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Abstract--The object of this paper is to give some applications of
differential subordination concept on subclasses of univalent
functions for some convolution operators which are defined on
the space of univalent meromorphic functions in the punctured
open unit disc. Moreover, we derive some sandwich theorems, we
study some geometric properties like coefficient bounds,
distortion theorem, and radii of starlikeness and convexity for
these classes of functions. Extreme points and integral operator
are also investigated.
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. INTRODUCTION

Let <A denote the class of analytic functions k of the
form

fl@)=z+Zy=16,2" (6,2 0,2€Q) (1)
and @ is the unit disk such that
={z e C: |z|] = 1}k )

A function f belonging to the class =4 is said to be starlike
(convex) in U(7) if:[2]

b Re {”Jf';‘}}::n (%e {1+

|3:|

} = IZI), respectively

where z € U(r),0 <+ = 1.
The method of differential subordinations (also known as the

admissible functions method) was first introduced by Miller
and Mocanu in 1978 [6] and the theory started to develop in
1981 [4]. For more details see [5-7].

For given analytic functions
flz) =Z5=

—0Cp, 2" and h(z)= X2, b, z" we

denote by f * h the Hadamard product (convolution) of f and
h defined by
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=0 Cn by Z

(f=h)(z)= " =(f=h)(2)

We introduce the following definition of operator generalize.

3)

Definition 1.1.For h: <4 — <A, the generalized operator
Nj”;j: A = A is defined by
[+dm-10™ " riegyf
NIEF() = 00 42, AT )t

=1 (1 +qn-13)m

(4)

n+a

wherez € Q,c € C\{0,—1,..
andnp = A =0

L,seCme N;={0,1,..}

Special cases of this operator when ¢; = 1, include salagean

+1,u .
operator N iy [9], the generalized salagean operator

introduced by Al-oboudi NFH o

Attiya operator N [10]
The authors, mtroduce a new subclass by using the operator
Nﬂs as follows

[1] and the srivastava-

Definition 1.2. Let Ff,’f (c, A, B, &) be the class of

functions k of the form
flz)= ez —Eimpc, 2" (c; > 0,c, Z0,n €N\ {1})
and satisfying the following

; !
Hl: ,q;n‘].s Fi=) }
S

1+4=
1+EBz

kS
— ®)

(-1<B<A<1)and(0=& < 1)

On the other hand for real parameter (0 <|z] < 1),we

define the following subclasses of the class Fﬂi; (c, A, B,{)
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FEI;E(C;AJBJ fj = {f:f = F{:‘;:(C,Ar B’ q'-j and

f0)=f(e)—==0} )
And

Fms_(c,ﬂ,ﬁ,f] ={f:-f e Fﬂs[c,ﬂ, B,&) and
floO)=Ff'(e)—1=10} 8)

Several authors used the above class in different form like [3-
8].

Il. COEFFICIENT INEQUALITY

We derive a necessary and sufficient condition for function f
belonging in the class Fﬂl (c,4,B,%).

Theorem 2.1. A function f of the form (5) is in the class
Fﬂf (c, A, B, &) if and only if

Zo=2[n(1-B)+ (A-1) +&(B-A)] D,c,

< [(A—B)+ &(B — A)]e ©
Where

_ (1#am-0)""" f14m@
D= iy (or) » mEN 10)

Proof. Let b £ Fﬂf (c, 4, B, &). Then we obtain

; I
= |: Nin f ':33'} _ 144w(=)

1
18\ NprE C | 1+Ew(a 1D
when w(0) = 0 and |w(z)| < 1foreveryz # 0,
then
ms ' ms
z(N¥£(2)) - N F(2) 1
< 1.

(4= Y- 1) - 8 [o (N7 ) - ngr )

Thus,

20

| ¥, (n—1)D,c,z™"

W—E;‘ﬂ((fl -B)(1-¢)-B(n- 1]) Do,z

<1
|Ci w

Settingz = 7, (0 < r < 1) we get
::=2 (ﬂ_ 1] Dncnrn_j-:: =1 LA_B}I::L_ =

-¥5,((A-B)(1 -8 - B(n—1))D,c,m" %,

Letting T — 17 . Then we obtain the required result.
Conversely, it suffices to show that

|2 (NP £(2)) - N7 ()| |4 - )1 - N £(2)

-B [z (Nf,ff(Z])f - Nf;f(zj” =0

Choosing z =, (0 <= < 1), we get

e (4-B)(1-E)
|Zn::(ﬂ_ 1) Dncnz”|—|clez -

(O

—3(71—1]] D c,z =2 _.(n—1)D_c, "™

(c, A=2U=D_¥= ((4-B)(1-§)-B(n-1)) D,c,r™)

=La(1-BH A1 464 D, c,r"-[(4-B) +3 (B~ Aeyr
<Te[n(1-B)+(A-1)+¢(B- A)lp,c, ~[(a— B)
+&(B— A)]e,= 0

then, we obtain f € F;,~ (¢, 4, B, ).

Corollary2.1. A function f of the form (5) is in the subclass

F;‘;E (¢, 4, B, &) if and only if
2r,n(1-B)+(A-1)+EB-4)]D,—[(A—B)+

§(B—A)e" D, =[(A—-B)+&(B—4)] @2
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Proof. Form (5), we have

fl:s]l 1= = :::g c, gn—1 ,
the result follows by substitute ¢, = 1 + X, ¢, ™72

Theorem 2.1

,in

Corollary 2.2. A function f of the form (5) is in the subclass
Fﬂi;_ (c, A, B,&) ifand only if

=1

e [[n (1-B) +{A-1)+ LE'—AJ']DH_] ,

(a—5) +(5-4) (13)

I11. Growth and Distortion Theorems

We derived the growth and distortion theorem in the class
Fin (6 AB,8).

Theorem3.1. Let the function # given by (5), be in the

classFy, (¢, A, B, ).
Thenfor (0 < |z| = 7 << 1), we have

[[4-B)+&(5-a)le,

B [1—23+A+§.:3__43]DET‘5 If (2| = eyr

€47

[[a-B)+&(B—A)le, o
[1-zB+a+f(B-4)]D, T (14)

provided the sequence

{In(1-B)+(A-1)+(B-A)ID, )=, (15
is non- decreasing and positive. Also,
[(4-B)+E(B-A)]e, v
1 [1—EB+A+$I:B—A}]DET£ F @ =
[[4-B)+E(B-A)]e,
[1-zB+a+fiE-4)lD, (16)
provided the sequence
{[nu 1-5) +Lf1—:f' +E(B-4)]D, } (17)
n=2

is non- decreasing and positive.

Proof. By assumption, we have

{n1-B)+(4-1) +8(B-A)]D, )=,

21

is non- decreasing and positive, then

< [(a-B)+&(B-A)]c.
" = [1-18+a+E(B-4)]D0,

Zioac

For theorem,

{[n(l—E}+(ﬂ—1} +$I:B—AJ]D,1}°C
n=

n

Is non -decreasing and positive, then

< 2[{a-B) +§(B-4)]c,
m = [1-28+A+£(B-4)lD,

2o, TIC
By (5), we get
If@) = leyz—Eioscz™l S oyr+ Eoa e, 77
=cr+rEi e, P or+ri e, S or

[[a—B)+f(B—a)]e,

+ [1-2B8+A+f(B—A)D,
and
_ [a-B)+&(B-A)]ey, =
If(2)l = €T [1—:3+A+$EB—AJJDZT
We obtain
|f.-[zj|= |C‘1— :‘::zﬂcnz?!—” = Cq

+3¥x onc, =, +rEr_ng, r" 7

2[[a-B)+&(B-A)]c,

S triioneg <ot [1-2B+4+F(B-4)1D,
and

2[(A-B)+F (B—4)]e,
F'(@)] = e LB

" [1-28 +A+F(B-A)]D,

Take the function
£(z)=¢cz—

((a-B)+EB-A)e, 5
[1-2B+4+F(B-4)]D,

Theorem3.2. Let the function f of the form (5) in

Fipe(6A B,&). Then



This paper was presented as part of the main technical program at IEEE ICCISTA 2019

[1-28+4+E(B-4A)1D, r+((4-B) +£(B-4) )-*

o) < ) e e ). (19
T ree
o(r) = {[1-18+4+5(8-4)10,r-((4-B) £ (B-4))r* . (19)
[1-28+4+(B-A)1D,- ((4-B) +(B-4) s otherwise
provided the sequence
(n(1-B)+(4-1)+¢(B- A0, - [(A-DHE- AL (20)
is non- decreasing and positive. And
2((a-B)+E(B-4))r .
17 [r-2meast (B—AJ]DE—[EA—B}+$EB—AJ]=-£ IF(2)]
[1-25+4+5(B-A)lD, r+2((a-B) +£(B-4) Ir
[1-25+4+&(B-A) 10, r— ((A-B) +E(B-4A) Jr (21)
provided the sequence
{[n':1—3}+':A—1} +E':5-—.~:J]Dn—[.:_4—5-}+§|:5-—AJ]=-”"-}°° 22)
n n=21

is non- decreasing and positive, The result is sharp.

Proof. Let f € Ff:s (¢, A, B,&). Then by assumption,

&

we have

o [(A-B)+F(B-A4]]
Lo=2Cn < [1-25+4+&B-A) 1D, -[[A-B) +E(B-4)]s
And,

o 2[(a-B)+F(B-4]]

n=2""n = [1-2B +4+ (B-A]D,—2[(A-B)+#(B-4)]=
we get

|f(zj| = |clz_ ::C:chznl <r (Cl-l_z::c::cn Tn_lj

Sr(14 I, e I, o 1 )<r(L (e Iy,

o
-4

[1-2B+A+&(B-A)]D,r+[(A—B)+&(B—A)]r

T [1—-2B+A+EB-A)D,—[(A—B)+E(B—A4)]e
also,

f(2)] = leyz— Eizs ez |z vley — Eimp 0, 7 70)
=r(1+X%,c, (et —r"1))

then |f(z)| = 7 if ¥ = £, while if ¥ = = we have

{En—l _ T.n—l =

n=2z !

22

is negative and decreasing, therefore we obtain
FE@lzr(l+(e—r)Xi=c)=

[1-28+a+&(B—A)D,r—[(aA—B) +E(B—-a)]+*
[1—z28+a+f(B-a)]n,—[aA—B)+f¥(B-A4)]s

and by the same technique we obtain the result (21).

Take f(z) =z and

[1-2B+A+5(B-A)1D z—((A-B)+£(B-A4) )=*
[1-28+A+F(B-A)]D, —((A-B)+E(B-4))s

f2(z) =

IV. Integral operator and Extreme points

In this section we give the integral operator property and find
the extreme points for the class Fﬂ’: (c,A,B,&).

Theorem4.1. The function j (=) defined by

j(z) =

:;1 f[f e® hie)de, (23)

where a is real number such that @ = —1, belong of the class
Fﬁ (c, 4, B, &) if the function f £ FE (c,A,B,&)

Proof. Take

jz) =iz -2 ,b,z" b, =0 (24)
where
g+l
b, =—_¢, (25)
Then,

Zop=[n(1-B)+(A-1)+&(B—-A)]D,b,

r.z+1c
atn

n=2[n(1—B) +(4 1)+ (B - A)ID,

<n(1-B)+(A-1)+&(B-A)D,c, < [(A-B)+&(B-A)c,.

F.""(c, A, B,£). Therefore

By assumption f(z) € F;

j(z) €F (e A B ).
Theorem4.2. Let f(z) = z and

_ [n(1-B)+{a-1)+#(B-4)Ip, z-{(4-5) #£(B-4) )"
" [n(1-B)+ (4-1)+£(B-4)]D, ~((4-E) +£(B-4) )s™*

fa(2)

(26)
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Then f € F (c A, B, ) if it can be expressed in the

form

flz) =ZLa=14, h,(2), (27)

Where 4, =0, and 27— 4, = 1. (28)

Proof. Let f(z) = X, 4, b, (2), where 4,, = 0 and
::=1“1n =1

Therefore,

f( J 747, Iy [n(1-B)+{a-1) +¥(5-4)1D,z
I tan=11,(g- 3}+|A -1)+£(B-4)1D, -IIA B)+#(B- A}) (29)
By (5), we get

B A (4Bl +E(B-4)] %
n=2 [n(1-8) +(4—1)+E(B-4)1D, —((A-B)+ £(B-4) ) s

_ 5?1‘1]:

show that 7 (=) £ Fﬂsc (c, A B,&).

[[n (1-B) +(4-1) +{(5-4) 1Dy

4-8)+(8-A) ek =174 <1

Conversely, let f(z) € Fy i * (6, A,B,&). Then

(4-B)+£(B-4)
o = [n(1-B) +(4- 1)+ (B- A)1Dy - ((4-B) +2(B-4) )™~* nzl
putting
A= [n(1-2) +I:A_ﬂ+§':5_“ﬂ]ﬂn":':A'B:"l' E':E'-A:':'En_- n=2
§ (4-8) +:(B-4) , nZ

andA; =1—-22 .4, , weobtain f(z) = 5=, A,h,(z).

V. CONCLUSIONS

1. The explore to the subclass of analytical univalent
function associated with concept differential
subordination.

2. We studied some differential subordination and
superordination results involving of certain class,
which are defined on the space of univalent
meromorphic functions in the punctured open unit
disc.

3. Obtain some geometric properties like coefficient
boundary, coefficient inequality, distortion theorem,
closure theorem, extreme points, radii of starlikeness,
convexity, close to convex and values of
integration.

4. By using properties of the generalized derivative
operator, we explored some properties of
subordinations and superordinations.

5. We derived some results of second order differential
subordination involving linear operator and we
derived some sandwich theorems.

6. We give some applications of differential
subordination concept on subclasses of univalent
functions for some convolution operators.
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