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Abstract. We have introduced and investigated the subclass T[u, 7; p] for p-valent functions defined by the new linear
operator Yg;f in this paper. The main objective is to investigate many characteristics, such as coefficient estimates,
theorems of distortion, closure theorems, neighborhoods and starlikenessradii, convexity and close-to-convexity of class
T[u, 7; p] functions.

Key words. P-valent functions, Distortion theorems, Integral operator, Starlike functions, Convex functions, Close-to-
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INTRODUCTION AND DEFINITIONS

Let L ={w € C: |w| < 1} be an open unit disc in C. Let H(L) be the analytic functions class in £ and let
L[a, ] be the subclass of H(L)of the form g(w) = a + aw'+ aw'tt +---,

where a € Candt € N = {1,2, ...} withHy = H[0,1] and H = H[1,1]. Let g(w) be an analytic function an
open unit disc. If the equation wv=g(w) has never more than p-solutions in
L ={weC:|w| <1}, then g(w) is said to be p-valent in L. The class of all analytic p-valent functions is denoted
by A,, where g is expressed of the forms

g(w) =wP + Z aw', (p,teN={123,..},weL). (D
1=p+e

The Hadamard product for two functions in A, such that

k(w) =wP + Z cw', (welr) (2)
1=p+e
is given by
g(w) xk(w) =wP + Z acw'. (welr) 3
1=p+e

Definition 1. [1-5] For g(w) € A, the generalized derivative operator I{"": A, = A, is defined by

s - (1+eG-)"
I;”g(w) = wP + o
o L;g(l +1G - 1)

T c(s,Daw', 4
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wheres,m e N, ={0,1,...}, n =& >0, and

( )_(S+t_1)_r(l+£)_(L+(€_1))!_(S+1)L—1
‘WOU=U s )T T T dE—-n T (D,

It can easily be observed that

and

Also,

Ig0gW) = Igng(w) = g(w),
175g(w) = I5hg(w) = zg' ().

Ib—1,0 1,b—-1

g0 9W) =1y, "g(w) whereb =1,2,3, ...

We can verify that

L+ gw) = 2(I5 g W) + s(F g w)). (5)

Definition 2. [6] For g(w) € A, denoted by pmp-l; A, = A, the Ruscheweyh derivative of order m + p —
1 is defined by

wp _wrwlgwy)mrt
a—w ) =G ©)

DmPTig(w) =

if m is a grater of some integer than -p (see [6-10]).

Definition 3. For g(w) € A,the operator ngf: A, = A, is defined by the Hadamard product of the
generalized operatorlg‘hs and the Ruscheweyh derivative operatorD™*?~1

Yey (W) = Igy D™ g (w)

Y; gw) = wP + z (1+6G-1) c(s, 0T, ()aw, (7)

1=p+e (1 + U(j - 1))7”_1

wheres,m e N, ={0,1,..}, n = ¢ =0and

INCE)

O = e pa—pr”

§>—p.

Note that, the following are the unique operatorYgﬁf cases.

When I(']'fg]o = 1, include the Ruscheweyh derivative operator D™*P~1[11].
When D™*~1 = 1, include the Generalized Derivative operator I/ [1].

1.
2.

A

B.

When s=0,§=1n=0, [}’ reduces to Iy’ which is introduced by Salagean Derivative
operator[9].

When s =0,n =0, I?f;f reduces tolgléo which is introduced by Generalized Salagean derivative
operator introduced by Al-oboudi[12].

When n = 0, If";” reduces to If';’ which is intrOduced by Generalized Al-Shagsi and Darus Derivative
operator[13].

When ¢ = 0,n = 0, I, reduces to I5;’ which is introduced by Srivastava Attiya Derivative operator
[14].

When m=1orm=0,§=00rn=0, I, reduces to
Ruscheweyh Derivative operator[15].

When m = 0 or m = 1, I’} reduces to I?:; = Ig"; which is introduced by Generalized Ruscheweyh
Derivative operator[16].

1s —
| =

oy = I35 which is introduced by
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Definition 4. Let the function g(w) be of the form (1). Then g(w) is said to be in the class T[y, t; p]if it
satisfies the following inequality:

uw? (Y7 g(w))
(i g(w))

(Y5 g(w))

_ e 7 1-—
(o) + 70

+1

-p <7, (8)

where0<u<1,0<t<1,peN={123, ..}, weL.

The normalized p-valent analytical functions of (for example) Srivastava and Patel[16], Sokol[17], Aouf[2],were
extensively studied (see [7,8]).

First of all, we will deduce in this paper a necessary and adequate condition for a function g(w) to be in class
T[u, 7; p].Then obtain for these functions the theorems of distortion and growth,closure theorems,neighborhood and

radii of p-valent starlikeness,convexity and close-to-convexity of order ¢(0 < g < 1).
COEFFICIENT INEQUALITY

In this section, we provide an appropriate condition for a function g to be in class classT[u, ; p], which will
function as one of the main findings of this paper to find other outcomes.

Theorem 1. A function g(w) € A, of the form (1) is in the class T[yu, 7; p] if it satisfies the following condition:

Z(lw(l—l))(t—p CRECE 1)2nl
1=p+¢& ( T]([— ))

meN;={0,1,..},n=>¢>200<u<10<7<1,peN={123 .}, weL.

(s, 0T,®lal < (1 +pp - 1), )

where

Proof. From Definition 1.4, we have

p (Yow)”
(YT gw))

w( Y?};fg(w))'
A EenT 41—

-p|l<rt

_ uwz(Ymsg(w)) +W(Ymsg(w)) ol <
v (en) + @ =0 (o)

52 we(1+p(— 1))@= p) Mc(s DT, () a,w!

+n(e=1)"
= <T
(1+ 1o = DWW + (14 1~ D) D (s, 0T

52 (14 1= 1) —p) %c(s DT, (&)l a,l[w]?

_ % _ ) _arEey)™ -
(1410 = D) + ZZpue(1+ 10 = D) = ar e, 0T (Ol lwl 7

<

<rt. (10)

We can see that by making w-1-through real values,
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1 -D)"
(1+5¢ )2,1_1 c(s,OT,(O)la,| < (1 + ulp - 1)).

1+u—-D)t-p—1)
L;s( ) (1+n0-1D)

Thus, g(w) € Tly, t; p].
The evidence is therefore complete.
Corollary 1. If a functiong(w) € A, given by (1) is in the class T[u, ; p], then

ol < T(l +ulp - 1))(1 +n(— 1))m_1
T (- D)e-p -+ EC - 1) "c(s,0T(E)

[ (t=zp+ee€eN).

DISTORTION THEOREMS

Theorem 2. If g(w) of the form (1) be in the class T[u, T; p], then for |[w| = r < 1, we have

o (1 +u@ - D)1+ 0@ +2- D)™ lrws < lgw)|
(1+u@+e-D)e-D)(1+E@+e—1))"cls,p+ )Ty e(§) N '
and
lgw)| <P + 1+ pp - D)A+ @ +e - 1))m_1 lr”*f :
B (1+u@+e-D)e-D(A+&@+e—1))"cls,p+ &)Tpse(§)

The equalities in (12) and (13) are attained for the function g.(w) given by

W) = WP + t(1+pup-D)1+n@+e-1) l e

(1+u@+e-D)e-DA+E@+e—1))"c(s,p+ E)Tyye(®)

Proof. Via Theorem 2.1, we have

14+u-D)t-p—1)
L;E( ) (1 +1’](l - 1))

(1+20-1)"

Then, for |w| =r < 1, we get

[ee] [oe]

g = = > Ja 174 2 1 =17t ) g |

1=p+e S
2P — t(1+u@-D)(1+np+e— 1))m—1 lrmg
T e - D)E-D(AHEP e - D) cls P+ OTpee(©

Also,
lgw)l <77 + Z la, [ rP*e < rP 4 rPHE z la, |

wpre i=p+e
<o (15 ulp ~ D)L o £~ D)™ ]
< (l+up+e-D)e-D(1+EP+e— 1))mc(s,p T ®

The evidence is therefore complete.
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Theorem 3. If g(w) of the form (1) be in the class T[u, T; p], then for |[w| = r < 1, we have

. (p + e)(l +ulp — 1))(1 +np+e— 1))m_1 ] pre—1 , c
o Qtupte-D)e-DA+E@p+e-D)cp+ol @) = 'l ()
and
_ @ +e)(1+u@—- D)1 +np@+e-1)" l )
lg'W)| < prP~t + — pre-1, 16
P i+ = D)4 £ 42— D) cG.p + OT 0@ (e

The equalities in (15) and (16) are attained for the function g(w) given by

g'(w) =pwP™" +

(p + S)(l +ulp — 1))(1 +nlp+e— 1))m_1 lwp+s—1_ (17)

(1+u@+e-D)e-)(1+E&@+e—1))"c(s,p+ )Ty (§)

Proof. Since

[ee]

¢/l < plwl = > tlaliwl .
L=p+e
Form Theorem 2, we obtain

[ee]

1+u—D)t-p—1)
l;—s( ) (1 + 77(! - 1))

1 -D)"
(1+5¢ ),)n_l c(s,OT,(O)la,| < (1 + ulp - 1)).

Then, for |w| = r < 1, we obtain

[oe]

/W) = prot et Y g,

1=p+e

(p + s)(l +ulp — 1))(1 +nlp+e— 1))m_1

= prp‘l - " I pre-1
Q+up+e-D)e—DA+E@+e—1)) c(s,p+ &)Tpse(®)

We can get in a similar way,

[oe)

lg'(W)| < prP~t 4 rpre-t Z tla, |

1=p+e

tp+e)(1+up—-1D)1+nlp+e— 1))m_1
(1+u@+e-D)Ee—DA+E@+e—1))"cls,p+ &) Tpse (@)

<prP~l 4+

l ,r,p+£—1_

So we have finished the proof of the theorem.

CLOSURE THEOREMS

Theorem 4. Let the functions g.(e = 1,2, ..., 1) defined by

ge.(W) = wP + Z |aL,e |W‘, (alle > 0) (18)

1=p+e

be in the class T[u, T; p]. Then the function h(w) defined by

070006-5



l
W) = ) Bege), (B2 0) (19)

e=1

hw) = Zﬁewp+z Z Belae [w

e 1i=p+e¢

=wP + Z Zﬁe|ale

I=p+ee=

is also in the class T[u, T; p], where

Proof. We're able to compose

In addition, since the functionsg, (e = 1,2, ..., 1) are in the classT[u, 7; p], then form Theorem 2.1, we have

[ee]

S (@ ut- 1) p- 0D o @lal < 11+ up - D).
l=p+e ( T](L— ))

Thus, it is necessary to show that

[oe]

1
Z (1 +u(— 1))(l ( kGl )) (5 )T, (§) (Zﬁe'ate )

1=p+e ( 1’]([ ))
l )
(1+f(l 1))
= ) Be 1+u-D)e-p-1) —¢(s,0T(8) |a,e
D e
l

<) Ber(1+u@ - ) = (1 +u(p - D)

The proof of the theorem is complete.

Corollary 2. Let the functionsg, (e = 1,2) defined by (18) be in the class T[u, 7; p]. Then the function h(w)
defined by

hw) = (1 - g (W) +cg,W)(0<c < 1),
is also in the class T[u, 7; p].

Proof. Form (18), we have

ge(W) = wP + Z |al.,€ |WL' (e=1,2)

1=pte
are in T[y, 7; p]. It is sufficient to demonstrate that h is a function defined by
hw)=(10—-0c)g: (W) +cg,(W)(0<c<1))
is in the class T[u, T; p], since .
h(w) = wP + Z [(1 - c)|alr1| + c|all2|] wh (0<c<1) (20)

1=p+e
In view of Theorem 2, we have:

070006-6



[ee]

Z A+pG-D)t-p-1) (1+¢0- 1)2n_
1=p+e (1 +-n(L_.1))

—c(5, OT(O[( = )|y | + c|a]]

(1+80— 1)2,1—1 c(s,0T.(9)|a,q]

=(1-c¢) 1+ut—1D)t—p—1)
L;g( ) (1+n0-1)

[oe]

1+&—-1)"
1 ~1D))-p-—
+c L;E( +uCe ))(L pP—T) (1 P 1))m_1

c(s,0T,(8)|a,z|
<A-0t(1+p-D)+ca(l+ulp-1D)=1(1+ulp-1),

which shows that h(w) € T[u, T; p].

Theorem 5. Let

gp(w) =w?, (21)
and

T(l +ulp — 1))(1 +n(— 1))m_1

L =wP + oy
P k= D)= =D+ £6— 1)< 0T ©)

wt. (22)

Then the function g (w) of the form (1) is in the classT[u, T; p]if and only if it is worthy of being articulated in
the form:

GO0 = Bpg, W)+ ) Biguw) (23)

1=p+e
where 8, 20,5, 2 0,t =2p+ecand B, + X2pse 6, = 1.
Proof. Assume that the shape of g(w) can be expressed in (23)

) = Bpgy (W) + D Bguw)

1=p+e

. i t(1+pp-D)1+n0- 1))m_1 L

m Bl .
L (L= D) —p=D(1+EG— D) cGOTE
Therefore

i t(1+up-1D)(1+n0- 1))m_1
S (L4 p=D)—p -1 +E0 - 1) "c(s, DT.E)

(- D)e—p - (1 +£0 - 1D)"e(s, DT, )
T(l +ulp — 1))(1 +n(— 1))m_1

i B=1-8,<1.

1=p+e

L

Hence g(w) € T[u, T; pl.

070006-7



Conversely, assume that g(w) € T[u, T; p].

Setting
. (1 +u - 1))0 —p— r)(l +&0— 1)):51(5, OT,(&) la,|, (24)
| t(1+pp - D)1 +n0-1)
since
Bp=1- Z B
Therefore -

G0) = Bpgy (W) + D Bigu(w).

1=p+e
The evidence is therefore complete.

Corollary 3. The functions of the extreme points of class T[u, t; p] are

g‘p(w) = Wp ’
and

T(l +ulp — 1))(1 +n(— 1))m_1 Wt
(A +uG-D)e—p-D(1+&0—1)"c(s, 0T,

g(w) =wP +

INCLUSION AND NEIGHBORHOOD RESULTS
Following the work of [4,14,17,13]:

We identify the (¢, o) — neighborhood of a function g(w) € A, by

N.,(g) = {h € Ap: h(w) = wP + Z b,w?P and Z tla, — b,| < 0} (25)
I=p+¢e 1=p+¢
In particular, for e(w) = w?
N, ,(e) = [h € Ap: h(w) = w?P + Z bw? and 2 b, < 0}. (26)
1=p+¢e I=p+e

In addition, form (1) a function is said to be in the class TY [u, 7; p] if there is a h(w) € T[u, T; p] function, such
that
g(w) |
_ - < )
h(w) 11<p-v, 0<y<p

Theorem 6. If

(1 +&@— 1))mc(s, L) () = (1 +é&(p+e— 1))mc(s,p + &)
(1 +n(— 1))m_1 T (1 +n(p+e— 1))m_1

Tp+s(€): (LZP+S,SEN)

and
. tp+e)(1+up—-D)1+np+e— 1))m_1
(1+up+e—D)e—-DA+Ep+e—1)"c(s,p+)Tpe(®)

then

070006-8



Tlu,7;p] € Neg(e).

Proof. Suppose ¢(w) € T[u, T; p]. Then we get into the use of Theorem 2.1 and the hypothesis

(1+sp+e-1) —c(s,p + )Ty (©) Z la.

A+up+e-D)(e—-1)

(1 +n(p+e— 1))m =pte
N (1 +E-1))"
= T+uG=1)0- f= (s, 0T, (Olal < (1 +pulp - 1),
L;—E( ) ( 7)(‘_ )) ! ( )
hence
Z | < (1+up-D)1+nlp+e- 1))m_1 | @n
e “ (1+,u(p+s—1))(s—1')(1+$(p+e—1)) c(s,p+)Tpee(§)
Thus
i o] < T(p+€)(1+,bt(p— 1))(1+77(p+£—1))m_1 _
L T (e D)E-D(1+Ep+e—1)"cls,p+ Ty (©)

Hence g(w) € N, ,(e).
The evidence is therefore complete.

Theorem 7. If h(w) € T[u, T; p], then

N, ,(h) TV [u,7; p],
where

Yy=pr-—

_%
(»+e) .
(1+up+e-D)e—-D(1+EP+e—1) c(s,p+ &)Tpse()

(1+up+e-D)e-D(A+E@+e—1))"c(s,p+ )@ = (1+u@ - D)1 +n@+e—-1)""

Proof. Assume that g(w) € N, ,(h), then

Thus

1=p+e

Since h(w) € T[y, 7; p], then form (27), we have

Z b < T(1+u(p— 1))(1+n(p+e— 1))
T+ upte-D)E-DA+E@+e—1))"clsp + &)Tpye(€)

It is sufficient to demonstrate that

g(w) _ | < Zlﬁp+£|al - bLl < (og
h(w) T 1-X2ulbl T ®+¢) [1 _ t(1+up-1)(1+n(p+e—1))" ]
(1+u(p+5—1))(e—r)(1+€(p+£—1))mc(s,p+£)Tp+g(€)
o
< X
(+e)

070006-9



(L+up+e-D)e-D(1+E@+e—1))"cls,p+ &)Tpye(€) l
(1+up+e-1D)e-D(A+E@+e—1)"c(s,p+ T e@ —(1+u@-D)1+n@+e—-1))""

=p—v
Therefore
_ o
VEP Tt " N
(1 +ulp+e— 1))(8 - T)(l +Ap+e— 1)) c(s,p+ )T,y (§) l
(1+up+e-1))e—D(A+E@+e—1)"cls,p+ T - (1+u@-D)1+n@+e-1D)""

This makes the proof of the theorem complete.

RADII OF STARLIKENESS, CONVEXITY AND CLOSE-TO-CONVEXITY

Theorem 8. Let the function g(w), given by (1) , be in the class T[u, 7; p]. Then g(w) is a p-valent starlike
function of order (0 < o < p)for |w| < ry, where

_inf I(p —)(1+p-D)e—p-D(A+E—-D)"c(s, L)Tl(f)]ﬁ
t G —a)(1+pp-D)(1+9G-D)""

(28)

The outcome is sharp for the functiong ; (w)given by

gulw) = + r(L+ G~ D)1 +n6- D)™ ]wt.

(1 +ue-D)e—p-D(1+&0—1)"c(s0T,8)

Proof. Suffice it to demonstrate that

wg'(w) |
—-pl<p-0. (wl<n)
Since
Wg»’(W) _ | _ Z?ip+£(t - p)alwl_p < Zﬁphs(t - P)|al||W|l_p
g(w) 1+ X2 aw™ | 7 1=32, lallw|P .

We need to demonstrate that, in order to prove the theorem,

52pelt = Plal Wl _
1- ?ip+g|atllwll_p B

It is comparable to

> = lalw? <p-o,
1=p+e
via Theorem 2, we get

| < {(p — (1 +pa-D)e=p =D +0 1) (s, OTE| 7
B tt—a)(1+up-D)1+n0- 1))m_1

The evidence is therefore complete.

070006-10



Theorem 9. Let the function g(w), given by (1) , be in the class T[u,7; p]. Then g(w) is a p-valent convex
function of order (0 < o < p)for |w| < r,, where

_inf [P(P —o)(1+p-D)-p-D(A+E0— 1)) c(s, l)T (f)lt P
L T(L—o)(p+e)(1+u(p—1))(1+n(t—1))

(29)

The outcome is sharp for the function g ;(w)given by
t(1+up-D)A+90-D)"" ]Wt
(1+uC-D)e-p -1 +E0—1)"cls, DT,

g(w) =wP +

Proof. Suffice it to demonstrate that

wg' (w) |
1 - —-pl<p—-0. (wl<mnr)
| 7' W) p p 2
Since
wg' W) | _|ZEpret—plaw'™? < Yizprett—pla|lw|™P
g'(w) P+ Xlpsetawt? 1-Y2etla]lwler

We need to demonstrate that, in order to prove the theorem,

YZpiett —plaldlw|™P
1- Z;X:)phs ta,||w|P

It is comparable to

[oe]

> w-olalwlr <p-o,
1=p+e
using Theorem 2, we obtain

|W|L—p < {p(P - O')(l + M(l - 1))([ —P— T)(l + f([ B 1))mc(s' L)Tt(f)}
- T(L—G)(p+€)(1+H(P—1))(1+77(l_1))m_1 '

or

| < {p(p ~ )L +p( = D) -p-D(A+E0=D)"eGs, o, (s)}_p
B tt—a)p+e)(1 +u(p— D)1 +n0- 1))
The evidence is therefore complete.

Theorem 10. Let the function g(w), given by (1) , be in the class T[u, T; p]. Then g(w) is a p-valent close-to-
convex function of order 6(0 < o < p)for |w| < r3, where

_inf|(L+pC-D)e-p-D(A+£0-D)" c(s 0T, (E)lL d
L w(l+ ,u(p -D)(1+n0- 1))

3 (30)

The outcome is sharp for the function g ;(w)given by
T(1+u(p—1))(1+11(1—1)) l )

' =wP +
gu(w) =w (1 +u(— 1))([ —-p— ‘L')(l +&@— 1)) c(s,0)T,(&)

Proof. Suffice it to demonstrate that

g'(w)

wp-1

~p[<p-o. Qwi<m)
Then
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[ee]

[ee]
g'(w) _ _
1 _P|= E aw' P < E tla,|lw]*?.

1=p+¢& 1=p+¢

Using Theorem 2, we obtain

or

—— {(1 +u-D)e—p-D(+Ee-1)" c(s )T, (5)}
LT(l + u(p - 1))(1 +n(— 1))

w {(1 +u(— 1))(1 — T)(l +&@— 1)) c(s )T, (f)}"
I.T(l + u(p — 1))(1 +n(— 1))

The evidence is therefore complete.

10.

11.

12.

13.

14.
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