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The first objective of the present manuscript is to introduce the notion of complex-valued D} -metric spaces as generalizing and
improving the idea of " -metric spaces by using the context of complex-valued metric space and 2" -metric spaces. The principle
of contraction mappings has recently been established. Furthermore, the second objective is devoted to establishing various new
fixed-point theorems in complete complex-valued 9 -metric spaces that are improved and generalized by Azam et al. Banach’s
contraction principle and various distinguished outcomes are also presented in the literatures. Additionally, some
implementations of common fixed-point theory on complete complex-valued 2 -metric spaces have been offered by applying
open and closed balls. Additionally, we provide some illustrative examples as an implementation for our main results.
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1. Introduction and Preliminaries

The metric spaces provide a more general setting for
researchers in various fields such as pure and applied math-
ematical analysis, mathematical modelling, optimization,
and economic theories. As motivated by the impact of met-
ric spaces to mathematical analysis, various researchers
extended the concept of metric spaces to various other
abstract spaces such as G-metric, G,-metric, and cone metric
D" -metric and complex P} -metric spaces. On the other
hand, the complex-valued metric spaces are advantageous
in several branches of pure and applied mathematics, includ-
ing algebraic geometry and number theory. Banach’s con-
traction principle provides a technique for solving a variety
of pure and applied problems in mathematical sciences,
physics, and engineering and has been expanded and
enhanced in various directions, and it is commonly cited
as the origin of metric fixed-point theory. Thus, the Banach
contraction principle has several extensions. In 2004, Ran

and Reurings [1] considered an important extension of the
Banach contraction principle, and Nieto and Rodriguez-
Lopez in [2] described and highlighted the presence and
uniqueness of fixed-points for this contractive condition
for the equivalent elements of X. It also presented the
Banach contraction principle in a metric space endowed
with a partial order. Following that, other writers took into
account various reports of integral contractions and came
up with fixed-point conclusions on these contractions in var-
ious metric spaces [3, 4]. The concept of complex metric space
began via Azam, Fisher, and Khan [5] to take advantage of the
notion of complex-valued Hilbert and complex-valued
normed spaces to prove the existence of fixed-points under
certain contractive condition. Sitthikul and Saejung [6]
verified various fixed-point outcomes via extending the con-
tractive conditions in setting of complex spaces. Several
authors contributed diverse ideas in complex metric spaces,
and we refer readers to see [7-12]. After that, Oztiirk and
Kaplan [13] proved the existence and uniqueness of
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common-coupled fixed-points for maps in the setting of
complex-valued G, -metric. As well, in the same year, Dubey,
Shukla, and Dubey [14] obtained some fixed-point results
for a map satisfying rational expression in complex-valued
b-metric space. Subsequently, Singh et al. [15] established
several common fixed-points of pair of maps satisfying more
general contractive conditions portrayed via rational expres-
sion in complex metric spaces. In 2018, several ideas, such as
coincidence points and compatible and occasionally weakly
compatible maps, were presented via Ege and Karaca [16] in
the setting of complex-valued G,-metric space. Recently,
Rashwan, Hammad, and Mahmoud [17] established several
common fixed-point theorems utilizing four weakly compati-
ble maps in complex-valued G-metric space. The purpose of
the present manuscript is to present and study the complex-
valued 27 -metric spaces and establish a contraction principle.
In addition, we verify various novel fixed-point results in com-
plete complex 9 -metric that are extended and generalized to
Azam et al.’s, Banach’s contraction principle, and various dis-
tinguished outcomes in the literatures. Moreover, in view of
closed balls, various implementations of common fixed-
point theory on complete complex 97 -metric spaces have
been introduced. In our research, first, we introduce different
types of definitions and essential conclusions by using the
term of D" -metric spaces, since we put in our consideration
that such type of examining will provide the readers a chance
to be fully understand in the following subsequent sections.

In 2007, Shaban, Nabi, and Haiyun [18] presented a new
version of generalized metric spaces, namely, 2*-metric
spaces, as follows.

Definition 1. Let 2 be a nonempty set. The " -metric is a
function 9* : 2° — [0,00),that verification of the next
statements:

(27) D" (x,¢4, %) >0,for each X, y, 2 € I;

(2)) D vy, x)=0e=x=y=x;

(23) 2" (2, 4, %) =
mutation function,

(90)D" (2,4, 2) < D" (2, y,b) +D
x,y,%,be.

In that case, the function 9" is called an 2" -metric, and
the pair (2, ") is called an D" -metric space.

D" (P{z,y,%}), where P a per-

*(b, %, %), for each

Remark 1. In a " -metric space, Vo, y € X, D" (2, z, y) =
D (@, 9> ).

Example 1. Direct examples of such a function are the
following:

1. D% (x,y, 2) =max {d(z, y),d(y, 2),d(x, 2)},
2. Dz, y, %) =d(x,y) +d(y, ) +d(x, z).

Here, d is the ordinary metric on 2.

Definition 2. Suppose that x, &=, € C. A partial order < on
C is defined as x,<x, iff Re(x,) < Re(x,)&Im(xz,) <1
m(%,).
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It follows that x,<x, if the following conditions are
satisfied:

(€)) Re(x)) = Re(x,) and I () =T (x,) 5
(€,) Re (x,) <Re (x,) and Ime(x,) =Ime(x,);
(€;) Re (%,) =Re(x,) and Iz (%) <Ime(x,);
(€,) Re (x,) <Re (x,) and Iz (x,) < Ime(x,).

In private, write x,%x%, if %, # %,, one of (%,), (€;), &
(€,) is satisfied, and %, < x, if only (€,) is satisfied.

Remark 2. We acquired that the following statements hold:

(i) fe,beRandw <b=|ex <bx|Vx € C.
(i) If 0xx,3%2, = |2,| < %,

(ifl) If 2, =2,&%, < 23 = %, < %5.

Azam, Fisher, and Khan [5] extended the notion of
abstract metric spaces by proposing the complex-valued
metric spaces and provide several fixed-point results for
maps satisfying a rational inequality to exploit the notion
of complex-Hilbert and complex-normed spaces as follows.

Definition 3. Let 2 be a nonempty set. Suppose that the
function @* : ¥* — C, satisfies the following conditions:
(€,)0<d(z, y), for each @,y € X and d(=,y) =0iff
z=y,
(€¢,)d(#z,y) =d(y, =), for each z,y € X,
(6;)d(2z, y)=d(z, 2) + d(x,y), for each 2, y, 2 € X
In that case, d is regarded to be a complex-valued metric on
X, while (2, d) is referred to as a complex-valued metric space.

Next, we present the idea of complex-valued &*-metric
space similar to the concept of complex metric space [5] to
extend the idea of complex metric and 9" -metric spaces as
follows.

Definition 4. Let 2" be a nonempty set. A complex 2 -metric
on Z is a function 9} : & 3 C, that satisfies the following
conditions:

(€97) 09D (2, y, %), for each @, y, 2 € I;

(625)D:(x,y,%)=0,ifandonlyif z =gy = x5

(69;) DL (2, y, %) =D (P{z,y, x}), where P a per-
mutation function,

(€2}) 22 (2, y, %)3D: (2, 4, b) +
x,y,%,be.

In that case, &7 is said to be a complex-valued
D" -metric, and the pair (X, D]) is said to be a complex-
valued 9" -metric space.

D (b, %, %), for each

Remark 3. The following proposition follows readily by uti-
lizing Definition (2), part (¢9;).

Lemma 1. Assume that (2, D) is complex D*-metric space.
Then, the next statements hold for every z,y, 2 € X :

1. D2y, %2)3D (2, y, y) + D (2, %, %),
2.9z, 2, y)2D (2, y» x).
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3. D@, zy) =D (2. 4 9)-

Definition 5. Presume that (2, 27 ) is a complex-valued 2"
-metric space; then:

1. A sequence {z,} is complex &*-convergent to point
x € if for each ¢ € C&0 < ¢, 3 a positive integer s,
such that 9 (z, «,, z,.) < ¢ for each s, 7 > s; we refer
to 2 as the limit point of {2} and write 2, — @.

2. A sequence {z,} is a complex " -Cauchy sequence,
if Ve € C, and 0 < ¢, 3 is a positive integer s;, where
Vs, #>50, D" (2, 2, 2,) < €.

3. A complex Z*-metric (2, D) is called complex-
valued 9" -complete if each complex-valued &*-Cau-
chy sequence is complex 9" -convergent of (X, 2}).

Definition 6. Suppose (2, D!) is complex 2] -metric. For
0 <72 and z € X, the open ball 9%}, (2, 72) and closed ball
By |2, m | with center 2 and radius 72 are described as
follows:

By (. m)={y e : D (y,y>x)<m},
By |y m ] ={y € X : D:(y,y, z)3m}.

1. z € X is said to be interior point of & € X, if 30 <
m € C, where

By (2, m) A

2. A point # € X is said to be limit point of &/ whenever
By (2, m) (N ( —{«x}) + D, for each 0 < 72 € C.

Definition 7. A subset &/ of complex-valued 2*-metric
space (X, D7) is called:

1. Open when every element of & is interior point of /.

2. Close whenever every limit point of &/ belongs to /.

Definition 8. Suppose that (X, D7) &(X*,2.") are complex
" -metric spaces. In that case, F : (X, D) — (X", D7) is
complex-valued &*-continuous at «, € I if F! (B (Fee,
7)) is open in (D])Vzz >0. We say F is complex-valued
D" -continuous if F is 2" -continuous at each point of 2.

From the fact that complex 2"-metric topologies are
metric topologies, the next lemma follows.

Lemma 2. Suppose that (X, D.)&(X*,D:") are two com-
plex "-metric spaces. In that case, F: (X, D!) — (X",

D) is complex D -continuous at ., € L iff it is complex
D" -sequentially continuous at «,; that is, when a sequence
{2} is complex D" -convergent to point «,, obtained Fx
is complex D" -convergent to point Fe .

2. First Results in Complex-Valued & -Metric
Spaces

This section is devoted to establishing the principle of
contraction mappings in complex 7 -metric space.

Proposition 1. If (X, 2}) is a complex-valued D:-metric
space and {z} is a sequence in X, so {x} is complex-
valued D’ -convergent to z iff |2"(z,z,x,)|— Oass,
# — 00.

Proof 1. Assume that a sequence {z,} is complex 9 -con-
vergent to z € X. Let

c)=i +ii,fory>0,

V2 V2

Therefore, 0 < 0 € C, and % € N such that 9*(z, z,, z,.)
< oforalls,»>7%. Consequently, |9"(z,z,2,)|<|o|=u
foralls, » > 7. It follows that |2*(#z, 2z, z,)| — 0 as s, »
— 00.

Conversely, assume that |2*(z, z, z,)| — Oass, »
— 0. Then, given that ¢€C with 0<¢,36>0 is
a real number (s.t) for x€C, |2|<d= % <o.

For 8, there is / € N such that |27 (#, z,, z,.)| < § for all
s, 7> 7. This means that &* (z, z,, z,.) < o for all s, 7> /.
Therefore, {,} is complex-valued &’ -convergent to z. [J

Proposition 2. Let (2, 2") be a complex-valued D -metric
space; then, forasequence{z} in X and point z €.
The following are equivalent:

1. {z} is complex-valued D*-convergent to z.
2. |9 (2, %, )| — 0ass — 0.
3. |9 (2, 2, )| — 0ass —> oo.

4. |9 (z, 2z, 2,)| — 0as#,s —> oo.

Proof 2. The proof is a consequence of Lemma 1 and Prop-
ositions 1. |

Proposition 3. If (2,2") is complex-valued D:-metric
space and {z} is a sequence in X, so {x,} is complex D -
Cauchy iff |D* (z,, z, 2,.)| — Oass, » —> o0.

Proof 3. Assume {z} is a complex D -Cauchy sequence.
Let

o= (ul\/2) +i(u/\/2), for a real number y > 0,

Then, 0<0€C, and there is % €N such that
D" (zg, 2, ,.) < oVs, 7> /. Consequently, |Z"(z,, =z,
z,)| <lo|=uvs,»>%. It follows | 2" (z,, z,, ,)| — Oas
S, # — 00.
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Conversely, assume that |2*(z,, z,, z,)| — Oass,
7 —00. So, given ¢ € C with 0<0,35>0 (s.t.) foro € C,
2| <0 = x <o

For 8,3, a natural number % (s.t.) |9* (2, z,, z,)| <8
foralls, » > /. This means that 9" (z,, z,, z,.) < oforalls,
7> %. Thus, {z} is complex &"-Cauchy. O

Proposition 4. If (X,2") is complex-valued D:-metric
space. So, D (x, y, =) is jointly continuous mapping for each
three of its variables.

Proof 4. Assume a sequence {z,}, {¢,}, and {x,} are
complex-valued 97 -convergent to «,y, &, respectively,
in that case, utilizing (€9}) obtains: D’ (z, ¢, )P (¢,
4 Yy,)+ D (Y2 %),
T (2 2,4,)3P (@ @ 24) + D (@2 4,0 ©), and
Dz, 24y, )3D! (2,2, 2,) + Dl (%25 y,» 2 4). Conse-
quently,

D@y %) = D24 Yo 2 ) 3D, (s 8> Y1)
+ D@, 2, x5) + Dl (%, %, %)

In the same way, we obtain:

D@ty %5) = D (254 %2)3D Yy Y o )
+ DXy Xy @) + D) (325, %5 %)

Utilizing Lemma 1, we obtain

D@ s Y0 %) = D (@ 4 %)|
2D (@, 2, ) + Dl (Y 85 Y ) + Dl (%, %, 24) |-

Therefore, |D: (24 y,.%,) -~ Di(x,y, %) — Oas 4,
7,8 — oo.when utilizing Lemma 2, the result holds. [

Now, our main result in this section is to prove a con-
traction principle in complex-valued 2"-metric space, as
follows.

Example 2. Suppose that £ =C and @' : 2° — C are
defined by

D (%1 %95 23) = (|1 — @] + @y — as| + a3 — @4])
+ 7 (|by = by| + [b; = b| + [b; — by ),

where %, = ,_¢b, € C for every 7 € {1,2,3}. Thereaf-
ter, (2, 9D!) is a complex-valued " -metric space. Define
the mapping 7 : £ — X as T xz = 1/4x. Then,

T satisfy DI (T %1, T %5, T 223) = D2 (11424, 1/4%,, 1/4
i03) =1/4(|@) = @y + |ay = as| + [@3 - @) + 1/4Z(|b, -
b,| +[b, —bs| +|bs = b,|)£ D (2, %,, x5). Hence,

DT 20, T %29, T 223) IR DL (21, %4> 223)V2 ), %4, %5 €
&, such that 1/4 < % < 1, thus x =0 is a unique fixed-point.
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3. Main Results of Fixed-Point Theorems in
Complete Complex-Valued &’ -Metric Spaces

This section is devoted to establishing various new fixed-
point outcomes in complete complex-valued & -metric.
First, the following outcomes will be needed.

Definition 9 (see [19-22]). A mapping @ : [0,00) — [0, 1)
is called an MT-map (or R — map) if

lim ®(w) < 1VZ €[0,00). (1)

w—t*

Remark 4. (see [17]). Clearly, if @ :[0,00) —[0,1) is a
nondecreasing map or a nonincreasing map, then @ is
an R-map. Therefore, the set of R-maps is a wealthy
collection.

Theorem 1. The following statements are equivalent for map-
ping @ : [0,00) — [0, 1):

1. @ is an R-mapping.

2. V¢ €[0,00), Elm(;) €lo,1) and s(;) >0  such
that O (w) < mgl)Vw e, ¢+ sgl)).

3. V¢ € [0,00), Eim(;) €lo,1) and s(f) >0  such

that ©(w) < mf)\fw eltd, 2+ s(;)].

4. V¢ € [0,00), Eimf) €lo,1) and e(;) >0  such

that ®(w) < mVw € (2, ¢+ €).

5. V¢ € [0,00), Elmgf't> €lo,1) and e(;) >0  such
that ®(w) < mif)Vw ez, 2+ eif)].

6. For any nonincreasing {x} . in [0,00), we have 0
<sup,@(z,) < 1.

7. @ is a mapping of the contractive factor; for any strictly
decreasing {z} . in [0,00), we have 0<sup P
(z,) < 1.

Now, we present one new fixed-point theorem, which is
one of the important main results of our work.

Theorem 2. Let T : &' —> X be a mapping in a complete
complex-valued D" -metric space (X, D). Assume that there
exists a R-mapping @ : [0,00) — [0, 1) such that

DNT 0 T ) T )P (s 5, )\ D (203, )Ny 5 € X

(2)

Y

Then, I has a unique fixed-point on .

Proof 5. Assume that 2, € 2 is given. The sequence {x,} is
defined as

x,=T°xy=T 2, VseN. (3)
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By Remark 4, Vs € N, we have

*
@c (xsxs’ x5+1

)5(D(|9: (xs—l’ Xe-15 xs) |)@j (xs—l’ Xs-15 xs)'
(4)
This implies that

|9: (zs’ L ‘/’Us+1)| < ®(|9: (xs—l’ Xs—1> xs)') |9: (‘/’Us—l’ Xs-1> xs)l

(5)

Suppose that A, = |2 (z,_;, ,_,, z,)| for each s € N.
Then, by (5), we obtain

Ay D) A, <A Vs eN. (6)

Consequently, we realize that {A } is strictly decreasing
in [0, 00). Stratifying (7) of Theorem (1), we obtain

0 < sup, @(A,) < 1. (7)
This mean that
0 <sup, N D(|D% (21> 241> 2)]) < L. (8)
Assume that
6 = sup e P(| D7 (Xs-1> Xo-1> %) ])- ©)
Then, 6 € [0, 1). Via (5) once more, Vs € N, we obtain

‘9:(&25, L xs#—l)‘ < (D(|9: (xs—l’ xs—l’x:)D‘@: (ws—l’ L1 xs)‘
= 6|9: (xsfl’ Zs_1> xs)‘ = 62|9: (xs—Z’x:—Z’ xs—l)‘

< een 38”|9:(x0, x0)$1)|'
(10)

For every s, » € N with 7 > s, by the previous inequality
and employing (¥9} ), we obtain

|9:($5, zs’ 56‘,,)‘ < |9:(x5’ xs,x3+1)| + |9:(x5+1’ xs+17 $s+2)|

et DE (@ @0 2,)|

7= 7

< (8 + 8 448" | DL (2 25 )|

< 1-% |D¢ (20, 20> 21)]-
Since 8 ¢€[0,1), lim (8/(1-9))|D: (2 2y 2,)| =0.
Thus, via the previoussggzluality, we obtain
|9 (%, g 2,.)| — 0as 7, s — 00. (11)
For every s, 7 € N, via Lemma 1, we obtain
D (20 20 2,)3D (50 210 %,) + D (@50 x)s (12)
which implies

|D: (26 2 2,)| S |D; (X6 @0 %,) | + | D (2,0 %6 %0)| (13)

Via inequalities (4) and (6), we obtain |2} (z,, z,, 2,.)|
— 0as#»,s — 00. By applying proposition Theorem 1,
{x,} is complex Z"-Cauchy sequence. Via the complete-
ness of (2,92!), 3¢ e, (st) {x,} is complex-valued
2*-convergent to ¢.

Next, establishing that 7 ¢ = ¢, assuming that T ¢ # ¢,
for all se N, by4, via (2), we have

@: (xs—l’xs—l’ 94)5(1)“9:(5”5’ Zs» q)‘)@: (xs’ Zs» 4)
(14)

This concludes

D: (51> %1, T 2) | < P(|D; (2 20 9) )| D; (25 250 9]
<D (2o 25 9)

(15)

Letting x, — ¢ asn — ocoand 2 be continuous in

each three of its mutables, so by Proposition 4 and utilizing
the limit from both sides of inequality (15), we obtain

|2 (99T 9)1 <12 (9> 9> 9)| =0 (16)

Since 032" (¢, ¢, I ¢), via Remark 1, we have
0<12:(9> 9T 7)|- (17)

Therefore, considering (16) and (17), we have
0<|2; (99,7 ¢)| <0. (18)
This is a contradiction. Consequently, ¢ =g or¢ €
F(T).

Lastly, illustrate that the fixed-point of I is unique, since

q € F(9) has demonstrated that F(7 ) ={¢}.Let » € Z(T)
can be explained. Assume 2 # ¢. Via (2), we get

D (@ 12:2) = DT 9. T 12, T 2)3P(|D] (25 12, 12)) D7 (9 725 12)>

(19)
which implies
IDZ (2> 2, 2)| < P(IDE (95 725 2)|)| D2 (9 225 2)| - (20)
Via (20), we get
(1=@(D; (2> 2 P)))|Z: (9> 2> 2)| < 0. (21)

Since @(|D! (¢, 12, 72)|) € [0, 1), we obtain |2 (¢, 2, 72)| < 0.
(22)

This concludes
D (> 72, 2)| = 0. (23)

Thus, D!(¢,m,2)=0. This is a contradiction.
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Therefore, it should be 72 =g, and so F(7) = {¢}; the evi-
dence is completed.

The following result is a special case of Theorem 2, and
its proof is similar to that of Theorem 2. O

Corollary 1. Let (2,9D.) be a complete complex value
D -metric space and
T (X, D) — (X, D)) is a contraction mapping on
X, such that D (T x, Ty, T 2)34 D] (x,y, %) for each z,
y, 2 €, (s.t.) % €[0,1). Then, T has a unique fixed-point.
Next, we present a suitable example to demonstrate
Theorem (2).

Example 3. Let &' =CandD] : IxITxZ— C be
defined via

D; (%1, %9, %3) = (%) = %3] + |23 — %3] + |x3 — x4])
+ (| Y =Yl + Y- Y5+ Y- 1))
(24)

where %, =z, + ¢y, € CVZ € {1,2,3}. In that case, (T, D))
is a complex-metric.

T XL — X and @ :[0,00) — [0,1) are defined by
T2 =1/10x forxz € X,

, ifZ=0,
(25)
, ifZ>0.

W[ = Uil

Then, ®isR-mapping. For any x,,x%,, %, € C, where
%z; = a; + iy;, we have

z, X, Y.
Tz ="="1L4iZlVie{l,2, 3. 26
=10 " 10 TVl 23} (26)

Via common calculation, can verify that

DT 21> T 29, T %3)3Q(|D; (%15 %55 23) ) D (%15 %2> %3)-
(27)

As a result, each of the assumptions of Theorem 2 is ful-
filled. It is consequently possible to apply Theorem 2.

Theorem 3. Let T : &' —> X be a mapping in a complete

(X, D), and assume there exists a R — mapping © : [0,00)
—1[0,1) (s.t.) for each =, y, 2 € X

DT, Ty, Tie) DD (%, %)) D" (%, 15 %) (28)

In that case, I has a unique fixed-point.

Proof 6. The proof of Theorem 3 is a consequence of
Theorem 2. O
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Remark 5. Because any nondecreasing mapping or any non-
increasing mapping @ : [0,00) — [0, 1) is R-mapping, by
employing Theorem 2, we obtain the following outcomes.

Corollary 2. Let T : &' — X be a mapping in a complete
complex-valued D" -metric space (X, D:); assume there is
nondecreasing mapping @ : [0,00) — [0, 1), where

DTz, Ty, T x)<O(|D:(x, 4, %)|)D: (. y» %)V, y, 2 € L.
(29)

Therefore, I has a unique fixed-point on X

Corollary 3. Let T : X — X be a map in a complete
D" -metric space (X, D"); assume there is nondecreasing
mapping @ : [0,00) — [0, 1) such that for each @, y, x € X

DTz, Ty, Tx)<D(D" (%, ¢4, %)) D" (v, %) (30)
So, I has unique fixed-point.

Corollary 4. Let T : &' — X be a mapping in a complete
complex-valued D" -metric (X, D)) ; assume there is nonin-
creasing mapping @ : [0,00) — [0, 1), where

DTz, Ty, T %)39(|D! (2, y, %)|)D: (%, y, %), foreach z, y, = € L.

(31)
Consequently, I has a unique fixed-point on .

Corollary 5. Let T : &' — X be a mapping in a complete
(X, D), and assume there is nonincreasing mapping © : [0,
00) —> [0, 1), where

D (T2, Ty, T2)<OD" (2,4, %)) D" (2, y, %), foreach x, y, x € L.
(32)

Consequently, T has a unique fixed-point on I

Corollary 6. Let T : &' —> X be a contraction map in the
complete complex-valued D*-metric space (X, D:); this
means

DT 2, Ty, T %)AD: (2, y, %), foreach z, y, 2 € T,
(33)

such that % € [0, 1). In that case, I has a unique fixed-point.

4. Some Applications of Common Fixed-Point
Theorems in Complex-Valued 9’ -Metric
Spaces

Several implementations of common fixed-point theory are
introduced in this segment with respect to closed balls on
full complex-valued 97 -metric spaces.
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Theorem 4. Let (X, D)) be a complete complex-valued
D> -metric space and let z,€ L,0<m € C, and e}, e,, e5, ¢,
es be real numbers such that e;, e,, e5, e, 6520 and e; + e, +
e;+3e,+3e; < 1. Assume that F, T : (X, D)) — (X, D7)
are two mappings satisfying

D! (Fz, Fa, Ty)ze, D! (x, 2, y)

D! (Fz, Fa, 2)2. (Ty, Ty, y)
1+ (x, z,y)

D, (Fz, Fz, )P (Ty, Ty, y)
1+ (x, z,y) (34)

D (Fa, Fx, 2)D: (Ty, Ty, y)
1+ (z, 2z, y)

D! (Fz, Fa, ) D! (Ty, Ty, y)
1+ (x, 2, y)

€

te;

+ey

+é5

for every z,y € B[y, ). If
. 1-h
|2 (Fg, F2g, 2)| < T|m‘> (35)

where h=max {(e, +e,/1—e,—e,), (e, +es/1 —e, —e5)}; so,
there exists a unique common fixed-point 2 € B[y, 72] of
the self-maps F and T.

Proof 7. Suppose that #; € & and that the sequence {z} is
defined as

Zopyy = Fy and 2y, = Ty,

(st.) k=0,1,2,---. We explain {2} € B, [2(, 72]Vs €
IN by mathematical induction. Utilizing inequalities 7 and
h <1, we obtain

| D (Fzg, Fg, 24)| < 172,

which implies #, € B [z, 72].

Assume that z,, -, 2, € BS,. %, 772] for some ¢ € N. If
t=2k+1 or ¢=2k+2 (st) k=0,1,2,---,Z2-1/2, by
inequality (34), get

N
95 (‘szﬂ’ Lok+1> z2k+2)
_ O ®
=D (Fayp Fg, T2 i) 31D, (X Tk Toar)
% *
D (Fo Fyo 200 ) D (T2 pp1> T2 141> o)

+e, E
1+ D (@0 Tt Zoges1)

* *
e D; (F2 o F o1 21 ) D (T 1> T2 g1 Zop)
3

*
1+ D (25 Zopo Zojes1)
* *
D; (Fz o> F g ) D; (T p015 TZopes1> i)

+ ey -
L+ D (@ Zopo> Toks1)

* *
D (Fo Foo 291 )D; (T 1> TZ0p11> Zogerr)

+ és5

>

*
1+ D (210 Tk Topsr)

and consequently,

* *
D Zoger1> Zokr1> Zogan) 361D, (Z g o> Ty

* *
‘e D; (Fz s> F o 201) D; (T 115 T Zops15 o)
2

1+ D (20 Zopo> s
D (Fg F g 291 ) D7 (T2 gp1> T2 gp41> 1)

+e, *
1+ D (@ Xgp0 X1

implies

D (Xokat> Yok 1> Xaks2) | < €1|D5 (%o Zogor X1 )|

|D; (Fxy Fxpo 2y ) || D2 (T @15 T2 1415 T o)

+e
: |1+ D (2o Zop> T o)

e | D (Fyo Foo 2y )[|D; (T2 opi1> T opi1> i)
4

11+ D (@0 T T
< €| D; (@ Ty T
|D: (Fgi1> Fgi 1 o) [| 22 (Zaki2 Zakar Tk
|D; (230 Zogo> Zges)|
1D (Zaks1> Zaker> Z2) | D (Zapi2r Zakaar Zai)|
1D (224> Zogo> Tk )|

+e,

+ey

Utilizing (3) of Lemma 1, we get

1D (Zoke1> Zaket> Taian)| < €| D7 (T Togoo T
+ 6| DL (Toksn> Tokrr> Toge)|

+e4| DL (Zokazs Toksn> T |-

By utilizing the condition (CZ;}) and (3) of Lemma 1, we
obtain

* *
D; (@ akr2> Paks> X2ks1) 3D (Xago> Xojo> X))

+ D (Xgpeizs ok X1 ) |De (Xakirs Xake 1> Xakr) | (36)
e +e,

- m |D: (20 Zato Tt )|

Via a similar method as above, we obtain

e +e;

|D; (2 242> Zoteazr Toas)| < |D (2 241> Zater1> Poea) |-

T l-e,—es

(37)

If we take h=max {(e; +e,/1—e,—¢,), (e, +es/1—e,
—es)}, we obtain

D (2,5 @ s @ 1) | B | D (@05 75 1),
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for all z € N. Let us consider

1D (20> @gs @ 41)| < D7 (0> @00 @1)| + | D] (21, 21> 25)

D@ @ @)
<|D: (20> gy )| (1 + h+---+h"'1)

+hi‘9:(xo’$o’$1)

< % |772| (1 + h+-~-+hi’1)

1-h ,
+h Tg|m|(1—h)<1+h+---+h ) <|m),

=, € By @y, m]. Therefore, x, € B[z, 172]
and

(D (x 2 2 ,0)| B |DE (2, 2, 24)),
for each s € N. If take 7> s, so we get

|9: (xs’ Zs» ;6#)| < |9f(ms’ xs’x5+l)| + |9: (x5+1’x5+1’ x5+2)|
+o D (2

71> Lp1> x#)| —0,

As 7,5 — 00, that suggests {«,} is a Cauchy sequence
in B 2, 772]. Thus, there exists a point 2 € B, [z, 7¢]

with lim 2, = .
§—00

Now, we show that Fz = z. Utilizing inequality 4, we
obtain

D% (Fr2, Fr2, 2)| < | DL (72 72 @ g | + 1D (Z ks Zonnr F2)
=|D: (7> 2> )| + 12 (Fr2, Fra, T2y,
|DL (72> 2> i) | + €| D (725 725 )|

‘9 (Fras Fp, |22 (T2 ggei1> T 010 Togen)|

|1+ D (72, 72> Ty

‘9*(}:77’ Fr, @y )| D2 (T2 1> T g1 2)|

11+ DL (72, 72> T )|

\9*(1?72) Fr, 2)||D: (T2 g1 T2 o115 72)]

[L+ DL (725 72> Zopin )|
|22 (Fras Fps 2o )| D (T2 o1 T2 101> Tt )|
|1+ D (72, 2> Z o)

>

+é5

which implies that this inequality converges to 0 as
s —> 00. Consequently, |2} (Fn, Fz, )| =0, that is, Fz =
72. Via a similar method as above, we illustrate that T'z2 = 2.

Now, establish that a fixed-point 7 is unique. Presume
2% € By |2, 772] also common fixed-point of F and T. In
that case, we obtain

|22 (72, 2> 727)| = |2 (Frs F o, T 2" )| < €| D7 (2, 72 27|

I9*(F72,F71 N2 (TR Tr" 2"
1+ (7 2, 2*)|

|2 (Fr, B2, )| 22 (TR" Tr”, 72)|
L+ (72, 72, 27|

|2 (s B2 p) |2 (T T2, 2)|
1+ 2 (7 2> 2*)]

|9*(F72>F72 22 (Tr", Tr", 2”)
11+ 2 (72, 72, 2*)

te;

€y
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Therefore, we obtain

1D (72, 72 727)| < ey + €3)| D (2, 2 727

since |1+ (2, 72, 2°)| > |2 (7, 72, 27)|.  Conse-
quently, 2 = 2" as e, + e; < 1. Therefore, 7 is unique com-
mon fixed-point of F and T.

Observe if we set F=T in Theorem 4, so we obtain the
next result. O

Corollary 7. Let (X, D)) be a complete complex-valued
D> -metric, xy€X,0<m €C and e e, es5,e,e5 be real
numbers such that e, e,, e5, e, ;>0 and e; + e, + e; + 3e, +
3e; < 1. Assume that F : (X, D:) — (X, D}) is a mapping

satisfying

D; (Fz, Fz, Fy)ze, 2} (z, , y)
D! (Fz, Fz, )P} (Fy, Fy, y)

€ 1+ D (2> 2,5)
e 9. (Fx, Fx, y)D: (Fy, Fy, z)
3 1+ (x, z,y) (38)

D (Fz, Fx, ) D: (Fy, Fy, x)
1+ 2! (x, z,y)

1o 2i(Fa, Fz, y)P; (Fy, Fy, )
’ 1+ (x, 2, y)

t+éey

>

Va,y € B[z
m|,

where h=max {(e; +e,/1—e,—¢,), (e; +es/1 —e,—e5)};
so, there exists a unique fixed-point 72 € B[z, 7] of the
self-map F.

m ) If |D; (Fa g, Fy, 2,)| < (1-hi2)]

Example 4. Suppose 2 = C with the complex 9" -metric on
C is put as follows:

5 12
X 2z, -
D (21> %9, %3) = (% +4(y, - 3/3)2>

1/2
(2, - $3)2 2
+ — +4(y, —Y3) ,

Vi, %4, 23 € C, where x| = (2, ¢,), %, = (25, 4,), and
w3 = (23 Y3)-

Assume F : C — C given by Fx = %, Vx € C, wherein
%, is the closed ball’s center B« %, 772]. If we set e; = 1/2,
e, =e;=¢,=e;=0, we get

* * 1 *
D; (Fxy, Fzxy, Fxy) = D (%0, %> %) = 05295 (%1, %15 %2),

Vi, %, € By |2, 72]. Then, the inequality (38) is satis-

fied. Thus, we get
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e te e te 1
h = max 178 4TS —e =<,
l-e,—¢, l—-e,—e;5 2

and |27 (Fx, Fzg, 2¢)| =0 < 1/4|r72|.
Therefore, Corollary 7 is verified and there is a unique
fixed-point x, € B, [, 772] of the self-mapping F.

5. Conclusion

Banach’s contraction principle plays a significant role in various
fields of pure and applied mathematical analysis and scientific
implementations. Therefore, the main aim of the present man-
uscript is to present a complex 2 -metric space and verify the
contraction principle in new spaces. Additionally, several novel
fixed-point outcomes in complete complex 2 -metric spaces
have been proven which are extended and generalized to
Banach’s contraction principle and various distinguished out-
comes in the previous studies. Additionally, some common
fixed-point theory related implementations, with respect to
closed balls on complete (2, 27 ), have been presented.
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