2,(G-1)
Let
SR}, 9(2)
t(z) = 7;
o n 1+ + )G -1\
Z+ Yheme1 n+h—1( 1(_:/12(]-2)_(]1) )> thh
- Z
¢ 1+ + )G - 1)
=1+ Z Clpen ( : b2z"1,
h=m+1 1+ AZ(] B 1)
we obtain
tz) +2t'(2) = ( SR}, 9). (Z€E)
Then
( SR}, . 9(2) <k@, (z€E)
become

tz)+zt'(2) <k(2) =f(2) + zf'(2).(z€EE)
By Lemma 1.6, we get

SR}, 9(2)
t(2) ='f<f(z). (z€E)

Since t(z) = f(2), we deduce f(z) is best dominant.

3+322- If t(z) + zt(2) is analytic in £ and satisfies

Example 2.6. Let f(z) = 1 +§ , k@) =f2)+zf'(2) =
t(z)+zt'(z)<k(z)=1+2z

then
3+ 2z
t@) < f(2) =—5—,

and the function f(z) is the best dominant.

Theorem 2.7. Let f be a convex function,

f(0) =1,let k(z) = f(2) + zf'(2),
z€E. IfneNuU{0}andz€E,g € A,

confirm the differential subordination
( ZSR;L;’;Z 9(2)

SREMZQ(Z) ) <k(z), (z€E) (18)

then
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SRy 9(2)
SRAL/12 92

Proof. Let g(2) = z+ Yp_pms1 bpz" and g € A, , we obtain
SREMZg(z) =z+

. <1+(Al+az)(j—1)>"b o
h .

<f(2), (z€E) (19)

n+h-1 | —
L 14+2,(G-1)
Take
t(z) = O _
7) = A2
SRng(Z)
} 14 +2 i1 n+1
Z+YC O 1( 1(_'_1/12(]'2)_(11) )) bpz"
- 1+ (4 +4,)G = D"
Z+ e C7?+h—1( 1(4_1/12(]'2)—(]1) )) bnz"
o 1+ A+ 400 = DY, e
14+ Ye, L CrH 1( 1(4_112(].2)_(]1) )) bpz"1
= - 1+ (4 +4)G - DY, -
1+ Xhm+1 Crvna ( 1 4—1/1202—(]1) ) bpz"™
and we get
t'(2) ( Ris g(z)> t(2) (SR;WQ(Z))
N=-—"T" ‘* (7)) ~—FT"——
SR/h,/lz 9 (2) SR;“ll,lzg @)
Then
)42 f;; @\
z 2t \Z) =\ ~"©on
SR}, ,,9@)

Relationship (18) becomes

t(z) +zt'(z) <k(z) = f(z) + zf'(2)
and by using Lemma 1.6,we have t(z) < f(z), in other words

5Rn+1g(2)

SRg @) < f(2). (z€E)
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