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Abstract--The object of this paper is to give some applications of 

differential subordination concept on subclasses of univalent 

functions for some convolution operators which are defined on 

the space of univalent meromorphic functions in the punctured 

open unit disc. Moreover, we derive some sandwich theorems, we 

study some geometric properties like coefficient bounds, 

distortion theorem, and radii of starlikeness and convexity for 

these classes of functions. Extreme points and integral operator 

are also investigated. 
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I.  INTRODUCTION  
 

 Let   denote the class of analytic functions  of the 

form 

,                           (1) 

 

and   is the unit disk such that 

                                         (2) 

 

A function   belonging to the class  is said to be starlike 

(convex) in  if:[2] 

b , ,  respectively 

 

where     

The method of differential subordinations (also known as the 

admissible functions method) was first introduced by Miller 

and Mocanu in 1978 [6] and the theory started to develop in 

1981 [4]. For more details see [5-7]. 

For given analytic functions  

 

 , we   

 

denote by  * the Hadamard product (convolution) of  and 

 defined by  

                     

     (3          )

   

We introduce the following definition of operator generalize. 

 

Definition 1.1.For the generalized operator 

  is defined by 

             (4) 

 

where ,  

and  

   

Special cases of this operator when  include salagean 

operator  [9], the generalized salagean operator 

introduced by Al-oboudi [1] and the srivastava- 

Attiya operator [10]. 

The authors, introduce a new subclass by using the operator 

 as follows  

 

Definition 1.2.  Let  be the class of 

functions   of the form   

 

,  

 

and satisfying the following  

 

                                      (6) 

 

 and . 

 

On the other hand for real parameter  we  

 

define the following subclasses of the class   
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 and  

 

                                                    (7) 

 

And 

 and 

                                                  (8) 

 

Several authors used the above class in different form like [3-

8]. 

 

 

II. COEFFICIENT INEQUALITY 

We derive a necessary and sufficient condition for function f  

belonging in the class  

 

Theorem 2.1. A function f of the form (5) is in the class 

 if and only if  

 

 

 

                                          (9) 

 

 

Where 

                     (10) 

 

Proof. Let  Then we obtain 

 

                         (11) 

 

when  and  for every ,  

then 

 

 

 
 

Thus, 

 

 
 

Setting  we get   

 

 

 

 

 

Letting  . Then we obtain the required result. 

Conversely, it suffices to show that 

 

 

 

 

  

 

 

 

Choosing  we get 

 

  

 

   
 

(
 

 

 

  
 

 

 

 

 

then, we obtain  

 

Corollary2.1. A function f of the form (5) is in the subclass  

 

 if and only if 

 

 

 

       (12) 
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Proof.  Form (5), we have  

 

the result follows by substitute  in 

Theorem 2.1 

 

Corollary 2.2.  A function of the form (5) is in the subclass 

 if and only if  

 

                (13) 

 

III. Growth and Distortion Theorems 
 

 

 

We derived the growth and distortion theorem in the class 

 

 

Theorem3.1. Let the function given by (5), be in the 

 

  

class .  

Then for ( we have 

 

   

 

                                                (14) 

 

provided the sequence 

      (15) 

  

is non- decreasing and positive. Also, 

 

 

 

                                                     (16) 

 

provided the sequence 

 

                                (17) 

 

is non- decreasing and positive. 

 

Proof. By assumption, we have  

 

 

 

is non- decreasing and positive, then 

 

 

 

For theorem, 

 

 

 

Is non -decreasing and positive, then 

 

 

 

By (5), we get 

 

  

 

  

 

 

 

and  

 

   

 

We obtain 

 

  

 

  

 

 

and  

 

 

 

Take the function 

 

 

Theorem3.2. Let the function of the form (5) in  

 

 Then 
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     (18) 

        (19) 

provided the sequence 

 

        (20) 

 

is non- decreasing and positive. And 

 

    

 

               (21)    

 

provided the sequence 

 

       (22) 

   

is non- decreasing and positive, The result is sharp. 

 

Proof. Let  Then by assumption,  

we have 

 

And, 

 

we get  

 

  

 

 

 

 
 

also,  

 

 

 

 

 

then   if  , while if  we have 

 

 
 

is negative and decreasing, therefore we obtain 

 

 

 

 

 

and by the same technique we obtain the result (21). 

 

Take  ,and 

 

 

 

 

IV. Integral operator and Extreme points 
  

In this section we give the integral operator property and find 

the extreme points for the class  

 

Theorem4.1. The function  defined by   

 

                                        (23) 

 

where a is real number such that belong of the class  

 

 if the function   

.             

Proof. Take   

 

 ,                             (24)  

 

where  

                                                              (25) 

Then, 

 

  

 

 

 

 
 

By assumption . Therefore  

 
 

Theorem4.2. Let  and 

 

           (26) 
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Then  if it can be expressed in the 

form 

                                              (27) 

 

Where  ,  and                                (28) 

 

Proof. Let  where   and  

 

 

Therefore, 

 

        (29) 

By (5), we get 

 

 

 

 

 

show that  

 

Conversely, let  Then  

 

 ,           

 

putting 

 

  ,      

 

and   we obtain  

 

V. CONCLUSIONS 

1. The explore to the subclass of analytical univalent 

function associated with concept differential 

subordination. 

2. We studied some differential subordination and    

superordination results involving of certain class, 

which are defined on the space of univalent 

meromorphic functions in the punctured   open unit 

disc. 

3. Obtain some geometric properties like coefficient  

boundary, coefficient inequality, distortion theorem, 

closure theorem, extreme points, radii of starlikeness, 

convexity, close to convex and values of           

integration.  

4.  By using properties of the generalized derivative 

operator, we explored some properties of 

subordinations and superordinations.  

5. We derived some results of second order differential 

subordination involving linear operator and we 

derived some sandwich theorems. 

6. We give some applications of differential 

subordination concept on subclasses of univalent 

functions for some convolution operators. 
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